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P R E F A U K

Ik the present edition a vast number of exercises have

been added, that no rule, however trifling, might be left

^vithout so many illustrations as should serve to make it

BuflBciently familiar to the pupil. And when it was feared

that the application of any rule to a particular class of cases

might not at once suggest itself, some question calculated

to remove, or diminish the difficulty has been introduced

among the examples.

A considerable space is devoted to the "nature of num
bers," and " the principles of notation and numeration ;'

for the teacher may rest assured, that the facility, and evei.

the success, vrith which subsequent parts of his instnictioi.

will be conveyed to the mind of the learner, depends, in a

great degree, upon an adequate acquaintance with them.

Hence, to proceed without securing a perfect and practical

knowledge of this part of the subject, is to retard, rather

than to accelerate improvem.ent.

The pupil, from the very commencement, must be made

perfectly familiar with the terms and signs which are intro-

duced. Of the great utility of technical language (accu-

rately understood) it is almost superfluous to say anything

here : we cannot, however, forbear, upon this occasion, re-

calling to remembrance what is so admirably and so effec-

tively inculcated in the " Easy Lessons on Reasoning."

** Even in the common mechanical arts, s-^mething of a

technical language is foimd needful for thos^ who ai*e leara-
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ing or exercising them. It would be a very great m
convenience, even to a common carpenter, not to have a

precise, v^ell understood name for each of the several opera-

tions he performs, such as chiselling, saviring, planing, &c.,

and for the several tools [or instruments] he works with.

And if we had not such words as addition, subtraction,

multiplication, division, &c., employed in an exactly defined

sense, and also fixed rules for conducting these and other

arithmetical processes, it would be a tedious and uncertain

work to go through even such simple calculations as a child

very soon learns to perform with perfect ease. And after

all there would be a fresh difficulty in making other per-

sons understand clearly the correctness of the calculations

made.

"You are to observe, however, that technical language

and rules, if you would make thorn really useful, must be not

only distinctly understood, but also learned and remembered as

familiarly as the alphabet, and employed constantly, and

with scrupulous exactness ; otherwise, technical language will

prove an encumbrance instead of an advantage, just as a

suit of clothes would be if, instead of putting them on and

wearing them, you were to carry them about in your hand."

Page 11.

What is said of technical language is, at least, equally true

of the signs and cJiaracters by which we still further facihtate

the conveyance of our ideas on such matters as form the

subject of the present work. It is much more simple to put

down a character which expresses a process, than to write

the name, or description of the latter, in full. Besides, in

glancing over a mathematical investigation, the mind is

able, with greater ease, to connect, and understand its dif-

ferent portions when they are briefly expressed by familiar

signs, than when they are indicated by words which have

nothing particularly calculated to catch the eye, and which

cannot even be clearly understood without considerable

attention. But it must be borne in mind, that, while such

a treatise as the present, will seem easy and intelligible
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eaough if the signs, which it contains in almost every page,

are as familiar as they should be, it must neces«:arily appear

more or less obscure to those who have not been habituated

to the use of them. They are, however, so few and so simple,

that there is no excuse for their not being perfectly under-

stood—particularly by the teacher of arithmetic.

Should peculiar circumstances render a different arrange-

ment of the rules preferable, or make the omission of any

of them, for the present at least, advisable, the judicious

master will never be at los- low to act—there may be

instances in which the shortness of the time, or the limited

intelligence of the pupil, will render it necessary to confine

his instruction to the more important branches. The teacher

should, if possible, make it an inviolable rule to receive

no answer unless accompanied by its explanation, and its

reason. The references which have been subjoined to the

different questions, and which indicate the paragraphs where

the answers are chiefy to be obtained, and also those refer-

ences which are scattered through the work, will, be found

of Considerable assistance; for, as the most intelligent pupil

will occasionally forget something he has learned, he may
not at once see that a certain principle is applicable to a

particular case, nor even remember where he has seen it

explained.

Decimnh have been treated of at the same time as integers,

because, since both of them follow precisely the same laws,

when the rules relating to integers are fully understood,

there is nothing new to be learned on the subject—particu-

larly if what has been said with reference to numeration and

notation is carefully borne in mind. Should it, however, in

any case, be preferred, what relates to them can be omitted

until the learner shall have made some further advance.

The most useful portions of mental arithmetic have been

introduced into " Practice" and the other rules with which

they seemed more inmiediately connected.

The different rules should be very carefully impressed on

the mind of the learner, and when he is found to have been
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guilty of any inaccuracy, he should be made to correct him

self by repeating each part of the appropriate rule, and

exemplifying it, until he perceives his error. 1+ should be

continually kept in view that, in a vrork on such a subject

as arithmetic, any portion must seem difficult and obscure

without a knowledge of what precedes it.

The table of logarithms and article on the subject, also

the table of squares and cubes, square roots and cube roota

of numbers, which have been introduced at the end of the

work, will, it is expected, prove very acceptable to the more

advanced arithmetician.
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TJiEATISi; ON ARITHMETIC:

THEORY AND PRACTICE.

A



SIGNS USEP IN THIS TREATISE.

+ the sign of addition; as 5+7, or 5 to be added
to 7.

— the sign of subtraction ; as 4— 3, or 3 to be sub-

tracted from 4.

X the sign of multiplication; as 8x9, or 8 to be
multiplied by 9.

-i- the sign of division ; as 18 -7-6, or 18 to be divided

by 6.

the vinculum, which is used to show tliat all

the quantities united by it are to be considered as but

one. Thus 4+ 3—7x6 means 4 to be added to 3, 7
to be taken from the sum, and 6 to be multiplied into

the remainder—the latter is equivalent to the whnU
quantity under the vinculum.
= the sign of equality ; as 5+6=11, or 5 added to

6, is equal to 11.

I
>i,*nd f <|, mean that f is greater than |, and

that I is less than f

.

: is the sicrn of ratio or relation ; thus 5 : 6, means
the ratio of to 6, and is read 5 is to 6.

: : indicates the equality of ratios ; thus, 5 : 6 : : 7 : 8,

means that there is the same relation between 5 and 6

as between 7 and 8 ; and is read 5 is to 6 as 7 is to 8.

^ the radical sign. By itself, it is the sign of the

square root ; as ^ 5, which is the same as 5*, the square

root of 5. ^6, is the cube root of 3, or 3^. ^4, is

the 7th root of 4, or 4*, &c.

Example.—Vs -3+ 7x4 H-G+ 31 x>,3/9h-10* X 5'=*

641-31, &c. may l)e read thus: take 3 from 8, add 7 to the

difference, multiply the sum by 4, di\ide the pnxluct by 6

take the square root of the quotient and to it add 31, then

multiply the sum by the cube root of 9, divide the product

by the s«|uare root of 10, multiply the quotient by the
square of 5, and the product will be equal to 641-31, &c.

These bigns are fuUij explained in their proper places.
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PART I.

TABLES.

MULTIPLICATION TABLH.

Twice



2 MULTIPLICATION TABLE.

samft result ; thus 5 times 6, and 6 times 5 are 30 :—the
reason will be explained when we treat of multiplication.

There are, therefore, several repetitions, which, although
many persons conceive them unnecessary, are not, perhaps,
quite unprofitable. The following is free from such an
objection :

—

1

Twice 2

., 3

„ 4

" 6

» 9



TABLE OF MONEY.

The following tables are required for reduction, the

compound rules, &c., and may be committed to memory

TABLE OF MONEY.

A farthing is the smallest coin generally used in this
Symbolt.

country, it is represented by
Farthings

4 or



WEIGHTS.

16



MEAStTRES.

pure, is said to be "24 carats fine." Jf there are 23 parts

gold, and one part some other material, the mixture is said

to be '-23 carats fine
;

" if 22 parts out of the 24 are gold,

it is " 22 carats fine." &c. :—the whole mass is, in all cases,

supposed to be divided into 24 parts, of -which the number
consisting of gold is specified. Our gold coin is 22 carats

fine : pure gold being very soft would too soon wear out.

The degree of fineness of gold articles is marked upon them
at the Goldsmith's Hall; thus we generally perceive •• 18" on

the cases of gold watches ; this indicates that they are " 18

carats fine "—the lowest degree of purity which is stamped.

480
4371

5.7G0

A Troy ounce contains

An avoirdupoise ounce
A Troy pound
An avoirdupoise pound . 7,000

A Troy pound is equal to 372-965 French grammes.

175 Troy pounds are equal to 144 avoirdupoise

175 Troy are equal to 192 avoirdupoise ounces.

CLOTH MEASURE.
Inches



MEASURED

Three miles make one league. (iO^\ English miles mAke
60 nautical, or geographical miles : -which are equal to one
degree, or the three hundred and sixtieth part of the cir-

cumference of the globe—as measured on the equator.

4 inches make 1 hand (used in measuring horses).

3 inches 1 palm.
3 palms 1 span.

"^

18 inches 1 cubit

6 feet 1 pace.

6 feet 1 ftithom.

120 fathoms 1 cable's length.

100 links, 4 English perches (or poles), 22 yards, 66 fcot,

or 792 inches, make one chain. Each link, therefore, is

equal to 7yYo inches. 11 Irish are equal to 14 English
miles. The Paris foot is equal to 12-7U2 English inches;

the Roman foot to 11- 604 ; and the French metre to 39- 383.

MEASURE OF SURFACES.

A surface is called a square when it has four equal

sidas and four equal angles. A square inch, therefore,

is a surface one inch long and one inch wide ; a square

foot, a surface one foot long and one foot wide, &c.

Square inches
144

square feet

or 9l,-296

39.204

63,604

1,568,160

2,540,160

6.27-2,640

10,160,640

441

10,890

17,640

|43.560

70,560

sq. yards
30

1

49

1,210 or
1,960 or

4.S40

7,S40

3,097,600

5,017,600

<q. perches.

40
40

102,400

102,400

tq. roods.

4

I

i sq. acres.

2,560 or 640
12,560 or] 640

Kake 1 sq. foot

1 square yard.

1 sq. Eng. perch.
1 sq. Irish pereh.

I sq. Eng. rood.
I sq. Irish rood.

1 statute acre.
1 plantation acre.

1 sq. Eng. mile.

1 sq. Irish mile.

4,014,489,600 27,878.400

6,502,809.600,25, 1 58,400

The English, called also the statute acre, consists of 10
square chains, or 100.000 square links.

The English acre being 4,840 square yards, and the Irish,

or plantation acre, 7,840 ; 196 square English are equal to

121 square Irish acres.

The English square mile being 3.097,600 square yards,

and the Irish 5,017,600; 196 English square miles are

equal to 121 Irish :—we have seen, however, that 14 English
are equal to 11 Irish linear milee



MEASURES.

MEASURE OF SOLIDS.

The teacher will explain that a rube is a solid having

six equal square surfaces ; and viil illustrate this by
models or examples—the more faii^iiiar the better. A
cubic inch is a solid, each of whosr* i'x sides or faces is

a square inch; a cubic foot a solid x^ich of whose ss*.

sides is a square foot j &c.
Cubic inches

1,728 ..... m^h..-' 1 cvb-'- fo.^^"

Icubi.; feet

27 . . , ; cubio rv^N

^YIXE MEASURE.
Gills or n?ggin8



MEASURES.

BEER MEASURE.
•' ilons



TIME.

MEASURE OE TIME.
Thirds
60



10 TIME.

To find by this table the distance between any i'^o

days in two different months :

Rule.—Look alono: that vertical row of ficrures at

the head of which stands the first of the given months
;

and also along the horizontal row which contains the

second ; the number of da^'s from any day in the one
month to the same day in the other, will be found where
these two rows intersect each other. If the given day
in the latter month is earlier than that in the former,

find by how much, and subtract the amount from the

number obtained by the table. If, on the contrary, it

is later, ascertain by how much, and add the amount.

When February is included in the given time, and
it is a leap year, add one day to the result.

Example 1.—How many days are there between the
fifteenth of ISIarch and the fourth of October ^ Looking
down the vertical row of figures, at the head of which March
is placed, and at the same time, along the horizontal row at

the left hand side of which is October, we perceive in their

intersection the number 214 :—so many days, therefore, in-

tervene between the fifteenth of ^Nlarch and the fifteenth of
October. But the fourth of October is eleven days eai-Uer

than the fifteenth : wo therefore subtract 11 from 214, and
obtain 203. the number required.

Example 2.—How many days are there between the
third of January and the nineteenth of IMay ? Looking as
before in the table, we find tliat 120 days intervene between
the third of January and the third of ]NLay ; but as the nine-
teenth is sixteen days later than the third, we add 16 to 120
and obtain 136, the number required.

Since February is in this case included, if it were a leap
year, as that month would then contain 29 days, we should
add one to the 136, and 137 would be the answer.

During the lapse of time, the calendar became inaccu-

rate : it was corrected by Pope Gregory. To understand
how this became necessary, it must be borne in mind that

the Julian Calendar, formerly in use, added one day every
fourth year to the month of February

; but this being
somewhat too much, the days of the months were thrown
out of their proper places, and to such an extent, that

each had become ten days too much in advance. Pope
Gregory, to remedy this, ordained that what, according



TIME 11

to the Julian style, would have been the 5th of October

1582, should be considered as the 15th ; and to prevent

the recurrence of such a mistake, he desired that, in

place of the last year of every century being, as hitherto.

a leap year, only the last year of every fourth centurj

should be deemed such.

The " New ^tyle," as it is called, was not introduced

into England until 1752, when the error had become

eleven days. The Gregorian Calendar itself is slightly

inaccurate.

To find if any given year be a leap year. If not the

last year of a century :

Rule.—Divide the number which represents the

given year by 4, and if there be no remainder, it is a

leap year. If there be a remainder, it expresses how
long the given year is after the preceding leap year.

Example 1.—1840 was a leap year, because 1840 divided

by 4 leaves no remainder.
Example 2.—1722 was the second year after a leap year,

because 1722 divided by 4 leaves 2 as remainder.

If the given year be the last of a century

:

Rule.—Divide the number expressing the centuries

by 4, and if there be no remainder, the given one is a leap

year ; if there be a remainder, it indicates the number
of centuries between the given and preceding last year

of a century which was a leap year.

Example 1.—1600 was a leap year, because 16, being

divided by 4. leaves nothing.

Example 2.—1800 was two centuries after that last year

of a century which was a leap year, because, divided by 4,

it leaves 2.

DIVISION OF THE CIRCLE.
Thirds
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fore, the circle, the greater or less each of these will be. The
following will exemplify the applications of the symbols :

—

00^ 5' 4" 6'"; which means sixty degrees, five minutes, four

seconds, and six thirds.

DEFINITIONS.

1. Arithmelic may be considere'd either as a science

or as an art. As a science, it teaches the properties of

numbers ; as an art, it enables us to apply this know-
ledge to practical purposes ; the former may be called

theoretical, the latter practical aritlimetic.

2. A Unit^ or as it is also called, TJnity^ is one of the

individuals under consideration, and may include many
units of another kind or denomination ; thus a unit of

the order called " tens" consists of ten simple units. Or
it may consist of one or more parts of a unit of a higlier

denomination ; thus five units of the order of " tens" are

five parts of one of the denomination called " hundreds ;"

three units of the denomination called '' tenths" are

three parts of a unit, which we shall presently term the

" unit of comparison."

3. Numher is constituted of two or more units
;

strictly speaking, therefore, unity itself cannot be con-

sidered as a number.

4. Abstract Nwvibers are those the properties of

which are contemplated without reference to their appli-

cation to any particular purpose—as five, seven, &c.
;

abstraction being a process of the mind, by which it sepa-

rately considers those qualities which cannot in reality

exist by themselves ; thus, for example, when we attend

only to the length of anything, we are said to abstract

from its breadth, thickness, colour, &c., although these

are necessarily found associated with it. There is nothing

inaccurate in this abstraction, since, although length

cannot exist without breadth, thickness, &c., it has pro-

perties independent of them. In the samo way, five, seven,

&c., can be considered only by an abstraction of the

inind, as not applied to indicate some particular things.

5. Applicaie Numbers are exactly the reverse of
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abstract, being applied to iudicate particular objects

—

as five men, six houses.

6. TJie Unit of Comparison. In every number
there is some unit or individual which is used as a

standard : this we shall henceforward call the " unit

of comparison." It is by no means necessary that it

should always be the same ; for at one time we may
speak of four objects of one species, at another of four

objects of another species, at a third, of four dozen, or

four scores of objects ; in all these cases four is the

number contemplated, though in each of them the idea

conveyed to the mind is diflferent—this difference arising

from the different standard of comparison, or unity

assumed. In the first case, the " unit of comparison"

was a single object ; in the second, it was also a single

object, but not of the same kind ; in the third, it became
a dozen ; and in the fourth, a score of objects. Increas-

ing the " unit of comparison" evidently increases the

quantity indicated by a given number ; while decreas-

ing it has a contrary effect. It will be necessary to

bear all this carefully in mind.

7. Odd Numbers. One, and every succeeding alter-

nate number, are termed odd ; thus, three, five, seven, &o,

8. Even Niunhers. Two, and every succeeding alter-

nate number, are said to be even ; thus, four, six, eight,

&c. It is scarcely necessary to remark, that after taking

away the odd numbers, all those which remain are even,

and after taking away the even, all those which remain
are odd.

We shall introduce many other definitions when treat-

ing of those matters to which they relate. A clear

idea of what is proposed for consideration is of the

greatest importance ; this must be derived from the

definition by which it is explained.

Since nothing assists both the understanding and the

memory more than accurately dividing the subject of

instruction, we shall take this opportunity of remarking

to both teacher and pupil, that we attach much impor-

tance to the divisions which in future shall actually be

made, or shall be implied by the order in which the

different heads will be examined.

n3
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SECTION I.

ON NOTATION AND NUMERATION.

1. To avail ourselves of the properties of numbers,

we must be able both to form an idea of them ourselves,

and to convey this idea to others by spoken and by written

language ;—that is, by the voice, and by characters.

The expression of number by characters, is called

notation^ the reading of these, numeration. Notation,

therefore, and numeration, bear the same relation to

each other as writing and reading^ and though often

confounded, they are in reality perfectly distinct.

2. It is obvious that, for the purposes of Arithmetic,

we require the power of designating all possible num-
bers ; it is equally obvious that we cannot give a dif-

ferent name or character to each, as their variety is

boundless. We must, therefore, by some means or

another, make a limited system of words and signs

suffice to express an unlimited amount of numerical

quantities :—with what beautiful simplicity and clear-

ness this is eflfected, we shall better understand presently.

3. Two modes of attaining such an object present

themselves ; the one, that of combining words or cha-

racters already in use, to indicate new quantities ; the

other, that of representing a variety of different quan-

tities by a single word or character, the danger of

mistake at the same time being prevented. The Romans
simpliJGied their system of notation by adopting the prin-

ciple of combination ; but the still greater perfection of

ours is due also to the expression of many numbers by
the same, character.

4. It will be useful, and not at all difficult, to explain

to the pupil the mode by which, as we may suppose, an

idea of considerable numbers was originally acquired,

and of which, mdeed, although unconsciously, we still

avail ourselves ; we shall see, at the same time, how
methods of simplifying both numeration and notation

were naturally- suggested.
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La^ us suppose no system of numbers to be as jei con-

structed, and that a -heap, for example, of pebl)les, is

placed before us that we may discover their amount.

If this is considerable, we cannot ascertain it by look-

ing at them all together, nor even by separately in-

specting them ; we must, therefore, have recourse to

that Contrivance which the mind always uses when it

desires to grasp what, taken as a whole, is too great for

its powers. If we examine an extensive landscape, as

the eye cannot take it all in at one view, we look suc-

cessively at its different portions, and form our judg-

ment upon them in detail. We must act similarly with

reference to large numbers ; since we cannot compre-

hend them at a single glance, we must divide them into

a sufficient number of parts, and, examining these in

succession, acquire an indirect, but accurate idea of

the entire. This process becomes by habit so rapid,

that it seems, if carelessly observed, but one act, though

it is made up of many : it is indispensable, whenever we
desu'e to have a clear idea of numbers—which is not,

however, every time they are mentioned.

5. Had we, then, to form for ourselves a numerical

system, we would naturally divide the individuals to be

reckoned into equal groups, each group consisting of

some number quite within the limit of our comprehen-

sion ; if the groups were few, our object would be attained

without any further effort, since we should have acquired

an accurate knowledge of the number of groups, and of

the number of individuals in each group, and therefore

a satisfactory, although indirect estimate of the whole.

We ought to remark, that different persons have

very different limits to their perfect comprehension of

number ; the intelligent can conceive with ease a com-

paratively large one ; there are savages so rude as to be

incapable of forming an idea of one that is extremely

small.

6. Let us call the number of individuals that we choose

to constitute a group, the ratio ; it is evident that the

larger the ratio, the smaller the number of groups, and

the smaller the ratio, the larger the number of groups

—

but the smaller the number of groups the better.
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7. If the groups into which we have divided the

objects to be reckoned exceed in amount that number

of which we have a perfect idea, we must continue the

process, and considering the groups themselves as indi-

viduals, must form with them new groups of a higher

order. We must thus proceed until the number of our

highest group is sufficiently small.

8. The ratio used for groups of the second and higher

orders, would naturally, but not necessarily, be the same

as that adopted for the lowest ; that is, if seven indi-

viduals constitute a group of the first order, we would

probably make seven groups of the first order constitute

a group of the second also ; and so on.

9. It might, and very likely would happen, that we
should not have so many objects as would exactly form

a certain number of groups of the highest order

—

some of the next lower might be left. The same might

occur in forming one or more of the other groups. We
might, for example, in reckoning a heap of pebbles,

have two groups of the fourth order, three of the third,

none of the second, five of the first, and seven indi-

viduals or "units of comparison."

10. If we had made each of the first order of groups

consist of ten pebbles, and each of the second ordcsr

consist of ten of the first, each group of the third of ten

of the second, and so on with the rest, we had selected

the decimal system, or that which is not only used at

present, but which was adopted by the Hebrews, Greeks,

Romans, &c. It is remarkable that the language of

every civilized nation gives names to the difi"Qrent

groups of this, but not to those of any other numerical

system ; its very general diffusion, even among rude

and barbarous people, has most probably arisen from

the habit of counting on the fingers, which is not

altogether abandoned, even by us.

11. It was not indispensable that we should have

used the same ratio for the groups of all the different

orders ; we might, for example, have made four pebbles

form a group of the first order, twelve groups of the

first order a group of the second, 'and twenty groups

of the second a group of the third order :—in such »
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case we had adopted a system exactly like that to he

found in the table of money (page 3), in which four

fiiithings make a group of the order pmce, twelve

p-ince a group of the order shillings^ twenty shillings a

group of the order founds. While it must be admitted

that the use of thu same system for applicate, as for

abstract numbers, would greatly simplify our arithmetical

processes—as will be very evident hereafter, a glance

at the tables given already, and those set down in treat-

ing of exchange, will show that a great variety of systems

have actually been constructed.

12. When we use the same ratio for the groups of all

the orders, we term it a conwiaii ratio. There appears to

have been no particular reason why ten should have been

selected as a " common ratio" in the system of numbers
ordinarily used, except that it was suggested, as already

remarked, by the mode of counting on the fingers ; and
that it is neither so low as unnecessarily to increase

the number of orders of groups, nor so high as to exceed

the conception of any one for whom the system was
intended.

13. A system in which ten is the " common ratio"

is called decimal^ from " decem," which in Latin signifies

ten :—ours is, therefore, a " decimal system" of numbers.
If the common ratio were sixty, it would be a scjiagcsi-

vial s^-'stem ; such a one was formerly used, and is still

retained—as will be perceived by the tables already

given for the measurement of arcs and angles, and of

time. A quinary system would have five for its " com-
mon ratio ;" a duodecirnal^ twelve ; a vigtshnal^ twenty,

&:c.

14. A little reflection will show that it wrs useless

to give diffarent names and characters to any numbers
except to those which are less than that which consti-

tutes the lowest group, and to the different orders of

gi-oups ; because all possible numbers must consist of

individuals, or of groups, or of both individuals and
groups :—in neither case would it be required to specify

more than the number of individuals, and the number
of each species of group, none of which numbers—as is

evident—can be greater than the common ratio. Tliia
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is just what we have done m our numerical system,
except that we have formed the names of some of the
groups by combination of those ah-eady used ; thus,
*' tens of thousands," the group next higher than thou-
sands, is designated by a combination of words already
applied to express other groups—which tends yet further
to simplification.

15. ARABIC SYSTEM OF NOTATION I

Names. Characters.

fOne . . 1

I

Two . . 2
Three . . 3

I
P'our . . 4

Units of Comparison, . . . .-i Five . . 6
Six . . . 6
Seen . . 7
Ki.-ht . . 8

iNu.e . . 9
First group, or units of the second order, . Ten .

' . 10
Second group, or units of the third order, . Hundred . 100
Third group, or units of the fourth order, . Tliousand . 1,000
Fourth group, or units of the fifth order, . Ten thousand 10,000
F'ifth group, or units of the sixth order, . Hundred thousand 100.000
Sixth group, or units of the seventh order, , Million . . 1,000,000

16. The characters which express the nine first num-
bers are the only ones used ; they are called digits, from

the custom of counting them on the fingers, already

noticed—" digitus" meaning in Latin a finger ; they are

also called significant figures., to distinguish them from

the cypher, or 0, which is used merely to give the digits

their proper position with reference to the decimal point.

The pupil will distinctly remember that the place where

the " units of comparison" are to be found is that imme-
diately to the left hand of this point, which, if not ex-

pressed, is supposed to stand to the right hand side of

all the digits—thus, in 468"76 the 8 expresses " units

of comparison," being to the left of the decimal point
;

in 49 the 9 expresses " units of comparison," the deci-

mal point being understood to the right of it.

17. We find by the table just given, that after the

nine first numbers, the same digit is constantly repeated,

its position with reference to the decimal point being,

however, changed :—that is, to indicate each succeeding

group it is moved, by means of a cypher, one place

farther to the left. Any of the digits may be used to
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express its respective number of any of the groups :

—

thus 8 would be eight " units of comparison ;" SO,

<^ight groups of the first order, or eight '' tens" of

simple units ; 800, eight groups of the second, or units

of the thh'd order ; and so on. We might use any of

the digits with the difF3rent groups ; thus, for example,
5 for groups of the third ordar, 3 for those of the second,

7 for those of tlie first, and 8 for the " units of compari-

son ;" then the whole S3t down in full ^\iould be 5000,

300, 70, 8, or for brevity sake, 5378—for we never use

the cypher when we can supply its place by a significant

figure, and it is evid3ut th.it in 5378 the 378 keeps the

5 four places from tha decimal point (understood), just as

well as cyphers would have done ; also the 78 keeps the

3 in the third, and the 8 k.^eps tho 7 in the second place.

IS. It is important to rennmb^r that each digit has

two values, an ahsolide and a relative ; the absolute

value is the nuinbar of units it expresses, whatever these

units may be, and is unchangeabb ; thus 6 always

means six. sometimes, indeed, six tens, at other times

six bundled, &c. The relative value depends on the

ordar of units indicated, and on the nature of the '* unit

of comparison."

19. What has been said on this very important sub-

ject, is intended principally for the teacher, though an

ordinary amount of industry and intelligence will be

quite sufficient for the purpose of explaining it, even to

a child, particularly if each point is illustrated by an

appropriate example ; the pupil may be made, for in-

stance, to arrange a numbar of pebbles in groups, some-
times of one, sometimes of another, and sometimes of

several orders, and then be desired to express them by
fiiures—the ''unit of comparison" being occasionally

changed from individuals, suppose to tens, or hundreds, or

to scores, or dozens, &c. Indeed the pupils must be well

acquainted with these introductory matters, othorwiso

they will contract the habit of answering without any
very definite ideas of many things they will be called

upon to explain, and which they should be expected

perfcdly to understand. Any trouble bestowed by the

teacher at this period will be well repaid by the ease
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and rapidity with which the scholar will afterwards

advance ; to be assured of this, he has only to recol-

lect that most of his future reasonings will be derived

from, and his explanations grounded on the very prin-

ciples we have end3avoured to unfold. It may be taken

as an iinpoitant truth, that what a child bains without

understanding, he will acquire with disgust, and will

soon cease to remember ; for it is v/ith children as with

persons of more advanced years, when we appeal suc-

cessfully to their understanding, the pride and pleasure

they feel in the attainment of knowledge, cause the

labour and the weariness which it costs to be under-

valued, or forgotten.

20. Pebbles will answer well for examples ; indeed,

their use in computing has given rise to the term ca/ai-

lafion, " calculus" being, in Latin, a pebble : but while

the teacher illustrates what he says by groups of par-

ticular objects, he must take care to notice that his

remarks would be equally true of any others. He must

also point out the difference between a grc^p and its

equivalent unit, which, from their perfect equality, are

generally confounded. Thus he may show, that a penny,

while equal to, is not identical with four farthings. This

seemingly unimportant remark will be better appre-

ciated hereafter ; at the same time, without inaccuracy

of result, we may, if we please, con.sider any group

either as a unit of the order to which it belongs, or so

many of the next lower as are equivalent.

21. B,omnn Notation.—Our ordinary numerical cha-

racters have not been always, nor every where used to

express numbers ; the letters of the alphabet naturally

presented themselves for the purpose, as being already

familiar, and, accordingly, were very generally adopted

—

for example, by the Hebrews, Greeks, Romans, &.C.,

each, of course, using their own alphabet. The pupil

should be acquainted with the Koman notation on

account of its beautiful simplicity, and its being still

employed in inscriptions, &c. : it is found in the foUow-

m;; table :

—
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ROMAN NOTATION.

&C

Numbers Exprrtsei.

One.
Two.
Thre«
Four.
Five.

Six.

Seven.
Eight.

Nine.
Ten.
Eleven.
Twelve.
Thirteen.
Fourteen.
Fifteen.

Sixteen.

Seventeen.
Eighteen.
Nineteen.
Twenty.
Thirty, &c.
Forty.

, Fifty.

Sixty, &c.
, Ninety.
, One hundred.
. Two hundred, &c
. Four hundred.
, Five hundred, &c
. Nine hundred.
, One thousand, &c.

. Five thousand, &c.

X. orCCIoO- Ten thousand, &c.

IDOO- • Fifty thousand, &c.
C0CI033. . One hundred thousand, &o

22. Thus we find that the Romajis used very few
characters—fewer, indeed, than we do, although our

system is still more simpla and effective, from our apply-

ing the principle of " position," unknown to them.

They expressed all numbars by the following symbols,

or combinations of th^y^fTng -r. X. L. C. D. or I^. M.,

or CL^. In constrtjtticant figuisysteni, they evidently

had a quinary in ^ie^i9^c»fluces nqg we have said, one in

which five would be i\i'<r^.^lfk^n ratio ; for we find that

Charactert.

I.

II.

III. .

Anticipated change IlII. or IV.
Ohang& . .V.

VI. .

VII. .

VIII. .

Anticipated change IX.
Change . . X. .

XI. .

XII. .

XIII. .

XIV. .

XV. .

XVI. .

XVII. .

XVIII
XIX. .

XX. .

XXX
Anticipated change XL.
Change . . L.

LX.,
Anticipated change XC.
Change . . C.

CC
Anticipated change CD.
Change . . D. or I^
Anticipated change CM

&c.

&c.

Change M. or CIo.

V. or loo.

thej changed their charact-er, not only at ten, tea times
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tc^n, &c., but also at five, ten times five, &c. :—a purely

'Je«.:inKil system would suggest a change only at ten, ten

times ten, &:c. ; a purely quinary, only at five, five times

five, &c. As fiir as notation was concerned, what they

adopted was neither a decimal nor a quinary system,

nor even a combination of both ; they appear to huve

supposed two primary groups, one of five, the other of

ten *' units of comparison ;
" and to have formed all the

other groups from these, by using ten as the common
ratio of each resulting series.

23. They anticipated a change of character ; one

unit before it would naturally occur—that is, not one
*• unit of comparison," but one of the units under consi-

deration. In this point of view, four is one unit before

Kve ; forty, one unit before fifty—tens being now the

units under consideration ; four hundred, one unit before

five hundred—hundreds having become "the units con-

templated.

'24. When a lower character is placed before a

higher its value is to be subtracted from, when placed

after it, to be added to the value of the higher
; thus,

IV. means one less than five, or four ; VI., one more
than five, or six.

25. To express a number by the Roman method of

notation :

—

Rule.—Find the highest number within the given

one, that is expressed by a single character, or the
" anticipation " of one [21] ; set down that character,

or anticipation—as the case may be, and take its value

from the given number. Find what highest number
less than the remainder is expressed by a single charac-

ter, or " anticipation ;
" put that character or '' anticipa-

tion " to the right hand of what is already written, and
take its value from the last remainder : proceed thus

until nothing is left.

Example.—Set down th-\^^-c^«^jjtjear, eighteen hundred
and forty-four, in Ron^^ smipliCi^.g Qno thousand, ex-

pre>*sed by M., i^the hfis, &c. : it ^r within the given one,

indicated by one charactv, ^ftticipation j w^e put down

and take gd.q thousand from the given number, which leaves
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23,

eight huiidrc'l and furty-four. Five hundre .* the
highest number within the hist remainder (e /._/^ fiu/jdred

and forty-four) expressed by one character, cr an "antici-

pation ;" we set down D to the right hand of M,
MD,

and take its value from eight hundred and forty-four, which
leaves three hundred and forty-four. In this the highest
number expressed by a single character, or an '• amicipa-
tion," is one hundred, indicated by C ] which we set down

)

and for the same reason two other Cs.

jNIDCCC.
This leaves only forty-four, the highest number withic
which, expressed by a single character, or an --anticipatioii/

is forty, XL—an anticipation : we set this down also,

^^IDCCCXL.
Four, expressed by IV., still remains; which, being als€

added, the whole is as follows :

—

MDCCCXLIV.

26. Position.—The same character may have dif-

ferent values, according to ^ie place it holds with refer-

enc3 to the decimal point, or, perhaps, more strictly,

to the " unit of comparison." This is the principle of

posilion.

21. The places occupied by the units of the different

orders, according to the Arabic, or ordinary notation

[15] , may be described as follows :—units of comparison,

one place to the left of the decimal point, expressed,

or understood ; ten.?, two places ; hundreds, three places,

&c. The pupil should be made so familiar with these,

as to be able, at once, to name the " place" of any ordei

of units, or the " units" of any place.

28. When, therefore, we are desired to write any
number, we have merely to put down the digits expres-

sing the amounts of the different units in their proper

places, according to the order to which each belongs.

If, in the given number, there is any order of which
there are no units to be expressed, a cypher must be set

down in the place belonging to it ; the object of which
is, to keep the significant figures in their own jposi-

tions. A cypher produces no effect when it is not

between significant figures and the decimal point ; thus

0536, 536 0, and 536 would mean the same thing—the
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second is, however, the correct form. 536 and o360 are

different ; in the hitter case the cypher affects the value,

because it alters the position of the digits.

Example.—Let it be required to set down six hundred
and two. The six must be in the third, and the two in the
first place ; fur this purpose we are to put a cypher betAveen

the 6 and 2—thus, 5U2 : without the cypher, the six would
be in the second place—thus, G2 ; and would mean not six

hundreds, but six tens.

29. In numerating, we begin with the digits of the

highest order and proceed dov/nwards, stating the num-
ber which belongs to each order.

To facilitate notation and numeration, it is usual to

divide the places occupied by the different orders of

units into periods ; for a certain distance the English and
French methods of division agree ; the English billion

is, however, a thousand times greater than the French.

This discrepancy is not of much importance, since we
are rarely obliged to use so high a number,—we shall

prefer the French method. To give some idea of the

amount of a billion, it is only necessary to remark, that

according to the English method of notation, there

has not been one billion of seconds since the birth of

Christ. Indeed, to reckon even a million, counting on

an average three per second for eight hours a day,

would require nearly 12 days. The following are the

two methods.

EXGLISH METHOD.

Trillions. Billions. l\lillions. Units.

000-000 000-000 000-000 000-000

FRENCH METHOD.

Billions. Millions. Thousands. Units.
Jundreilif. Teni. UniU. Hiiii.L Teas. Ci)iU. Hund. 'Vena. Li.its. Hnml. Triis. Tnit*.00 000 000 000

30. Use of Periods.—Let it be required to read off

the following number, 576934. AVe put the first point

to the left of the hundreds' place, and find that there are

cmdhj two periods—576,934 ; this does not always

occur, as the highest period is often imperfect, consisting

only of one or two digits. Dividing the number thus
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into parts, shows at once that 5 is in the third place of

the second period, and of coarse in the sixth place to

the left hand of the decimal point (understood) ; and,

therefore, that it expresses hundreds of thousands. The
7 hii'mj in the fifth place, indicates tens of thousands

;

the 6 in the fourth, thousands ; the 9 in the third, hun-
dreds ; thd 3 in the second, tens; and the 4 in the first,

units (of '^ comparison "). The whole, therefore, Ls five

hundreds of thousands, seven tens of thousands, six

thousands, nine hundreds, three tens, and four units,—
or Liore briefly, five hundred and seventy-six thousand,

uine hundred and thirty-four.

31. To prevent the separating point, or that which
divides into periods, from being mistaken for the decimal

point, the former should be a comma (,)—the latter a

full stop (•) Without this distinction, two numbers
which are very different might be confounded : thus,

49S"763 and 498,763,—one of which is a thousand

times greater than the other. After a while, we may
dispense with the separating point, though it is conve-

nient to use it with considerable numbers, as they are

then read with greater ease.

32. It will facilitate the reading of large numbers
not separated into periods, if we begin with tue uui^s of

comparison, and proceed onwards to the left, flaying at

t!ie first digit " units," at the second " tens," ^t the

third "hundreds," &:c., marking in our mind the deno-
mination of the highest digit, or that at which we strjp.

\Ye then commence with the highest, express its number
^.nd denomination, and proceed in the same way with

each, until we come to the last to the right hand.

Eyvmple.—Let it be required to read ojGf 6402. Looking
it thn 2 (or pointing to it), we say " units ;"' at the 0, '• tens ;"

itt the 4, "hundreds;" and at the 6. "thousands."' The
latter, therefore, being six thousands, the next digit is four

hundreds, ke. Consequently, six thousands, four hundreds,
«io tens, and two units ; or, briefly, six thousand four hun-
dred and two, is the reading of the given number.

33. Periods may be used to facilitate notation. The
pupil will fii'st write down a number of periods of cyphers
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to represent the places to be occupied by tlie varioua

orders of units. He will then put the digits express-

ing the different denominations of the given number,
under, or instead of those cyphers which are in corres-

ponding positions, with reference to the decimal point

—

beginning with the highest.

Example.—Write down three thousand six hundred and

,

fifty-four. The highest denomination being thousands, will

occupy the fourth place to the left of the decimal point. It

will be enough, therefore, to put down four cyphers, and
under them the corresponding digits—that expressing the

thousands under the fourth cypher, the hundreds under the

third, the tens under the second, and the units under the

first: thus
0,000
3,654

A cypher is to be placed under any denomination in

which there is no significant figure.

Example.—Set down five hundred and seven thousand,

and sixty-three.

000,000
507,06a

After a little practice the periods of cyphers will

become unnecessary, and the number may be rapidly

put down at once.

34. The units of comparison are, as we have said,

always found in the first place to the left of the

decimal point ; the digits to the left hand progressively

increase in a tenfold degree—those occupying the first

place to the left of the units of comparison being ten

times greater than the units of comparison ; those occu-

P3'ing the second place, ten times greater than those

which occupy the first, and one hundred times greater

than the units of comparison themselves ; and so on.

Moving a digit one place to the left multiplies it by

ten, that is, makes it ten times greater ; moving it two

places multiplies it by one hundred, or makes it one

hundred times greater ; and sc of the rest. If all the

digits of a quantity be moved one, two, &c., places to

the left, the whole is increased ten, one hundred, &c.,

times—as the case may be. On the other hand, moving
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a digit, or a quantity one place to the right, divides it

by ten, that is, makes it ten tim-^s smaller than before
;

moving it two places, divides it by one hundred, or

makes it one hundred times smaller, &:c.

35. We possess this power of easily increasing, or

diminishing any number in a tenfold, &c. degree, whether

the digits are all at the right, or all at the left of the

decimal point; or partly at the right, and partly at the

left. Though we have not hitherto considered quantities

to the left of the decimal point, ^heir relative value will be

very easily understood from what we have already said.

For the pupil is now aware that in the decimal system

the quantities increase in a tenfold degree to the left,

and decrease in the same deoree to the rio;ht : but

there is nothing to prevent this decrease to the right

from proceeding beyond the units of comparison, and

the decimal point ;—on the contrary, from the very

nature of notation, we ought to put quantities ten times

less than units of comparison one place to the right of

them, just as we put those which are ten times less than

hundreds, &c., one pi:ice to the right of hundreds, &c
We accordingly do this, and so continue the notation

not only upwards, but downwards, calling quantities t(

the left of the decimal point integers, because none of

them is less than a u-hole " unit of comparison ;" and

those to the right of it decimals. When there are deci-

mals in a given number, the decimal point is actualh

expressed, and is always found at the right hand side-

of ihe units of comparison.

36. The quantities equally distant from the unit of

comparison bear a very close relation to each other

which is indicated even by the similarity of their names
;

those which are one place to the left of the units of com-
parison are called " tens," being each identical with, or

equivalent to ten units of comparison ; those which are

ono place to the right of the units of comparison are

called " tenths," each being the tenth part of, that is, ten

times as small as a unit of comparison
;
quantities two

places to the left of the units of comparison are called
'' hundreds," being one hundred times greater ; and

those two places to the right^ " hundi-edths," being one
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hundred times less than the units of comparison ; and so

of all the others to the right and left. This will be more
evident on inspecting the following table :

—

Ascrnding Scries, or Integers. j Descending Series, or Decimals.
Oue Unit . . Ill* Oue Unit.

Tea . . lOj-l Tenth.
Hundred . . lOOi'Ol Hundredth.
Thousand . . 1,000

Ten thousand . 10,000
Hundred thousand 100,000

&c.

001, Thousand th.

000,1 Ten-thousandth.
000,01 Hundred- thousandth.

We have seen that when we divide integers into psriods

[29], the first separating point must be put to the right

of the thousands ; in dividing decimals, the first point

must be put to the right of the thousandths.

37. Care must be taken not to confound what we
now call " decimals," with what we shall hereafter desig-

nate " decimal fractions ;" for they express equal, but
not identically the same quantities—the decimals being

w^hat shall be termed the " quotients" of the corres-

ponding decimal fractions. This remark is made here to

anticipate any inaccurate idea on the subject, in those

who already know something of Arithmetic.

33. There is no reason for treatino; inte^jers and deci-

mals by diffjrent rules, and at different times, since they

follow precisely the same laws, and constitute parts of

the very same series of numbers, Besides, an}' quantity

may, as far as the decimal point is concerned, be ex-

pressed in different ways ; for this purpose we have
merely to change the unit of comparison. Thus, let it

be required to set down a number indicating five hun-
dred and seventy-four men. If the " unit of compari-

son" be one man, the quantity would stand as follows,

574. If a band of ten men, it would become 57-4—for,

as each man would then constitute only the tenth part

of the " unit of comparison," four men would be only

four-tenths, or 0*4
; and, since ten men would form but

one unit, seventy men would be merely seven units of

comparison, or 7 ; &c. Again, if it were a band of one

hundred men, the number must be written 5'74
; and

lastly, if a band of a thousand vwij it would be 0"574
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Should the " unit " be a band of a dozen, or a score

men, the change would be still more complicated ; as,

not only the position of the decimal point, but the very

digits also, would be altered.

39. It is not necessary to remark, that moving the

decimal point so many places to the left, or the digits

an equal number of places to tlie right, amount to the

same thing.

Sometimes, in changing the decimal point, one or

more cypliers are to be added ; thus, when we move 42"6

three places to the left, it becomes 42600 ; when we
move 27 five places to the right, it is "00027, &c.

40. It follows, from what we have said, that a deci-

mal, though less than what constitutes the unit of com-
parison, may itself consist of not only one, but several

individuals. Of com-se it will often be necessary to indi-

cate the " unit of comparison,"—as 3 scores, 5 dozen, 6

men, 7 companies, S regmients, &c. ; but its natm-e does

not afiect the abstract properties of numbers ; for it is

true to say that seven and five, when added together,

make twelve, whatever. the unit of comparison may be :
—

provided, however, that the same standard be applied to

b^th ; thus 7 men and 5 men are 12 men ; but 7 men
and 5 horses are neither 12 men nor 12 horses ; 7 men
and 5 dozen men are neither 12 men nor 12 dozen men.
When, therefore, numbers are compared, &c., they must
have the same unit of comparison, or—without altering

their value—they must be reduced to those which have.

Thus we may consider 5 tens of men to become 50
individual men—the unit of comparison being altered

from ten men to one man^ without the value of the

quantity being changed. This principle must be kept
in mind from the very commencement, but its utility

will become more obvious hereafter.

EXAMPLES IN NUMERATEON AND NOTATION.

Kotation.

1. Put down one hundred and four . . 104
2. One thou-sand two hundred and forty . 1.240
3. Twenty thousand, three liundi-ed and forty -five 20,345

c
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4.

5.

6.

7.

8.

9.

10.

11.

12.

13.

14.

15.

16,

17.

Two hundred and thirty-four thousand, five

hundred and sixty-seven

Three hundred and twenty-nine thousand,

seven hundred and seventy-nine

Seven hundred and nine thousand, eight hun
dred and twelve

Twelve hundred and forty-seven thousand

four hundred and fifty-seven

One million, three hundred and ninety-seven

thousand, four hundred and seventy-five

Put down fifty-four, seven-tenths

Ninety-one, five hundredths .

Two, three-tenths, four thousandths, and four

hundred-thousandths
Nine thousandths, and three hundred thoU'

sandths ....
jNIake 437 ten thousand times greater

IVIake 27 one hundred times greater

Make 0056 ten times greater

Make 430 ten times less

Make 2- 75 one thousand times los^.^

234,567

329,779

709,812

1,247,457

1,397,475
54-7

9105

2-30404

0-00903

4,370,000
270
0-56

43
000275

Numeration

1. read 132
407
2760
5000
37654
8700002

read 8540326
— 5210007— 6030405
— 560075
— 3000006
— 00040007

13. Sound travels at the rate of about 1142 feet in a

second : light moves about 195.000 miles in the same time.

14. The sun is estimated to be 886.149 miles in diameffer;

its size is 1.377.613* times greater than that of the earth._

15. Tho diameter of the planet mercury is 3,108 miles,

and his distance from the sun 36.814.721 miles.

16. The diameter of Venus is 7,498 miles, and her dis-

tance from the sun 68.791,752 miles.

17. Tlie diameter of the earth is about 7,964 miles; it is

95,000.000 miles from the sun. and travels round the latter

at the rate of upwards of 68,000 miles an hour.

18. The diameter of the moon is 2,144 miles, and her dis-

tance from the earth 236.847 juiles.

19. The diameter of Mars is 4,218 miles, and his distance

from the sun 144,007.630 miles.

20. The diameter of Jupiter is 89,069 miles, and his dia-

tauce from the sun 494,499,108 miles.
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21. The diameter of Saturn is 78.730 miles, and his dis-

tance from the 8un 007,089.032 miles.

22. The length of a pendulum -which would vibrate

seconds at the ccjuator. is 31) 011.084 inches: in the latitude

of 45 degrees, it is 30 110.820 "

""

i)0 degrees. 3'.>-221,'J50 inches.

23. It has heen calcuhited that the distance from the

earth to the nearest fixed star is 40.000 times the diameter

of the earth's orl)it. or annual path in the heavens: that i.s,

ahout 7.000.000.000.000 miles. Now suppose a cannon
bull to fly from the earth to this star, with a uniform velocity

equal to tliat with which it tirst leaves, the mouth of the

gun—say 2.500 feet in a second—it would take nearly

1,0' >0 years to reach its destination.

24. A piece of gold equal in bulk to an ounce of water,

would weigh 19-258 ounces ; a piece of iron of exactly the

same size, 7788 ounces: of copper, 8788 ounces; of lead,

11-352 ounces; and of silver, 10474 ounces.

Note.—The examples in notation maj' be made to ans-^er

for numeration ; and the reverse.

QUESTIONS IN NOTATION AND NUMERATION.

[The references at the end of the questions sho-w in -what

paragraphs of the preceding section the respective uns-wers

are principally to be found.]

1. What is notation .> [1].

2. What is numeration .' [1].

3. How are we able to express an infinite variety of

numbers by a few names and characters .' [3]

.

4. How may we suppose ideas of numbers to have

been originally acquired .' [4, &.c.].

5. "^A'hat is meant by the common ratio of a system

of numbers .' [12].

6. Is any particular number better adapted than

another for the common ratio .' [12].

7. xVre there systems of numbers without a common
ratio .^ [11].

8. What is meant by quinary, decimal, duodecimal,

vigesimal, and sexagesimal systems .' [13].

9. Explain the Arabic system of notation .^ [l-^]-

10. What are digits.- [16].

11. How axe they made to express all numbers ? [17]

.
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12. "What is meant by their absolute and relative

ralues r [IS].

13. Are a digit of a higher, and the equivalent num-
ber of units of a lower order precisely the same thing ^

,20].

14. Have the characters we use, always and every

irhere been employed to express numbers ? [21].

1 5. Explain the Roman method of notation .' [22, &c.]

.

16. What is the decimal point, and the position of

die diffjreut orders of units with reference to it ? [26
and 27].

17. When and how do cyphers affect significant

figures r [2S]

.

IS. What is the difference between the English and
French methods of dividing numbers into periods .' [29].

19. What is the difference between integers and
decimals .- [35]

.

20. AMiat is meant by the ascending and descending

series of numbers ; and liow are they related to each

other.? [36].

21. Sliow tliat in expressing the same quantity, we
must phice the decimal point differently, according to

the unit of comparison we adopt r [38]

.

22. What effect is produced on a digit, or a quantity

by removing it a number of placrs to the riglit, or left.

or similarly removing the decimal point .- [34 and 39]
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SECTION II.

THE SIMPLE RULES

SIMPLE ADDITION.

1

.

If numbers are changed by any arithmetical pro-

cess, they are either increased or diminished ; if in-

creased, the effect belongs to Addili/m ; if diminished,

to Subfraction. Hence all the rules of Arithmetic are

ultimately resolvable into either of these, or combina-
tions of both.

2. When ani/ number of quantities, either different,

or repetitions of the same, are united together so as

to form but one, we term the process, simply, " Addi-
tion." When the quantities to be added are the sawe^

but we may have as many of them as we please, it is

called '' Multiplication ;" when they are not only tlie

same^ but tlieir number is indicated by one of thcin.^ the

process belongs to "Involution." That is, addition re-

stricts us neither as to the kind, nor the number of the

quantities to be added ; multiplication restricts us as to

the kind, but not the number ; involution restricts us

both as to the kind and number :—all, however, are

really comprehended under the same rule

—

addition.

3. Simple Addition is the addition of abstract num-
bers ; or of applicate numbers, containing but one deno-
mination.

The quantities to be added are called the addends

;

the result of the addition is termed the snvi.

4. The process of addition is expressed by +, called

the plus, or positive sign ; thus ^-{-^^ read 8 plus 6,

means, that 6 is to be added to 8. Wlien no sign is

prefixed, the positive is understood.

The equality of two quantities is indicated by =r,

thus 9
-f- 7=16, means that the sum of 9 and 7 is equal

to 16.
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Quantities connected by the sign of addition, or that of

equality, may be read in any order ; thus if 7-h9:=16, it

is true, also, that 9+ 7=16, and that 16r=7+ 9, or 9+ 7.

5. Sometimes a single hoiizontal line, called a vin-

adiim^ fi-om the Latin word signifying a bond or tie,

is placed over several numbers ; and shows that all the

quantities under it are to be considered, and treated as

but one ; thus in 4+ 7^=11, 4+ 7 is supposed to form

but a single term. However, a vinculum is of little

consequence in addition, since putting it over, or remov-

ing it from an additive quantity—that is, one which has

the sign of addition prefixed, or understood—docs not

in any way alter its value. Sometimes a parenthesis
(
) is

used in place of the vinculum; thus 5+ 6 and (5+ 6)
mean the same thing.

6. The pupil should be made perfectly familiar with

these symbols, and others which we shall introduce as

W6 proceed ; or, so far from being, as they ought, a

great advantage, they will serve only to embarrass him.

There can be no doubt that the expression of quantities

by characters, and not by words written in full, tends

to brevity and clearness ; the same is equally true of the

processes which are to be performed—the more con-

cisely they are indicated the better.

7. Arithmetical rules are, naturally, divided into two

parts ; the one relates to the setting down of the quan-

tities, the other to the operations to be described. We
shall generally distinguish these by a line.

To add JS'umhers.

Rule.—I. Set down the addends under each other,

so that digits of the same order may stand in the s:une

vertical column—units, for instance, under units, tens

under tens, &c.

II. Draw a line to separate the addends from their

mm.

III. Add the units of the same denomination together,

beginning at the right hand side.

IV. If the sum of any column be less than ten, set it

down under that column ; but if it be greater, for every
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to the next column, and put

down only what remains after deducting the tens ; if

«\othing remains, put down a cypher.

V. Set down the sum of the last column in full.

8. Example.—Find the sum of 542-f-375-|-984^
542)
375 V addends.
984

\

1901 sum.

We have placed 2, 5, and 4, which belong to the order

'•units," in one column; 4, 7. and 8. which are '-tens." in

another : and 5, 3, and 9, which are " hundreds,"' in another.

4 and 5 units are 9 units, and 2 are 11 units—equivalent

to one ten and one unit ; we add, or as it is called, " carry"

the ten to the other tens foimd in the next column, and set

do\vn the unit, in the units' place of the '• sum."

The pupil, having learned notation, can easily find

how many tens there are in a given number ; since all

the digits that express it, except one to the right hand
side, will indicate the number of " tens" it contains

;

thus in 14 there are 1 ten, and 4 units ; in 32, 3 tens,

and 2 units ; in 143, 14 tens, and 3 units, &c.

The ten obtained from the sura of the units, along with 8,

7, and 4 tens, makes 20 tens ; this, by the method just men-
tioned, is found to consist of 2 tens (of tens), that is, two of

the next denomination, or hundreds, to be carried, and no
units (of tens) to be set down. We •' carry," 2 to the hun-
dreds, and write down a cypher in the tens' place of the
''sum."

The two himdreds to be ''carried," added to 9, 3, and 5,

hundreds, make 19 hundreds : which are equal to 1 ten (of

hundreds) : or one of the next denomination, and 9 imits (of

hundreds) : the former vre -carry" to the tens of hundreds,
or thousands, and the latter we set down in the himdreds'
place of the --sum."

As there are no thousands in the next column—that is,

nothing to which we can "carry" the thousand obtained

by adding the hundreds, we put it do%vn in the thousands'

place of the - sum ," in other words, we set down the sum of

the last column in full.

9. Reapox of I. (the first part of the rule).—We put
anits of the same denomination in the same vertical columa*
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that we may easily find tliose quantities which are to he ad led

together ; und that the value of each digit may be more clear

from its being of the same deuomiuation as thooe wh.cii are

under, and over it.

llcAso.v OF II.
—'Te use the separating line to prevent the

sum from being mistaken for an addend.

Reason ok III.—We obtain a correct result only by adding
units of the same denomination togetlier [Sec. I. 40] :—hun-
dreds, for instance, added to tens, would give neither hnndreia
nor tens as their sum.
We begin at tlie right hand side to avoid the necessity of

more than one addition ; for, beginning at the left, the process

would be as follows

—

542

1,901

The first column to the left produces, by addition, 17 hun-
dred, or 1 thousand and 7 hundred; the next column 19 tens,

or 1 hundred and 9 tens; and tlie next 11 units, or 1 ten and
1 unit. But these quantities are still to be added :—beginning
again, therefore, at the left hand side, we obtain 1000, 800, TOO,

and 1, as the respective sums. These, Joeing added, give 1,901

as the total sum. Beginning at the ri^ht hand rendered the

successive additions unnecessary.
Reason of IV.—Our object is to obtain the sura, expressed

in the highest orders, since these, onlj', enable us to represent

any quantity with the lowest numbers ; we therefore consider

ten of one denomination as a unit of the next, and add it to

those of the next which we already have.

After taking the "tens" from the siims of tlie different

columns, we must set down the remainders, since they arc

parts of the entire sum; and they are to be put unlor the

columns that produced them, since they have not ceji.sed to

belong to the denominations in these columns.
R,EAsoN OF V.—It follows, that the sum of the last column

is to be .set down in full ; for (in the above example, far in-

stance,) there is nothing to be added to. the tens (of hundreds)
it contains.

10. £roof of Addition.—Cut ofif the iippsr addend,

try a separating line ; and add tlie sum of the quantities
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under, to what is above this line. If all the additions

have been coiTectly performed, the latter sum will be

equal to the result obtained by the rule : thus

—

5,673

4,632
8,697
2,543

21,545 sum of all the addends.

15,872 sum of all the addends, but one.

5,673 upper addend.

21,545 same as sum to be proved.

This mode of proof depends on the fact that the whole is

equal to the sum of its parts, in whatever order they are
taken ; but it is liable to the objection, that any error com-
mitted in the first addition, is not unlikely to be repeated in

the second, and the two errors would then conceal each other.

To prove addition, therefore^ it is better to go through
the proces-s again, beginning at the top, and proceeding
do-^nwards. From the principle on which the last mode or

proof is founded, the result of both additions—the direct

and reversed—ought to be the same.
It should be remembered that these, and other proofs of

the same kind, afford merely a high degree of probability,

since it is not in any case quite certain, that two errors cal-

culated to conceal each other, have not been committed.

11. To add Quantities- containing Decimals.—From
what has been said on the subject of notation (Sec. I.

35), it appears that decimals, or quantities to the right

hand side of the decimal point, are merely the continu-

ation, downwards, of a series of numbers, all of which
follow the same laws ; and that the decimal point is

intended, not to show that there is a difference in the

natui'e of quantities at opposite sides of it, but to mark
where the " unit of comparison" is placed. Hence the

rule for addition, already given, applies at whatever side

all, or any of the digits in the addends may be found

It is necessary to remember that the decimal point in

the sum, should stand precisely under the decimal points

of the addends ; since the digits of the sum must be, from

the very narture of the process [9], of exa-ctly the same
values, respectively, as the digits of the addends under

62
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which they are ; and if set down as they should be, their

denominations are ascertained, not only by their position

with reference to their own decimal point, but also by

their position with reference to the digits of the addends

above them.
Example.
263-785
460-502
637-008
626-3

1887-595

It is not necessary to fill up the columns, by adding

cyphers to the last addend ; for it is sufficiently plain

that we are not to notice any of its digits, until we come
to the third column.

12. It follows from the nature of notation [Sec. I.

40], that however we may alter the decimal points of

the addends—provided they are all in the same vertical

column—the digits of the sum will continue unchanged
;

thus in the followino- :—

^

4785
3257
6546
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(16)

5673
1237

2345

(17)

37G7
4567
1234

(18)

3001
2783
4567

(19)

6147
3745
6789

(20)

34567
47891
41234

(21)

73456
4567?
91234



9
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78. -75 -f- 6 + -756 -f '7254-1- -3454- '5+ '005+ '07

=3-7514.
79. -44- 74-47 4-37-007-f-75-05-(-747-077=934-004.
80. 56-05-h4-75-h-097-|-36-14-|-4-672=101-619.
SL •76-|--0076-i-76-|--5-|-5-j--05.=S2-3176.

82. •5-h-05-f--005-f-5-}-50-ho00r=555-555.

83. •367+ 56-7+ 762 -f-97-6+ 471r=13S7-667.

84. 1+-1 + 10+ -01 + 160+ -001=171-111.

85. 3-76+ 44-3+ 476-1 + 5-5r=529-66.

86. 36-77+ 4-42+ 1-1001 + -6=42-8901.

87. A merchant owes to A. £1500 ; to B. £408 ; to

C. £1310 ; to D. £50 ; and to E. £1900 ; what is the

sum of all his debts ? Atis. £5168.

8S. A merchant has received the following sums :

—

£200, £315, £317, £10, £172, £513 and £9 ; what is

the amount of all .' Ans. £1536.

89. A merchant bought 7 casks of merchandize. No.

1 weighed 310 fo ; No. 2, 420 ft) ; No. 3, 338 tb ; No.

4, 335 ft) ; No. 5, 400 lb ; No. 6, 412 ft) ; and No. 7

423 lb : what is the weight of the entire ?

Ans. 2644 ft).

90. What is the total weight of 9 casks of goods :

—

Nos. 1, 2, and 3, weighed each 350 tb ; Nos. 4 and 5,

each 331 ft) ; No. 6, 310 ft) ; Nos. 7, 8, and 9, each

342 ib ? Ans. 3048 ft).

91. A merchant paid the following sums:—£5000,
£2040, £1320, £1100, and £9070; how much was

the amount of all the payments .' Am. £18530.
92. A linen draper sold 10 pieces of cloth, the first

C3ntained 34 yards ; the second, third, fourth, and fifth,

each 36 yards ; the sixth, seventh, and eighth, each 33

yards ; and the ninth and tenth each 35 yards ; how
many yards were there in all .' Ans. 347.

93. A cashier received six bags of money, the first

held £1034 ; the second, £1025 ; the third, £2008 ; the

fourth, £7013 ; the fifth, £5075 ; and the sixth, £89 :

how much was the whole sum .' Ails. £16244.
94. A vintner buys 6 pipes of brandy, containing as

follows :— 126, lis, 125, 121, 127, and 119 gallons;

how many gallons in the whole } Ans. 736 gals.

95. What is ths total weight of 7 casks, No. 1, con-
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taining, 960 ft) ; No. 2, 725 ft) ; No. 3, 830 ft) ; No. 4,
798 ft) ; No. 5, 697 ft) ; No. 6, 569 ft) ; and No. 7,

987 ft) ? Ans. 5566 ft).

96. A merchant bought 3 tons of butter, at £90 per

ton ; and 7 tons of tallow, at £40 per ton ; how much
is the price of both butter and tallow ? Ans. £550.

97. If a ton of merchandize cost £39, what will 20
tons come to ? Ans. £780.

98. How much are five hundred and seventy-three
;

eight hundred and ninety-seven ; five thousand six hun-
dred and eighty-two ; two thousand seven hundred and
twenty-one ; fifty-six thousand seven hundred and seventy-

one ? Ans. 66644.
99. Add eight hundred and fifty-six thousand, nine

hundred and thirty-three ; one million nine hundred and
seventy-six thousand, eight hundred and fifty-nine ; two
hundred and three millions, eight hundred and ninety-

five thousand, seven hundred and fifty-two.

^Ans. 206729544.
100. Add three millions and seventy-one thousand

;

four millions and eighty-six thousand ; two millions and
fifty-one thousand ; one million ; twenty-five millions and
six ; sevent-een millions and one ; ten millions and two

;

twelve millions and twenty-three ; four hundred and
seventy-two thousand, nine hundred and twenty-three

;

one hundred and forty-three thousand ; one hundred and
forty-three millions. Ans. 217823955.

101. Add one hundred and thirty-three thousand;
seven hundred and seventy thousand ; thirty-seven thou-

sand ; eight hundred and forty-seven thousand ; thirty-

three thousand ; eight hundred and seventy-six thousand
;

four hundred and ninety-one thousand. Aiis. 3187000.
102. Add together one hundred and sixty-seven thou-

sand ; three hundred and sixty-seven thousand ; nine hun-
dred and six thousand ; two hundred and forty-seven

thousand ; ten thousand ; seven hundred thousand ; nine

hundred and seventy-six thousand ; one hundred and
ninety-five thousand ; ninety-seven thousand.

A7ls. 3665000.
103. Add three ten-thousandths ; forty-four, five

tenths ; five hundredths ; six thousandths, eight ten-thou-
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<andths ; four thousand and forty one ; twenty-two, one
tenth; one ten-thousandth. Ans. 4107 6r)72.

104. Add one thousand ; one ten-thousandth ; five hun-
dredths ; fourteen hundred and forty ; two tenths, three

ten-thousandths ; five, four tenths, four thousandths.

Ans. 2445-6544.

105. The circulation of promissory notes for the four

weeks ending February 3, 1844, was as follows :—Bank
of Eughind, about £21,228,000

;
private banks of Eng-

land and Wales, £4,980,000 ; Joint Stock Banks of

England and Wales, £3,446,000 ; all the banks of Scot-

laud, £2,791,000 ; Bank of Ireland, £3,581,000 ; all the

other banks of L-eland, £2,429,000 : what was the total

circulation .' Aiis. £38,455,000.
106. Chronologers have stated that the creation of

the world occurred 4004 years before Christ ; the deluge,

2348 ; the call of Abraham, 1921 ; the departure of the

Israelites, from Eg}'pt, 1491 ; the foundation of Solomon's

temple, 1012 ; the end of the captivity, 536. This being

the year 1844, how long is it since each of these events .''

Ans. From the creation, 5848 years ; from the deluge,

4192 ; from the call of Abraham, 3765 ; from the de-

parture of the Isi-aelites, 3335 ; from the foundation of the

temple, 2856 ; and from the end of the captivity, 2380
107. The deluge, according to this calculation, occur-

red 1656 years after the creation ; the call of Abraham
427 after the deluge ; the departure of the Israelites,

430 after the call of Abraham ; the foundation of the

temple, 479 after the departure of the Israelites ; and
the end of the captivity, 476 after the foundation of the

temple. How many years from the first to the last .'

Ans. 3468 years.

108. Adam lived 930 years ; Seth, 912 ; Enos, 905
Caman, 910 ; Mahalaleel, 895 ; Jared, P62 ; Enoch, 365
Methuselah, 969 ; Lamcch, 777 ; Noah, 950 ; Shem, 600
Arphaxad, 438 ; Salah, 433 ; Hebor, 464 ; Peleg, 239
Eeu, 239 ; Serug, 230 ; Nahor, 148 ; Terah,205 ; Abra-
ham, 175 ; Isaac, 180 ; Jacob, 147. What is the sum of

all thek ages ? Ans. 12073 years

13. The pupil should not be allowed to leave addition,
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ttntil ht can, with great rapidity, continually add any of

the nine digits to a given (|uautity ; thus, beginning with

9, to add 6, he should say:—9, 15, 21, 27, 3:1, &c.,

•without hesitation, or further nicution of the numbers.

Fo;' iustance, he should not bo allowed to proceed thus :

9 and 6 are 15 ; 15 and 6 are 21 ; &c. ; nor even 9 and ^
^ are 15 ; and 6 are 21 ; &c. He should be able, ulti-

mately, to add the following

—

• 5G38
4756
9342

19736

m this manner:—^2, 8 ... 16 (the sum of the column;
o>* which 1 is to be carried, and 6 to be set down) ; 5,

10 ... 13; 4, 11 ... 17; 10, 14 ... 19.

QUESTION'S TO BE ANSWERED BY THE PUPIL.

1. To how many rules may all those of arithmetic te
•reduced? [1].

2. What is addition r [3].

3. "What are the names of the quantities used in addi-

tion .? [3].

4. What are the signs of addition, and equality ? [4].

5. What is the vinculum ; and what are its effects on
additive quantities r [5]

.

6. What is the rule for addition ? [7],

7. What are the reasons for its different parts ? [9].
8. Does this rule apply, at whatever side of the deci-

mal point all, or any of the quantities to be added are

found? [11].

9. How is addition proved ? [10].

10. What is the reason of this proof? [10].
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SIMPLE SUBTRACTION.

14. Simple subtraction is confined to abstract numbers,

and appliciite which consist of but one denomination.

Svblracti/m enable.'^ us to take one number called the

subtrahend, from another called the viinuend. If any-

thing s left, it is called the excess ; in cammercial con-

cerns, it is termed the remainder ; and in the mathema-
tical sciences, the differciice.

15. Subtraction is indicated by — , called the minus,

or negative sign. Thus 5—4=1, read five minus four

equal to one, indicates that if 4 is subs-tracted from 5,

unity is left.

Quantities connected by the negative sign cannot be

taken, indifferently, in any order ; because, for example,
5—4 is not the same as 4—5. In the former case the

positive quantity is the greater, and 1 (which means
4- 1 [4] ) is left ; in the latter, the negative quantity

L> tlie greater, and — 1, or one to be subtracted, still

remains. To illustrate yet further the use and nature

of the signs, let us suppose that we have five pounds,

and oice four ;—the five pounds we hare -will be repre-

sented by 5, and our delt by —4 ; taking the 4 fiom

the 5, we shall have 1 pound (-pi) remaining. Next
let us suppose that we have only four pounds and cue
five ; if we take the 5 from the 4—that is, if we pay

as ftir as we can—a debt of one pound, represented by
—1, will still remain;—consequently 5—4=1; but
4—5=— 1.

16. A vinculum placed over a subtractive quantity,

or one having the negative sign prefixed, alters its

value, unless we chansre all the sicms but the first :

—

thus 5— 34-2, and 5—3+ 2, are not the same thing;

for 5—3+2=4 ; but 5—3+ 2 (3+ 2 being considered

now as but one quantity) =0 ; for 3+2=5 ;—therefora

-—3+ 2 is the same as 5—5, whif^ leaves nothing ; or,

in other words, it is equal to 0. If, however, we change

all Lhe signs, except the £rst^ the v^duo cf the quanCty is
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tiot altered by the vinculum;—thus 5—3+2=4; and

5—3—2, also, is equal to 4.

Again, 27-4+7-3=27.
27-4+7-3=19.

•D„^ 07 T tT"*^ (changing all the signs of the > 97but 27—4— / +3 original quantitiesrbut the first) ^
—^'

•

The following example will show how the vinculum

affects numbers, according as we make it include au
additive or a subtractive quantity :

—

48-j_7-3-8+7-2=49.
AQi^"^—^

—

Q_i 7

—

9 /IQ • what is under the vinculum beingf
to-f-i — o— 0-^< —^—td

, additive, it is not necessary to

, change any signs.

^ Q I 7 Q I
Q 7 I o AQ. it is now necessary to change all the

^0+ ' ~^-r°~'+^=^^ ) signs under the vinculum.

48-1-7—3—8—7+2=40: it is necessary in this case, also,

to change the signs.
48+7—3—8+7—2=49

; it is not necessary in this case.

In the above, we have sometimes put an additive, and

sometimes a subtractive quantity, under the vinculum

;

in the former case, we were obliged to change the signs

of all the terms connected by the vinculum, except the

first—that is, to change all the signs under the vin-

culum ; in the latter, to preserve the original value of

the quantity, it was not necessary to change any sign.

To Subtract Numhers.

17. Rule.—I. Place the digits of the subtrahend

under those of the same denomination in the minuend-
units under units, tens under tens, &c.

II. Put a line under the subtrahend, to separate it

from the remainder. •

m. Subtract each digit of the subtrahend from the

one over it in the minuend, beginning at the right hand
side.

IV. If any order of the minuend be smaller than the

quantity to be subtracted from it, increase it by ten ; and
either consider the next order of the minuend as lessened

by unity, or the next order of the subtrahend as in-

creased by it.

Y. After subtracting any denomination of the sub-
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traliend from the corresponding part of the minuend,

set down what is left, if any thing, in the place which

belongs to the same denomination of the " remainder."

VI. But if there is nothing left, put down a cypher

—

provided any digit of the " remainder" will be more dis-

tant from the decimal point, and at the same side of it.

18. Example 1.—Subtract 427 from 792.

792 minuend.
427 subtrahend.

365 remainder, difference, or excess.

"We cannot ta,ke 7 units from 2 units : but ••borrowing."' as

it is called, one of the 9 tens in the minuend, and consider-

ing it as ten units, we add it to the 2 units, and then have
12 units ; taking 7 from 12 units. 5 are left :—we put 5 in

the units' place of the '-remainder."' We may consider the
9 tens of the minuend (one having been taken away, or

borrowed) as 8 tens ; or, which is the same thing, may
suppose the 9 tens to remain as they were, but the 2 tens

of the subtrahend to have become 3 ; then. 2 tens from 8
tens, or 3 tens from 9 tens, and 6 tens are left :—we put 6
in the tens' place of the ••remainder." 4 hundreds, of the
subtrahend, taken from the 7 hundreds of the minuend,
leave 3 hundreds—which we put in the hundreds" place of
tlie ••remainder."

Example 2.—Take 564 from 768.

768
564

204

When 6 t^ns are taken from 6 tens, nothing is left : we
iherefore put a cypher in the tens' place of the ••remainder."'

Example 3.—Take 537 from 594.

594
537

^\1ien 5 hundreds are taken from 5 hundreds, nothing
remains ; but we do not here set down a cypher, since no
significant figure in the remainder is at the same side of,

and farther from the decimal point, than the pla,ce which
would be occupied by this cypher.

19. Reason- of I.—We put digits of the same denomina-
tions ia the staie vertical column, that the different parts
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of the subtrahend may be near those of the Tninuend from
•wliich they are to be taken ; we are then sure that the corres-

ponding portions of the subtrahend and minueud may be
easily found. By this arrangement, also, we remove any
doubt as to the denominations to which the digits of the sub-
traliend belong—their values being rendered more certain, by
their position with reference to the digits of the minuend.
Reasox of II.—The separating line, though convenient, is

not of such importance as in addition [9] ; since the " remain-
der " can hardly be mistaken for another quantity.
Reaso?j of III.—When the numbers are considerable,

the subtraction cannot be effected at once, from the limited

powers of the mind; we therefore divide the given quantities

into parts ; and it is clear that the sum of the differences of

the corresponding parts, is equal to the difference between
the sums of the parts :—thus, 578—327 is evidently equal
to 500—300-f-70—20-}-8—7, as can be shown to the child by
pebbles, &c. We begin at the right hand side, because it may
be necessary to alter some of the digits of the minuend, so as

to make it possible to subtract from them the corresponding
ones of the subtrahend; but, unless we begin at the right hand
side, we cannot know what alterations may be required.

Reason of IV.—If any digit of the minuend be smaller
than the corresponding digit of the subtrahend, we can proceed
in either of two ways. First, we may increase tha,t denomina-
tion of the minuend which is too small, by borrowing one from
the next higher, (considered as te7i of the lower denomination,
or that which is to be increased,) and adding it to those of the
lower, already in the minuend. In this case we alter the

form, but not the value of the minuend ; which, in the exam-
ple given above, would become

—

Hundreds. tens. units.

7 8 12 = 792, the minuend.
4 2 7 = 427, the subtrahend.

8 6 5 = 365, the difference.

Or, secondly, we may add equal quantities to both minuend
and subtrahend, which will not alter the difference ; then we
would have

Hundreds. tens. units.

7 9 2 -}- 10 = 792 + 10, the minuend -f 10.

4 2 -f 1 7 = 427 4- 10, the subtrahend -f 10.

3 6 5= 365 -f- 0, the same difference.

In this mode of proceeding we do not use the given minuend
and subtrahend, but others which produce the same remainder.

Reason of Y.—The remainders obtained by subtracting,
successively, the different denominations of the subtrahend
froji those which correspond in the minuend are the parts of
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the total remainder. They are to be set clown under the deno-
minations wfiicii produced them, since they belong to these
denoniinations.

Kkason of VI.—Unless there is a significant figure at the
san>e side of the decimal point, and nioi e distant tiom it thar.

the cyplier, the latter—not being between the decimal point
and a significant figure—will be useless [Sec. I. 28], and may
therefore be omitted.

20. Proof of Subtraction.—Add tog-.'ilier the re-

mainder and subtrahend ; and the sum should be equal

to the minuend. For, the remainder expresses by how
much the subtrahend is smaller than the minuend

;

adding, therefore, the remainder to the subtrahend,

should make it equal to the minuend ; thus

8754 minuend.
5839 subtrahend,

2915 difference.

Sum of difference and subtrahend, 8754=minuend.

Or ; subtract the remainder from the minuend, and
•what is left should be equal to the subtrahend. For
the remainder is the excess of the minuend above the

subtrahend ; therefore, taking away this excess, should
leave both equal ; thus

SG34 minuend. Proof : 8634 minuend.
7985 subtraliend. 649 remainder".

649 remainder. New remainder, 7985=subtrahend.

In practice, it is sufficient to set down the quantities

once
J

thus-

8634 minuend.
7985 subtrahend.

649 remainder.

Difference between remainder and minuend, 7985=:subtrahend.

21. To Subtract., when the quantities ccntain Deci-

mals.—The rule just given is applicable, at whatever

side of the decimal point all or any of the digits may
be found;—this follows, as in addition [11], fi'om the

very nature of notation. It is necessary to put the

decimal point of the remainder under the decimal points

of the minuend and subtrahend ;
otherwise the digits

of the remainder will not, as they ought, have the same

value as the digits from which they have been derived.
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Example.—Subtract 427-85 from 5 03- 04.

563-04
427-85

130-19

Since the digit to the right of the decimal point in the

remainder, indicates what is left after the subtraction of the

tenths, it expresses so many tenths ; and since the digit to

the left of the decimal point indicates what remains after

the subtraction of the imits, it expresses so many units;

—

all this is shown by the position of the decimal point.

22. It follows, from the principles of notation [Sec. I.

40], that however we may alter the decimal points of

the minuend and subtrahend, as long as they stand in

the same vertical column, the digits of the difference

are not changed ; thus, in the following examples, the

same disits are found in all the remainders :

—

4362
3547
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(19 (20) (21)

From 345670 234100 4367676
Take 1799 990 256569

(22)

345678
124799

(23)

70101076
37691734

(24)

67360000
31237777

(25) (26) (27) (28) (29) (30)

From 1970000 7010707 67345001 1674561 14767674 4007070
Take 1361111 3441216 47134777 1123640 7476909 3713916

(31)

From 7045676
Take 3077097

(32)

3767C070
26716645

(33)

70000000
9999990

(34) (35)

70040500 50070007
56767767 41234016

(36)

From 11000000
Take 9919919

(37)

SOOOOOl
2199077

(38)

8000800
377776

(39)

8000000
62358

(40)

4040053
220202

From
Take

(41)

8-5-73

42-16

(42)

865-4

(43)

594-763
85-600

(44)

47-630
0-078

(45)

52-137
20-005

(46)

From 0-00063
Take 0-00048

(47)

r4-32
5-63705

(48)

57-004
2-3

(49)

r632-

0-845003

(50)

400-327
0-0006

51

.

745676-567456=178220

.

52. 5667H9—75674=501115.
63. 941000—5007=935993.
54. 97001—50077=46924.
55. 76734—977=75757.
56. 56400—100=56300.
67. 700000—09=699901.
68. 6700—500=5200.
5:). 9777—89=9688.
60. 76000—1=75999.
61. 90017—3=90014.

62. 97777—4=97773.
63. 60000—1=59999.
64. 75477—76=75401.
65. 7-97-1-05=6-92.
66. 1-75— -074=1-676.
67. 97-07—4-769=92-301.
68. 7-05—4 •776=2-274.
69. 10-761—9001= 1 -76.

70. 12-10009-7-121=4-97909
71. 176-1— -007=176-093.
72. 15-06—7 -863=7 -197.
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73. What number, added to 9709, will make it 10901
Ans. 1192.

74. A vintner bangbt 20 pipes of brandy, containing

2459 gallons, and sold 14 pipes, containing 1680 gal-

lons ; how many pipes and gallons had he remaining r

ybis. 6 pipes and 779 gallons.

75. A merchant bought 564 hides, weighing 16800
lb, and sold of them 26U hides, weighing 7809 lb ; how
many hides had he unsold, and what was their weight ?

Ajts. 304 hides, weighing 899 1 lb.

76. A gentleman who had 1756 acres of lanil, gives

250 acres to his eldest, and 230 to his second son ; how
many acres did he retain in his possession .' A}is. 1276.

77. A merchant owes to A. i_800 ; to B. i£90 ; to C.

£750 ; to D. £600. To meet these debts, he has but

£971 ; how much is he deficient .- A /is. £1269.
78. Paris is about 225 English miles distant from

London ; Rome, 950 ; Madrid, 860 ; Vienna, 820
;

Copenhagen, 610 ; Geneva, 460 ; Moscow, 1660 ; Gib-

raltar, 1160; and Constantinople, 1600. How much
more distant is Constantinople than Paris ; Rome than

Madrid ; and Vienna than Copenhagen. And how much
less distant is Geneva than Moscow ; and Pai is than

Madrid ? A^is. Constantinople is 1375 miles more dis-

tant than Paris; Rome, 90 more than Madiid ; and

Vienna, 210 more than Copenhagen. Geneva is 1200

mil»« less distant than Moscow ; and Paris, 635 less

than Madrid.

79. How much was the Jewish greater than the

English mile ; allowing the former to have been r3817
miles English ? Ans. 0-3817.

80. How much is the English greater than the Roman
mile; allowing the latter to have been 0-915719 of a

mile English .> ^7^5.0-084281

81. What is the value of 6-3+15—4? ^w^. 14

82. Of 43+7-3— 14_? ^ Ans. 33

83. Of47-6—2+1—24+16— -34.? Afis. Sy2-94

84. What is the difference between 15+ 13—6—81 +
62, and 15+ 13—6—81+62 .> Ans. 38

23. Before leaving this rule, the pupil should i)e abl(?
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to take any of the nine digits continually from a given

number, without stopping or hesitating. Thus, sub-

tracting 7 from 94, he should say, 94, 87, 80, &.C. ; and

should proceed, for instance, with the following example

5376
4298

« '

1078

in this manner:—8, 16.. .8 (the difference, to be set

down) ; 10, 17.. .7 ; 3, 3...0 ; 4, 5...1.

QUESTIONS TO BE ANSWERED BY THE PUPIL.

1. "What is subtraction ? [14].

2. What are the names of the terms used in subtrac-

tion ? [14].

3. What is the sign of subtraction ? [15].

4. How is the vinculum used, with a subtractive

quantity? [16].

5. What is the rule for subtraction ? [17].

6. What are the reasons of its different parts.'' [19].

7. Does it apply, when there are decimals ? [21],

8. How is subtraction proved, and why ? [20].

9. Exemplify a brief mode of performing subtrac-

tion .? [23].

SIMPLE MULTIPLICATION.

24. Simple multiphcation is confined to abstract

numbers, and applicate which contain but one denomi-
nation.

Multiplication enables us to add a quantity, called the

multiplicand^ a number of times indicated by the midti'

plier. The multiplicand, therefore, is the number mul-
tiplied ; the multiplier is that by which we multiply

:

the result of the multiplication is called the prodiuct.

It follows, that what, in addition, would be called an
" addend," in multiplication, is termed the " multipli-

cand ; " and what, in the former, would be called the
*' sum," in the latter, is designated the " product." The
(quantities which, when multiplied together, give the
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product, are called also factors^ an<j, when tliey are

integers, submuUipks. There may be more than two

factors ; in that ease, the nmltiplicand, multiplier, or

both, will consist of more than one of them. Thus, if 5,

6, and 7, be the factors, either 5 times 6 may be con-

sidered as the multiplicand, and 7 as the multiplier—or

5 as the multiplicand, and 6 times 7 as the multiplier.

25. Quantities not formed by the continued addition

of any number, but unity—that is, which are not the

products of any two numbers, unless unity is taken as

one of them—are called pri?ne numbers : all others are

termed composite. Thus 3 and 5 are prime, but 9

and 14 are composite numbers ; because, only three^

multiplied by one^ will produce " three," and on\y five,

multiplied by one, will produce "five,"

—

hut, three

multiplied by t/iree will produce " nine," and seven mul-

tiplied by tivo will produce " fourteen."

26. Any quantity contained in another, some number
of times, expressed by an integer—or, in other words,

that can be subtracted from it without leaving a re-

mainder—is said to be a measure, or aliquot part of

that other. Thus 5 is a measure of 15, because it is

contained in it three times cxadly—or can be sub-

tracted from it a number of times, expressed by 3, an

integer, without leaving a remainder ; but 5 is not a

measure of 14, because, taking it as often as possible

from 14, 4 will still be left;—thus, 15—5=10, 10—5=
5, 5—5=0, but 14—5=9, and 9—5=4. Measure,

submultiple, and aliquot part, are synonymous.

27. The covwum weasitre of two or more quantities

is a number that will measure each of them : it is a

measure common to them. Numbers which have no

cnvivioii measure but unity, are said to be prim£ to each

other ; all others are composite to each other. Thus 7

and 5 are prime to each other, for unity alone will

measure both ; 9 and 12 are composite to each other,

because 3 will measure either. It is evident that two

prime numbers must be prime to each other ; thus 3

and 7 ; for 3 cannot measure seven, nor 7 three, and

—

except unity—there is no other number that will mea-
sure either of them.
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Two numbers may be composite to each '^fhtr^ and
yet mie of them may be a frimt number ; thus 5 and 25
are both measured by 5, still the former is 'prime.

Two numbers may be coinposite^ and yet prime to

each other ; thus 9 and 14 are both composite numbers,
yet they have no common measure but unity.

2S. The greatest common measure of two or more
numbers, is the greatest number which is their common
measure ; thus 30 and 60 are measured by 5, 10, 15,

and 30 ; therefore each of these is their coT)immi mea-
sure ;—but 30 is their greatest common measure. "When
a product is formed by factors which are integers, it is

measured by each of them.

29. One number is the multiple of another, if it

contain the latter a number of times expressed by an

integer. Thus 27 is a multiple of 9, because it con-

tains it a number of times expressed by 3, an integer.

Any quantity is the multiple of its measui-e, and the

measure of its multiple.

30. The common multiple of two or more quantities,

is a number that is the multiple of each, by an integer ;

—

thus 40 is the common multiple of 8 and 5 ; since it is a

multiple of 8 by 5, an integer, and of 5 by 8, an integer.

Th. mst cornmon multiple of two or more quantities,

is the least number which is their common multiple ;

—

thus 30 is a common multiple of 3 and 5; but 15 is

their least common multiple
; for no number smaller

than 15 contains each of them exactly,

31. The equimultiples of two or more numbers, are

their products, when multiplied by the same number ;

—

thus 27, 12. and IS, are equimultiples of 9, 4, and 6
;

because, multiplying 9 by three^ gives 27, multiplying 4
by three, gives 12, and multiplying 6 by three^ gives 18.

32. Multiplication greatly abbreviates the process of

addition ;—for example, to add 68965 to itself 7000 times

by " addition," would be a work of great labour, and con-

sume much time ; but by " multiplication," as we shall find

presently, it can be done with ease, in less than a minute.

33. At first it may seem inaccurate, to have stated

[2] tliat multiplication is a species of addition ; since we
can know the product of two quantities without having
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recourse to that rule, if they are found in the multipli-

cation table. But it must not be forgotten that the mul-
tiplication table is actually the result of additions, long

since made ; without its assistance, to multiply so simple

a number as 4 by so small a one as five, we should be

obliged to proceed as follows,

4
4
4
4
4

20

performing the addition, as with any other addends.

The multiplication table is due to Pj'thagoras, a cele-

brated Greek philosopher, who was born 590 years

before Christ.

34. We express multiplication by X ; thus 5X7=
35, means that 5 multiplied by 7 are equal to 35, or

that the product of 5 ami 7, or of 5 by 7, is equal to 35.

When a quantity under the vinculum is to be multi-

plied by any number, each of its parts must be multi-

plied—for, to multiply the whole, we must multiply

each, of its parts:—thus, 3X7-f 8—3=3X7+3X8

—

3X3; and 4+ 5X8+ 3— 6, means that each of the

terms under the latter vinculum, is to be multiplied by
each of those under the former.

35. Quantities connected by the sign of multiplication

tnay be read in any order; thus bXQ=Qx^- This

will be evident from the following illustration, by which

it appears that the very same number may be considered

either as 5x6, or 6X5, according to the view we take

Quantities connected by the sign of multiplication,
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are nmltlplleJ if we multiply one of the factors ; thus

6x7x3 multiplied by 4=6x7 multiplied by 3X4.
36. To prepare him for multiplication, the pupil

should be made, on seeing any t\ro digits, to name their

product, without mentioning the digits themselves. Thus,

a large number having been set down, he may begin

with the product of the first and second digits
; and

then proceed with that of the second and thii'd, &.c.

Taking
587G349258G7

for an example, he should say :—40 (the product of 5

and 8) ; 56 (the product of 8 and 7) ; 42 ; 18 ; &:e., 03

rapidly as lie could read .5, S, 7, &c.

To Multiply JVitmbers.

37. When neither multiplicand, nor multiplier ex-

eeeds 12

—

Rule.—Find the product of the given numbers by
the multiplication table, page 1.

The pupil should be perfectly familiar with this table.

Example.—What is the product of 5 and 7 ? The mul-
tiplication talkie shows that 5x7=35, (5 times 7 are 35).

3S. This rule is applicable, whatever may be the

relative values of the multiplicand and multiplier ; that

is [Sec. I. 18 and 40], whatever may be the kind of

units expressed—provided their absolute values do not

exceed 12. Thus, for instance, 1230X90, would come
under it, as well as 12x9 ; also •0009x0-8, as well a3

9x8. We shall reserve what is to be said of the man-
agement of cyphers, and decimals for the next rule ; it

will be equally true, however, in all cases of multiplica-

tion.

39. When the multiplicand does, but the multiplier

does not exceed 12

—

Rule.—I. Place the multiplier under that denomi-

iiation of the multiplicand to which it belongs.

II. Put a line under the multiplier, to separate it from

the product.

III. Multiply each denomination of the multiplicand

by the multiplier—begiuiiin;^ at the right hand side.
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IV. If the product of the multiplier and any digit

of the multiplicand is Icgs than ten, set it down under
that digit ; hut if it be greater, for every ten it contains

carry one to the next product, and put down only what
remains, after deducting the tens ; if nothing remains,

put down a cypher.

y. Set down the last product in full.

40. Example. 1.—What is the product of 897351x4'?
897351 multiplicand.

4 multiplier.

3589404 product.

4 times one unit are 4 units ; since 4 is less than *en, rt

gives nothing to be " carried,"' we, therefore, set it down in

the units' place of the product. 4 times 5 are twenty (tens)
;

which are equal to 2 tens of tens, or hundreds to be carried,

and no units of tens to be set down in the tens' place of

the product—in which, therefore, we put a cypher. 4
times 3 are 12 (hundreds), which, with the 2 hundreds to be
carried from the tens, make 14 hundreds ; these are equal

to one thousand to be carried, and 4 to be set douTi in the

thousands' place of the product. 4 times 7 are 28 (thou-

sands), ttnd 1 thousand to be carried, are 29 thousands ; or

2 to be Civrried to the next product, and 9 to be set down
4 times 9 are oG. and 2 are 38 ; or 3 to be carrried. and 8 to

be set down. 4 times 8 are 32, and 3 to be carried are 35
;

which is to be set do\\'n. since there is nothing in the next

denomination of the multiplicand.

Example 2.—Multiply 80073 by 2.

80073
2

1G014C
.

Twice 3 units are 6 units : 6 being less than ten, gives

nothing to }ye carried, hence we put it down in tlie units'

place of the quotient. Twice 7 tens are 14 tens: or 1 hundred
to be earned, and 4 tens to be set down. As there are no
hundreds in the multiplicand, we can have none in tlie }>ro-

duct. except that ^vhieh is derived from the multiplication

of the tens : we accordingly put the 1, to be carried, in the

hundreds' place of the product. Since there are no thou-

sands in the multiplicand, nor any to be carried, we put a

cypher in that denomination of the product, to keep any
significant figures that follow, in their proper places.
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41. Reason of I.—The multiplier is to be placed tinder that

denomination of the multiplicand to which it belongs ; since

there is then no doubt of its value. Sometimes it is necessary
to add cyphers in putting down the multiplier; thus.

Example 1.—178 multiplied by 2 hundred

—

478 multiplicand.

200 multiplier.

Example 2.—5o9 multiplied by 3 ten-thousandths

—

63'J' multiplicand.
0-0003 multiplier.

Reason of IT.—It is similar to that given for the separating
line in subtraction [10].

Reason of III.—When the multiplicand exceeds & certain
amount, the powers of the mind are too limited to allow us
to multiply it at once ; we therefore multiply its parts, in suc-
cession, and add the results as we proceed. It is clear that
the sum of the products of the parts by the multiplier, is equal
to the product of the sum of the parts bv the same multi-
plier :—thus, 537 X8 is evidently equal to 506x8-|-SOx8+7 X8
For multiplying all the parts, is multiplying the whole ; since
the whole is equal to the sum of all its parts.

We begin at the right hand side to avoid the necessity of
afterwards adding together the subordinate products. Thus,
taking the example given above; w^ere we to begin at the left

hand, the process would be

—

&97o51

4

3200000=800000X4
300000= 90000x4
28000= 7000x4
1200= 300x4
200= 50X4
4= 1X4

3o89404=sum of products.
Reason of IV.—It is the same as that of tli^ fourth part of

the rule for addition [9] ; the product of the multipli'er and
any denomination of the multiplicand, being equivalent to the
Hiiiii of a column in addition. It is easy to change the given
o-Kuiiipie to an exercise in addition ; for 897351 x4, is the same

897351
897351
897351
89735 1

3589404
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Eeasov of v.—It follows, that the last product is to be set
down ill full; for the tens it contains will not be increased:
they may, therefore, be set down at once.

This rule includes all cases in whi-^h the ahsnhte

value of the digits in the multiplier does not exceed
12. Their relative value is not material ; for it is as

easy to multiply by 2 thousands as by 2 uuits.

42. To prove multiplication, when the m vltiplier does

not exceed 12. Multiply the multiplicand by the mul-
tiplier, minus one

; and add the multiplicand to the pro-

duct. The sum should be the same as the j^oduct of

the multiplicand and multiplier.

Example.—^Multiply 6432 by 7. and prove the I'^ult.

0432 multiplicand.

0=7 (the multiplier)—!

6432 38502 multiplicand x 6.

7(=G+1) 0432 multiplicandxl.

45024 = 45024 nmltiplicand multiplied by • 1=7.
We have multiplied by 0. and by L and added the -"esults

;

hnt six times the mulriplicand. plus once the muitipU'iand,

i<^ pqual to seven times the multiplicand. What we -i.-^tain

fri>m the two processes should be the same, for we L*ve
merely used two methods of doing one thing.

EXERCISES FOR THL PUPIL.

Multiply
By
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43. To Multiply when the Quantities contain Cyphers^

or Decimnls.—The rules already given are applicable ;

those which follow are consequences of them.

When there are cyphers at the end of the multipli-

cand (cj'phers in the middle of it, have been ah-eady

noticed [40] )

—

IvULE.—Multiply as if there were none, and add to the

product as many cyphers as have been neglected. For

The greater the quantity multiplied, the greater ought to

be the product.

Example. -Multiply 5G000 by 4.

56000
4

224000

4 times 6 units in the fourth place from the decimal point,

are evidently 24 units in the same place :—that is, 2 in the

fifth place, to he carried, and 4 in the fourth, to be set down.
That we may leave no doubt of the 4 being in the fourth

place of the product, vre put three cyphers to the right

baud. 4 times 5 are 20, and the 2 to be carried, make 22.

44. If the multiplier contains cyphers

—

lluLE.—Multiply as if there were none, and add to

the product as many cyphers as have been neglected.

The greater the multiplier, tlie greater the number of times
the multiplicand is added to itself; and, therefore, the greater
the product.

Example.—:Multiply 567 hy 200.

5G7
200

113400

From what we have said [35]. it follows that 200x7 is

the same as 7x200 : but 7 times 2 hundred are 14 hundred

;

and. consequently. 200 times 7 are 14 hundred :—that i.s, 1

in the fourth phice. to be carried, and 4 in the tJiird. to be set

down. We add two cyphers, to show that the 4 is in the
third place.

45. If both multiplicand and multiplier contain

cyphers

—

Rule.—Multiply as if there were none in either, and
add to the product as many cyphers as are found in

both.

d2
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Each of the quantities to be multiplied adds cyphers to the
product [43 and 44].

Example.—Multiply 46000 by 800.

46000
800

36800000

8 times 6 thousand -vrould be 48 thousand ; but 8 hundred
times six thousand ought to produce a number 100 times

greater—or 48 hundred thousand ;—that is, 4 in the seventh

phxce from the decimal point, to be carried, and 8 in the
sixth place, to be set down. But, 5 cyphers are required,

to keep the 8 in the sixth place. After ascertaining the
position of the first digit in the product—from what the

pupil already knows—there can be no difficulty with the

other digits.

,

46. When there are decunal places in the multipli-

cand

—

Rule.—Multiply as if there were none, and remove the

product (by means of the decimal point) so many places

to the rio-ht as there have been decimals neglected.

The smallei* the quantity multiplied, the less the product.

Example.—Multiply 5-67 by 4.

5-67

4

22-68

4 times 7 hundredths are 28 hundreths ;—or 2 tenths, to

be carried, and 8 hundredths—or 8 in the second place, to

the right of the decimal point, to be set down. 4 times

tenths are 24 tenths, which, with the 2 tenths to be carried,

make 26 tenths ;—or 2 units to be carried, and 6 tenths to

be set down. To show that the 6 represents tenths, we put
the decimal point to the left of it. 4 times 5 units are 20
units, which, with the 2 to be carried, make 22 units.

47. When there are decimals in the multiplier

—

Rule.—Multiply as if there were none, and remove
the product so many places to the right as there are

decimals in the multiplier.

The smaller the quantity by which we multiply, the less

must bo the result.
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Example.—^Multiply 5C3 hy -07

5G3
007

39-41

3 multiplied Ly 7 hundrodths. is the same [35] as 7 lum-
dredtlis multiplied by 3 ; Avhich ie equal to 21 hundredths :

—

or 2 tenths tu be carried, and 1 hundredth—or 1 in the

second place to the right of the decimal point, to be set down.
Of course the 4. derived from the next product, must be one

place from the decimal point. 6:c.

48. When there are decimals in both multiplicand

and multiplier

—

liuLE.—Multiply as if there were none, and move
the product so many places to the right as there are

decimals in both.

In this c^se the product is diminished, by the smallness of
buf.'i multiplicand and multiplier.

Example 1.—Multiply 56- 3 by -08.

50-3

•08

4-504

8 times 3 tenths are 24 [46] ; consequently a quantity
one hundred times less than S—or -08, multiplied by three-

tenths. \r\\\ give a quantity one hundred times less than 2 4

—

or -024 : that is. 4 in the third place from the decimal point,

to be set do^vn, and 2 in the second place, to be carried.

Example 2.—Multiply 5-63 by 0-00005.
5-63

0-00005

00002815

49. When there are decimals in the multiplicand, and
cyphers in the multiplier ; or the contrary

—

Rule.—3Iultiply as if there were neither cyphers
nor decimals ; then, if the decimals exceed the cyphers,

move the product so many places to the right as will be
equal to the excess ; but if the c}'phers exceed the deci-

mals, move it so many places to the left as will be
equal to the excess.

The cyphers move the product to the left, the decimals to

the right ; the effect of both together, therefore, will be equal
to the difference of ^eir serrate effecta.
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Example 1.—Multiply 4600 by -OG.

4600
0-06 2 cyphers and 2 decimals ; excess=

Example 2.—:Multiply 47-63 by 300.

47-63

300 2 decimals and 2 cyphers ; excess= 0.

14289

Example 3.—iMultiply 85 -2 by 7000.
85-2

7000 1 decimal and 3 cyphers ; exce8S=2 cyiter*

596400

Example 4.—INIultiply 578-36 by 20.

20
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Multiply
By
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7 tens times 4, or [351 4 times 7 tens are 28 tens :—2 hun-
dreds, to be carried, and 8 tens (8 in the second place from
the decimal point) to be set down, &c. 8000 times 4, or 4
times 8000, are 32 thousand :—or 3 tens of thousands to be
carried, and 2 thousands (2 in the fourth place) to be set

down, &c. It is unnecessary to add cyphers, to show the
values of the first digits of the different products; as they
are sufficiently indicated by the digits above. The products
by 3, by 70, and by 8000, are added together in the ordinary
way.

52. Reasons of I. and II.—They are the same as those
given for corresponding parts of the preceding rule [41].
Reason of UI.—We are obliged to mulciply successively

by the parts of the multiplier ; since we cannot multiply by
the whole at once.

Reason of IV.—The sum of the products of the multipli-
cand by the parts of the multiplier, is evidently equal to the
product of the multiplicand by the whole multiplier ; for, in

the example just given<>6t334 X 8073 =5634 X 8000 -f- 70 -j- 3=
[34] 5634 Xb000^5634X 70-4-5634x3. Besides [35], we may
consider the multiplicand as multiplier, and the multiplier as

nmltiplicand; then, observing the rule would be the same
thing as multiplying the new multiplier into the different

parts of the new multiplicand; which, we have already seen

[41], is the same as multiplying the whole multiplicand by
the multiplier. The example, just given, would become
8073X5634.

8073 new multiplicand
6634 new multiplier.

We are to multiply 3, the first digit of the multiplicand, by
6634, the multiplier; then to multiply 7 (tens), the second
digit of the multiplicand, by the multiplier; &c. When the
multiplier was small, we could add the different products as

we proceeded; but we now require a separate addition.—which,
however, does not afiect the nature, nor the reasons of the

process.

53. To jprove multiplication, when the multiplier ex-

ceeds 12

—

Rule.—Multiply the multiplier by the multiplicand
\

and the product ought to be the same as that of the

multiplicand by the multiplier [35]. It is evident, that

we could not avail ourselves of this mode of proof, in the

last rule [42] ; as it would have supposed the pupil to

be then able to multiply by a quantity greater than 12
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54. "We may prove multiplication by what is called

" casting out the nines."

lluLE.— Cast the nines from the sum of the digits of

the multiplicand and multiplier ; multiply the remain-

ders, and cast the nines from the product :—what is now
left should be the same as what is obtained, by cast-

innf the nines, out of the sum of the digits of the product

of the multiplicand by the multiplier.

Example 1.—Let the quantities multiplied be 9426 and
3785.

Taking the nines from 9426, we get 3 as remainder.

And from 3785, we get 5.

47130
75408 3x5=15, from which 9

65982 being taken,

28278 6 are left.

Taking the nines from 35677410, 6 are left.

The remainders being equal, we are to presume the

multiplication is correct. The same result, hoAvever, would
have been obtained, even if we had misplaced digits, added
or omitted cyphers, or fallen into errors which had counter-

acted each other :—with ordinary care, however, none of

these is likely to occur.

Example 2.—Let the numbers be 76542 and 8436.

Taking the nines from 76542, the remainder is 6.

Taking them from 8436, it is 3.

459252
229626 6x3=18, the

306168 remainder from which is 0.

612336

Taking the nines from 645708312 also, the remainder is 0.

The remainders being the same, the multiplication may
be considered right.

ExAjkiPLE 3.—Let the numbers be 463 and 54.

From 463, the remainder is 4.

From 54, it is 0.

1852 4x0=0 from which the remainder is 0.

2315

From 25002 the remainder is 0.
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The remainder being in each case 0, we are to suppose
that the niuUiplication is correctly performed.

This proof applies whatever he the position of the

decimal point in either of the given numbers.

55. To understand this rule, it must be known that
" a number, from which 9 is taken as often as possible,

will leave the same remainder as will be obtained if 9

be taken as often as possible from the sum of its digits.""

Since the pupil is not supposed, as yet, to have learned

division^ he cannot use that rule for the puipose of

casting out the nines ;— nevertheless, he can easily

effect this object.

Let the given number be 5G3. The svim of its digits is

5-J-G-J-3, while the number itself is 500-f-G0+3.
First, to take 9 as often as possible from the mm of its

digits. 5 and 6 are 11 ; from which, 9 being taken, 2 are

left. 2 and 3 are 5, which, not containing 9, is to be set

down as the remainder.

Next, to take 9 as often as possible from the number itself

563 = 500 + GO 4- 3= 5 X 100+ G X 10 4- 3= 5 X 9T+i_|- GX
y_f-l_}_3,= (if ^ve remove the vinculum [34]), 5x994-54-
6x94-G4-3. But any number of nines, will be found to be

the product of the same number of ones by 9 :—thus 999.=

111x9; 99=11x9; and 9=1x9. Hence 5x99 expresses

a certain number of nines—being 5x11x9! it ma3\ there-

fore, be cast out : and for a similar reason. Gx9 : after which,

there will then be left 54-G4-3—from which the nines are

still to be rejected ; but, as this is the sum of the digits, Ave

must, in casting the nines out of it, obtain the same remain-

der as before. Consequently "we get the same remainder
whether we cast the nines out of the number itself, or out

of the sum of its digits."

Neither the above, nor the following reasoning can

offer any difficulty to the pupil who has made himself

as familiar with the use of the signs as he ought :

—

they will both, on the contrary, serve to show how much
simplicity, is derived from the use of characters express-

ing, not only quantities, but processes ; for, by means

of such characters, a long series of argumentation may
be seen, as it were, at a single glance.

5G. "Casting the nines from the factors, multiplying th<»

resulting remainders, and casting the nines from this product,
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will leave the same remainder, as if the nines were cast from

the product of the factors,"—provided the muhiplication

has been rightly performed.

To show this.' set down the quantities, and take away the

nines, as l>efure. Let the faetoi-s be 573x+04.
Casting the nines from 5-|-7-|-3 (which we have just seen

is the Siime as casting the nines from 573). we obtain a?

remanuler. Ciisting the nines from 4-f-o-}-4. we get 5 as

remaiwler. Multiplying 6 and 5 we obtain 30 as product

,

which, being equal to 3xl0=3x'-'+l=^x0-j-3, will, when
the nines are taken away, give 3 as remainder.

We can show that 3 will be the remainder, alsa if we
cast the nines from the product of the foctors :—which is

effected by setting do^vn this product : and taking, in suc-

cession, quantities that are equal to it—as follows,

573x464 (the product of the factors'i=

5x100+7x10-4-3 X 4xl0J-f-0xlO-f4=

5 xOO+l-{-7xOHhT4.3 x 4 xO'^+l-h^X 0+1-4-4=^
5x99+5-|-7x9-j-7+3 x 4x99-f-4+Cx9+6-}-4.

5x99. as we have seen [55]. expresses a number of nines;

it will continue to do so. when multiplied by aU the quan-
tities under the second vinculum, and is, therefore, to be
cast out: and. for the same reason. 7x9. 4x99 expresses

a number of nines : it will continue to do so when multiplied

by the quantities under the first vinculum, and is. therefore,

to be cast out : and. for the s;^me reason, 0x9. There will

then be left, only 5-f-7-|-3x4-|-G4-4.—from which the nines

are still to be cast out. the refnainders, lohQ multiplied together,

and the nines to be cast from their praluct :—but we have
done all this already, and obtained 3. as the remainder.

EXERCISES FOR THE PUPIL.

Multiply
By
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57. If there are cyphers, or decimals in the multipli-

cand, multiplier, or both ; the same rules apply as when
the multiplier does not exceed 12 [43, &c.]

.
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9 in the multiplier, expresses units : it is therefore put
ander the/oar//'/ decimal ylace ol'the multiplicand—that being
the place of the lowest decimal required in the product.

In multiplying by each succeeding digit of the multiplier,

we neglect an iidditional digit of the multiplicand ; because,
as tiie multiplier decreases, tlie number multiplied must in-

crcjise—to keep the lowest denomination ot the different pro-

ducts, the same as the lowest denomination rerjuired in the

total product. In the example given, 7 (the second digit of

the multiplier) multiplied by 8 (the second digit of the mul-
tiplicand;, will evidently produce the same denomination as 9
(one denomination higher than the 7), multiplied by 4 (one
denomination lower than the 8). Were we to multiply the
lowest denomination of the multiplicand by 7, we sliould get

[4(3] a result in the fifI /i place to the right of the decimal point

;

which is a denomination supposed to be, in the present in-

stance, too inconsiderable for notice—since we are to havo
only four decimals in the product. But we add unity for

every ten that would arise, from the raultipl cation of an addi-

tional digit of the multiplicand ; since every such tf^n consti-

tutes one, in the lowest denomination of the required product.
When the multiplication of an additional digit of the multi-
plicand would give more tlxan 5, and l&ss than 15 ; it is nearer
to the truth, to suppose we have 10, than either 0, or 20 ; anu
therefore it is more correct to add 1, than either 0, or 2. When
it would give more than 15, and less than 25, it is nearer to

tlie truth to suppose we have 20, than either 10, or 30; and,
therefore it is more correct to add 2, than 1, or 3; &c. We
may consider 5 either as 0, or 10 ; 15 either as 10, or 20 ; &c.

On inspecting the results obtained by the abridged,

and ordinary methods, the difference is perceived to be
inconsiderable. AVhen greater accuracy is desired, we
should proceed, as if we intended to have more decimal?',

in the product, and afterwards reject those which are

unnecessary.

Example 2.—^Multiply 8-7G532 by -5704, so as to havff

3 decimal places.

8-76532

4075

605J
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There are no units in the multiplier ; but, as the rule

directs, we put its units" place undoi- the third decimal place

of the multiplicand. In multiplying by 4, since there is no
digit over it in the multiplicand, we merely set down what
would liave resulted from multiplying the preceding deno-
mination of the multiplicand.

Example 3.—Multiply -4737 by '6731 so as to have 6

decimal places in the piuduct.

•47.170

13*70

284220
33159
1421
47

•318847

Nq have put he units' place of the multiplier under the

si. th decimal place of the multiplicand, adding a cypher, or

su^iposing it to be added.

Example 4.—Multiply 846732 by -0056, sc as to have
four decimal places.

84-6732
65 "

•

4234
508

•4742

Example 5.—Multiply -23257 by -243, so as to have four

decimal places.

23257
342

465
93
7

•0565

We are obliged to place a cypher in the product, to make
up the required number of decimals.

60. To multiply by a Composite Number

—

Rule.—Multiply, sucoessivelyj by its factors.
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Example.—Multiply 732 by 9G. 9(V=8yl2- therefora

732x%= T32x^x'l2. [35].

732

5850, product by 8.

12

70272. product by 8 X 12. or 96.

If we multiply by 8 ouly, we multiply by a quantity 12

times too small ; and, therefore, the product will be 12 times

less than it should. We rectify this, by making the product
12 times greater—that is, we multiply it by 12.

61. When the multiplier is not exactly a Composite

Number

—

Rule.—Multiply by the factors of the nearest com-
posite ; and add to, or subtract from the last product,

so many times the multiplicand, as the assumed compo-
site is less or greater than the given multiplier

Example 1.—:^Iultiply 927 by 87.

87= 7 X 12+ 3 : therefore 927 X 87= 927 X 7x 124-3:x=

927x7x12+ 927x3. [34].

927
7

6i89=r927x7.
12

77868=927x7x12.
2781= 927x3.

80649= 927 X 7 x 12+ 927 X 3, or 927 X 87.

If we multiply only by 84 (7 X 12), we take the number to

be multiplied 3 times less than we ought ; this is rectified, by
adding 3 times the multiplicand.

Example 2.—Multiply 432 by 79. 79= 81-2= 9 X 9-2;
therefore 432 X 79=432 x 9 x 9-2=432 X 9 x9-432x 2.

432
9

3388= 432x9.
9

37^92=432x9x9.
»G4=432x2.

siHi"=432 X 9 X 9-432 X 2. OP 432 X 79.
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In multiplj'ing by 81, the composite number, we have taken
the number to be multiplied twice too often ; but the inaccu-
racy is rectified by subtracting twice the multiplicand from
the product.

62. This method is particularly convenient, when the

multiplier consists of nines.

To Multiply by any Number of Nines,

—

Rule.—Remove the decimal point of the multipli-

cand so many places to the right (by adding cyphers if

necessary) as there are nines in the multiplier ; and
subtract the multiplicand from the result.

Example.—Multiply 7347 by 999.

7347 X 999= 7347000-7347= 7339653.

We, in such a case, merely multiply by the next higher
convenient composite number, and subtract the multiplicand
so many times as we have taken it too often ; thus, in the
example just given

—

7347 X 999= 7347 X 1000-1 =73-17000 -7347= 7339653.

63. We may sometimes abridge multiplication by
considering a part or parts of the multiplier as pro-

duced by multiplication of one or more other parts.

Example.—Multiply 57830208 by C2421648. The mul-
tiplier may be divided as follows :—6, 24, 216, and 48.

6= 6

24=6x4
210=24x9
48=24x2

57839268, multiplicand
62421648 , multiplier.

847035008 : : : product by 6 (60000000).
1388142432 : : product by 24 (2400000).

12493281888 : product by 216 (21600).
2776284864 product by 48.

3610422427073664 product by 62421648.

The product by 6 when multiplied by 4 will give the pro-

duct by 24 ; the product by 24, multiplied by 9, will give the

product by 216—and, multiplied by 2, the product by 48.

64. There can be no difficulty in finding the places of

the first digits of the different products. For when there

are neither cyphers nor decimals in the multiplicand

—

and during multiplication, we may suppose that there are

neither [48, &c.]—the lowest denomination of each pro-
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duct, will be the same as the lowest denomination of ths

multiplier that produced it ;—thus 12 units multiplied

by 4 units will give 48 units ; 14 units multiplied by 4
tens will give 56 tens ; 124 units multiplied by 35 units

will be 4340 units, &c. ; and, therefore, the beginniuji of

each product—if a significant figure—must stand under

the lowest digit of the multiplier from which it arises.

When the process is finished, cyphers or decimals, if

necessary, may be added, according to the rules already

given.

The Tertieal dotted lines show that the places of the lowest

digits of the respective multipliers, or those parts into which
the whole multiplier has been divided, and the lowest digits

of their resulting products are—as they ought to be—of the

same denomination.
48 being of the denomination units, when multiplied into

8 units, will produce units: the fii'st digit, therefore, of the

product by 48 is in the units" place. 216. being of the deno-

mination hundreds when multiplied into units will give hun-
dreds ; hence the first digit of the product by 216 will be in

the hundreds' place, &c. The parts into which the multi-

plier is divided are, in reality,

60000000
^

^^21600 [=62421648, the whole multiplier.

48]

We shall give other contractions in multiplication

hereafter, at the proper time.*

EXERCISES,

45. 745X456^339720.
46. 476X767=365092.
47. 345X579=199755
48. 476X479=228004.
49. 897X979=878163.
60. 4 -59X705=3235 -95.

51. 767X407=312169.
52. -457 X- 606= -27 6942.

53. 700X810=567000.'
54. 670X910=<309700.
55. 910x870=701700.
56. 5001-4x70=350098.
57. 64-001X40=2560-04.
68. 91009X79=7189711.
69. 40170X80=3213600.

60. 707X604=427028.
i
61. 777 X -407=316-239.
62. 7407X4404=32620428.
63. 5767X1307=7537469.
64. 67 -74X -1706=11 -556444
65. 4567X2002=9143134.
66. 7-767x301-2=2339-4204
67. 9600X7100=68160000.
68. 7800x9100=70980000.
69. 6700X6700=44890000.
70. 5000X7600=38000000.
71. 70-814x901 07=63808-37098.
72. 97001X76706=7440558706.
73. 93400X67407=6295813800.
74. •56007X^5070=25242 -S549&
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75. How many shillings in £1395 ; a pound being

20 shillings ? Am. 27900.
76. In 2480 pence how many farthings ; four far-

things being a penny f Ans. 9920.

7 7. If 17 oranges cost a shilling, how many can be

had for 87 shillings ? Ans. 1479.

78. How much will 245 tons of butter cost at £25 a

ton ? Ans. 6125.

79. If a pound of any thing cost 4 pence, how much
will 112 pounds cost ? Ans. 448 pence.

80. How many pence in 100 pieces of coin, each of

which is worth 57 pence } Ans. 5700 pence.

81. How many gallons in 264 hogsheads, each con-

taining 63 gallons > Ans. 16632.

82."lf the interest of £1 be £0-05, how much will

be the interest of £376 > Ans. £18-8.

S3. If one article cost £0*75, what will 973 such
cost.? Ans. £729-75.

84. It has been computed that the gold, silver, and
brass expended in building the temple of Solomon at

Jerusalem, amounted in value to £6904822500 of our

money ; how many pence are there in this sum, one

pound containing 240 ? Ans. 1657157400000.
85. The following are the lengths of a degree of the

meridian, in the following places : 60480'2 fathoms in

Peru ;
60486-6 in India • 60759 '4 in France ; 60836-6

in Enijland ; and 60952-4 in Lapland. 6 feet bein!^ a

fathom, how many feet in each of the above ? Ans.

362S81-2 in Peru; 362919-6 in India; 364556-4 in

France ; 365019-6 in England ; and 365714-4 in Lapland.

86. The width of the Menai bridge between th-5

points of suspension is 560 feet ; and the weight between

these two points 489 tons. 12 inches being a foot, and
2240 pounds a ton, how many inches in the former,

and pounds in the latter .''

Am. 6720 inches, and 1095360 pounds.

87. There are two minims to a semibreve ; two

crotchets to a minim ; two quavers to a crotchet ; two

semiquavers to a quaver : and two demi-semiquavers to

a semiquaver : how many demi-semiquavers are equal

to seven semibreves ? Ajis. 224
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88. 32,000 seeds have been counted in a single poppy

;

how many would be found in 297 of these : Ans. 9504000.
89. 9,344,000 eggs have been found in a single cod

Esh ; how many would there be in 35 such ?

Ans. 327040000.
C5. When the pupil is familiar with multiplication,

in working, for instance, the following example,

897o51, multiplicand.

4. multiplier.

3581)404, product.

He should say :—4 (the product of 4 and 1), 20 (the pro-

duct of 4 and 5), 14 (the product of 4 and 3 plus 2, to be
carried), 29, 38, 35 ; at the same time putting doA\Ti

the units, and carrying the tens of each.

QUESTIONS TO BE ANSWERED BY THE PUPIL.

1

.

What is multiplication ^ [24]

.

2. What are the multiplicand, multiplier, and pro-

duct .' [24]

.

3. What are factors, and submultiples .' [24].

4. What is the difference between prime and compo-
site numbers [25] ; and between those which are prime
and those which are composite to each other ? [27]

.

5. What is the raeasm-e, aliquot part, or submultiple

of a quantity .' [26]

.

6. What is a multiple .' [29].

7. What is a common measure .^ [27].

8. What is meant by the greatest common measure }

[28].

9. What is a c<?77?wo?i multiple .' [30].

10. AVhat is meant by the least common multiple.'

[30].
11. '\\ hat are ^//za'multiples ? [31].

12. Does the use of the multiplication table prevent

multiplication from being a species of addition i [33]

.

13. Who first constructed this table ? [33].

14. What is the sign used for multiplication } [34].
15. How are quantities under the vinculum affected

by the sign of multiplication .' [34]

.

16. Show that quantities connected by the sign of

multiplication may be read in any order } [35]

.
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17. What is the rule for multiplication, when neither

multiplicand nor multiplier exceeds 12 r [37]

.

18. What is the rule, when only the multiplicand

exceeds 12? [39].

19. What is the rule when both multiplicand and

multiplier exceed 12 ? [50].

20. AVhat are the rules when the multiplicand, mul-

tiplier, or both, contain cyphers, or decimals ? [43, &c.] :

and what are the reasons of these, and the preceding

rules.? [41,43, &c., 52].

21. How is multiplication proved .? [42 and 53].

22. Explain the method of proving multiplication,

by " casting out the nines [54] ;" and show that we caa^

cast the nines out of any number, without supposing a

knowledge of division. [55]

.

23. How do we multiply so as to have a required

number of decimal places .'' [58]

.

24. How do we multiply by a composite number [60] ;

or by one that is a little more, or less than a composite

number ? [61].

25. How may we multiply by any number of nines r

[62].
26. How is multiplication very briefly performed ?

[65]

.

SIMPLE DIVISION.

66. Simple Division is the division of abstract num-
bers, or of those which are applicate, but contain only

one denomination.

Division enables us to find out how often one number,

called the divisor , is contained in^ or can be taken from
another, termed the divideiid ;—the number expressing

how often is called the quotient. Division also enables

us to t^U, if a quantity be divided into a certain number

of equal parts, what will be the amount of each.

When the divisor is not contained in the dividend

any number of times exactly, a quantity, called the

remainder.^ is left after the di\'ision.

67. It will help us to understand how greatly divi-

sion abbreviates subtraction, if we consider how long a

process would be required to discover—by actually Bub-
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tracting it—how often 7 is contained in 8563495724,
while, as we shall find, the same thing can be efiected

bj (liclsiim^ in less than a minute.

68. Division is expressed by -f-, placed between the

dividend and divisor ; or by putting the divisor under
the dividend, with a separating line between :—thus

64-3=2, or—=2 (read 6 divided by 3 is equal to 2)
o

means, that if 6 is divided by 3, the quotient will be 2.

69. When a quantity under the vinculum is to be

divided, we must, on removing the vinculum, put the

divisor under each of the terms connected by the sign

of addition, or subtraction, otherwise the value of what

was to be divided will be changed;—thus 5+ 6

—

7-t-3=
5 6 7
^+ -;r
—— ; for we do not divide the whole unless

o o o

we divide all its parts.

The line placed between the dividend and divisor occa-

sionally assumes the place of a -vanculum ; and there-

fore, when the quantity to be divided is subtractive, it

will sometimes be necessary to change the signs— as

already directed [16]:—thus —I -—= — ^

,ii /ii lit

27 15—6+ 9 27—15+6—9 ^
but — = ~

. For when, asSo o

in these cases, all the terms are put under the vinculum,

the effect—as far as the subtractive signs are concerned

—

is the same as if the vinculum were removed altogether
;

and then the signs should be changed hadi again to

what they must be considered to have been hefare the

vinculum was afiixed [16].

When quantities connected by the sign of multiplica-

tion are to be divided, dividing any one of the factors,

will be the same as dividing the product ; thus, 5X lOX

25+5= vX 10X25 ; for each is equal to 250.
o

To Divide Quantities.

70. TThen the divisor does not exceed 12, nor the

dividend 12 times the divisor
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Rule.—I. Find by the multiplication table tbe

greatest number which, multiplied by the divisor, will

give a product that does not exceed the dividend : this

will be the quotient required.

II. Subtract from the dividend the product of this

number and the divisor ; setting down the remainder, if

any, with the divisor uader it, and a line between them.

Example.—Find how often 6 is contained in 58; or, in

other words, what is the quotient of 58 divided by G.

We learn from the multiplication table that 10 times 6
are 69. But 60 is greater than 58 ; the latter, therefore, does

not contain 6 10 times. We find, by the same table, that 9

times 6 are 54, which is less than 58 :— consequently 6 is con-

tained 9, but not 10 times in 58 ; hence 9 is the quotient

;

and 4—the diiference between 9 times 6 and the given num-
ber—is the remainder.

. . ^ 4 ^4 , . 58 ^4
The total quotient is 9-|--t, or 9 „ ; that is, -p=:9-T.

If we desire to carry the division farther, we can effect it

by a method to be explained presently.

71. Reason- OF I.—Our object is to find the greatest num-
ber of times the divisor can be taken from the dividend ; that
is, the greatest multiple of 6 which will not exceed the num-
ber to be divided. The multiplication table shows the pro-
ducts of any two numbers, neither of which exceeds 12; and
therefore it enables us to obtain the product we require; this

must not exceed the dividend, nor, being subtracted from it,

leave a number equal to, or greater than, the divisor. It is

hardly necessary to remark, that the divisor would not have
been subtracted as often as possible from the dividend if a
number equal to or greater than it were left ; nor would the
quotient answer the question, how often the divisor could be
taken from the dividend.
Reasox of II.—We subtract the product of the divisor

and quotient from the dividend, to learn, if there be any
remainder, what it is. When there is a remainder, we in
reality suppose the dividend divided into two parts; one of
these is equal to the product of the divisor and quotient—and
this we actually divide ; the other is the diiference between
that product and the given dividend—this we express, by the
notation already explained, as still to be divided. In the es.am-

- . 58 54-f-4 54
,
4 ^ ,

4
pie given. -=-^=-+6=9

+e.

72. WTien the divisor does not exceed 12, bu^ the

dividend exceeds 12 times the divisor

—
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KuLE.—I. Set down the dividend with a line under
it to separate it from the future- quotient : and put the

divisor to the left hand side of the dividend, with a line

between them.

II. Divide the divisor into all the denominations of

the dividend, beginning with the highest.

III. Put the resulting quotients under those deno-

minations of the dividend which produced them.

IV'. If there be a remainder, after subtracting the pro-

duct of the divisor and any denomination of the quotient

from the corresponding denomination of the dividend,

consider it ten times as many of the next lower deno-

mination, and add to it the next digit of the dividend.

V. If any denomination of the dividend (the preced-

ing renminder, when there is one, included) does not

contain the divisor, consider it ten times as many of

the next lower, and add to it the next digit of the

dividend—putting a cypher in the quotient, under the

digit of the dividend thus reduced to a lower denomi-
nation, unless there are no significant figures in the

quotient at the same side of, and farther removed from
the deciiDal point.

VI. If there be a remainder, after dividing the
^' units of comparison," set it down—as already directed

[70]—with the divisor under it, and a separating line

between them ; or, writing the decimal point in the

quotient, proceed with the division, and consider each
\emainder ten times as many of the next lower deno-

mination
;
proceed thus until there is no remainder, or

until it is so trifling that it may be neglected without

inconvenience.'

73. Example.—What is the quotient of 64450-^-7 1

Divisor 7)G445G dividend.

9208 quotient.

C tens of thousands do not contain 7, even once ten thou-

sand times : for ten thousand times 7 are 70 thousand, which
is greater than GO thousand ; there is, therefore, no digit

to be put in the ten-thousands" place of the quotient—we
do not, however, put a cypher in that place, since no digit
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of the quotient can be further removed from the decimal

point than this cj'pher ; fur it would, in such a case, produce

no eiiect [Sec. I. 28]. Considering the tens of thousands

as 60 thousands, and addino; to these the 4 thousands ah-eady

in the dividend, we have G-i tliousands. 7 -will " go" into

(that is, 7 can be taken from) G-i thousand, 9 thousand times :

for 7 times 9 thousand are 03 thousand—which is less than

64 thousand, and therefore is not too large ; it does not leave

a remainder equal to the divisor—and therefore it is not too

small :—9 is to be set down in the thousands' place of the

quotient ; and the 4 already in the dividend being added to

one thousand (the difference between 64 and 63 thou.sand)

considered as ten times so many hundreds, we have 14 hun-

dreds. 7 will go 2 hundred times into 14 hundreds, and leave

no remainder ; for 7 times 2 hundreds are exactly 14 hun-

dreds :—2 is, therefore, to be put in the hundreds' place of

the quotient, and there is nothing to be carried. 7 will not

go into 5 tens, even once ten times ; since 10 times 7 are 7

ten.s, which is more than 5 tens. But considering the 5

tens as 50 units, and adding to them the other 6 units of tho

dividend, we have b'6 units. 7 will go into 56, 8 times, leav-

ing no remainder. As tlie 5 tens gave no digit in the tens'

place of the quotient, and there are significant figures farther

removed from the d<^cimal point than tliis denomination of

the dividend, we have been obliged to use a cypher. The
division being finished, and no remainder left, the required

quotient is found to be 9208 exactly ; that is, -i^=9208.

74. Example 2.—What is the quotient of 73268, divided

by 6?
6)73268

1221li

We may set down the 2 units, which remain after the

units of the quotient are found, as represented • or we may
proceed with the division as follows

—

6)73268

12211-333, &c.

Considering the 2 units, left from the units of the divi-

dend, as 20 tenths, we perceive that 6 will go into them
three tenths times, and leave 2 tenths—since 3 tenths times

6 (=6 times 3 tenths [35]) are 18 tenths:—we put 3 in the

tenths' place of the quotient, and consider the 2 tenths re-

maining, as 20 hundredths. For similar reasons, 6 win go

iaio 20 hundredths 3 huadredths times, and leave 2 huij-
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dredth«. Considering these 2 hundredths as 20 thousandths,

they ^nll give 3 thousandths as quotient, and 2 thou?&'.idths

as remainder. &c. The same remainder, constantly recur-

ring, will evidently produce the same digit in the successive

denominations of the quotient ; we may, therefore, at ones
put down in the qu(itient as many threes us will leave the

tinal remainder so small, that it may be neglected.

75. E.VA.MPLE 3.—Di\-ide 473(35 by 12.

12)47305

3947-08, &e.

In this example, the one unit left (after obtaining the 7 in

the quotient) even when considered as 10 tenths, does not

contain 12 :— there is, therefore, nothing to be set down iu

the tenths" place of the quotient—except a cypher, to keep
the following digits in their proper places. The 10^ tenths

are by consequence to be considered as 100 hundredths

.

12 will go into 100 hundredths 8 hundredths times, &;c.

This may be applied to the last rule [70], when we desire

to continue the division.

Example.—Dind« 8 by 5.

8H-5= li, or 1-37, &c.

76. When the pupil fully understands the real deno-

minations of the dividend and quotient, he may proceed,

for example, with the following

5) 46325

In this manner :—5 will not go into 4. 5 into 46. 9 times
and 1 over (the 40 being of the denomination to which 6

belongs [thousands], the first digit of the quotient is to be
put under the 6—that is, under the denomination which
produced it). 5 into 13, twice and 3 over. 5 into 32,

times and 2 over. 5 into 25, 5 times and no remainder.

When the divisor does not exceed 12, the process is

called short division.

77. Reason- of I.—In this arrangement of the qu'itit'ties

—

which is merely a matter of conveaience—the values of the
digits of the quotient are ascertained, both by their position

with reference to the digits of the dividend, and to their own
decimal point. The sepirating lines prevent the dividend,
divisor, or quotieat from being in any way mistaken.

PiEASo.v OF II.—We divide the divisor successively into all

the parts of the dividend, because we cannot divide it at once
into the whole :—the sura of the numbers of times it can be
subtracted from these parts is evidently equal to the number
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of times it can be subtracted from their sura. Thus, if 5 goes
into 500, 100 times, into 50, 10 times, anl into 5, once; it

will go into oOO-f-oO-H^ (=535;, lOO-f-lO-f-l (= 1 1 1 ) time.^

Tiie pupil perceives by the examples given Jibove, that, in
dividing ihe devisor successively iuto the parts of rlie divi len 1,

each, or any of these pirts does not necessarily cousist of one
or rnoi-e digits of tl)e dividend. Thus, in finding, for e.'iampie;

the quotient G4 156-7-7, we are not obliged to consider tiie parts
as GO.JOO, 4000. 400, oO, and ti : —on the contrary, to render the
dividend suited to tiie process of division, we alter its forai,

•while, at the same time, we leave its value unchanged; it be-

comes

Thou'^atKls. Hundreds. Tens. Units.

63 4- 14 4- -f 50 (=644o(>).
Each part being divided by 7, the diiFerent portions of the
dividend, with their respective quotients, will be,

Thon<:ands. Hiinheds. Tens. Units.

'

7i63 14 5t> = 644od.

9 2 8 = 9208.

"We begin at the left hand side, because what remains of the
higher denomination, may still give a quotient in a lower;
and the question is, how often the divisor will go into the
dividend—its different denominations being taken in anff con-

venient way. We cannot kuow Itow njany of the higiier we
shall have to add to the lower denominations, uuless we begin
with the higiier.

Hk.vsov of III.—Each digit of the quotient is put under
that denomination of the dividend whicli produce I it, beciuse
it belongs to that denomination ; for it expresses what number
of times (indicated by a digit of that denomination) the divisor

tan be taken from the corresponding part of the dividend:

—

thus the tens of the quotient express liow many tens of times

the divisor can be taken from the tens of the dividenl; th3

ktindreds of the quotient, how many hundreds of times it can
be taken from the hundreds, &c.

IIkvsovof IV.—Since what is left belongs to the total re-

mainder, it must be added to it; but unless considered! .as of :»

Ijwer ilenomination, it will give notliing further in the quotient.

Rk\sov of V.—We are to look upon the reaiain ler as of

the highest denomination capable of giving a quotient; and
though it may not cont.iin the divisor a number of times ex-

pres-.o_ .y a digit of one denomination, it m ly contain it some
nu uber of times expressed l)y one that is lower.

Tlie true remainder, after subtracting eicli product, is the

r'lo/e re.nain ler of the divi lenl; hut we '* bring down " only

p much of it as is necessary for our present object. Thn«. in

/ooking for a digit in the hundreds' place of the quotient, it

will not be necessary to take into account the tens, or units

of the dividend ; since they cannot add to the number of huii

dreui&Qi tliued the <Uvl3r>r ma^ ba Ukcu from tiie (Uvidea4'
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A cypher must be added [Sec. I. 28], -when it is required,

to give significant figures their proper value—which is never
the case, except it comes between them and the decimal point.

Reason of VI.—We may continue the process of division,

if we please, as long as it is posible to obtain quotients of any
denomination. Quotients will be produced although there are

no longer any significant figures in the dividend, to which we
can add the succe:<sive remainders.

78. The smaller the divisor the larger the quotient—

for, the smaller the parts of a given quantity, the greater

their number will be ; but is the lea.st possible divi-

sor, and therefore any quantity divided by will give the

largest po.ssible quotient— which is infinity. Hence,
though any quantity multiplied by is equal to 0, any
number divided by is equal to an infinite number.

It appears strange, but yet it is true, that 7:=7: ; for

each is equal to the greatest possible number, and one,

therefore, cannot be greater than another— the appa-

rent contradiction arises from our being unable to form
a true conception of an infinite quantity. It is necessary

to bear in mind also that 0, in this case, indicates a

quantity infinitely small, rather than absolutely nothing.

79. To prove Division.—Multiply the quotient by
the divisor ; the product should be equal to the divi-

dend, minus the remainder, if there is one.

For, the dividend, exclusive of the remainder, contains the
divisor a number of times indicated by the quotient ; if, there-

fore, the divisor, is taken that number of times, a quantity
equal to the dividend, minus the remainder, will be produced.
It follows, that adding tlie remainder to the product of the
divisor and quotient should give the dividend.

GS32
Example 1.—Prove that —r-=1708.

4
4)0832 Proof. 1708, quotient.

1708 4, divisor.

SF32, product of divi-

sor and quotient, eqrml to the dividend.

Example 2.—Prove that —=:-= 12234 ^.
i i

Proof. Proof.
12234 or 12234

7 7

e2
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(1)

2)78345
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82. If both dividend and divisor contain cyphers

—

Rule.—Divide as if there were none, and move the

quotient a number of* places equal to the difference

between the numbers of cyphers in the two given quan-
tities :—if the cyphers in the dividend exceed these in

the divisor, move to the left ; if the cyphers in the

divisor exceed those in the dividend, move to the right.

We have seen that the eflfect of cyphers in the dividend is

to move the quotient to the left and of cjphers in the divisor,

to move it to the right; when, therefore, both causes act

together, tlieir etfect must be equal to the diflference between
their separate eifects.
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between the numbers of decimals in the two given quan-
tities :—if the decimals iu the dividend exceed those in

the divisor, move to the riijht ; if the decimals in the

divisor exceed those iu the dividend, move to the left.

"We have seen that decimals in the dividend move the
quotient to the right, and tljat decimals in the divisor move
it to the left; when, therefore, botli causes act together, the
etft'ct must be equal to the difference between their separate
etfocts.

Examples.

(1) (2) (3) (4) (5) (6)

6)45 5 ) -45 -00)45 -5 ) -045 -005) 450 •05V45
9 -09 900 -09 90001) 9-00

86. If there are cyphers in the dindend, and deci-

mals in the divisor

—

PtULE.—Divide as if there were neither, and move
the quotient a number of places to the left, equal to

the number of both cyphers and decimals.

Both the cj'phers in the dividend, and the decimals in the
divisor increase the quotient.

Example.—What is the quotient of 270-^03
;

?.''=9, therefore, 270-^-03= 9000.
3

87. If there are decimals in the dividend, and cyphers

in the divisor

—

HuLE.—Divide as if there were neither, and move
the Cjuotient a number of places to the right ecjual to

the number of both cyphers and decimals.

Both the decimals in the dividend, and the cyphers in the
divisor diminish the quotient.

Example.—What is the quotient of -18-^20 ] ^

1^=9, therefore '-=009.
2 20

The rules which relate to the management of cyphers

and decimals, in multiplication and in division—though

numerous—will be very easily remembered, if tlie pupil

merely considers what ciight to be the cHcvl «^t' either



03)
8)10000
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the product, subtract it from the corresponding portion of

the dividend, wnte the remainder, and bring down the re-

quix-ed digits of the diWdend. All this must be done when
the divisor becomes large, or the memory would be too

heavily burdened.

89. Rule—I. Put the divisor to the left of the divi-

dend, with a separating line.

II. Mark oflf, by a separating line, a place for the

quotient, to the right of the dividend.

III. Find the smallest number of digits at the left

hand side of the dividend, which expresses a quantity

not less than the divisor.

lY. Put under these, and subtract from them, the

greatest multiple of the divisor which they contain
;

and set down, underneath, the remainder, if there is

any. The digit by which we have multiplied the divisor

is to be placed in the quotient.

V. To the remainder just mentioned add, or, as it is

said, " bring down" so many of the next digits (or

cyphers, as the case may be) of the dividend, as are

required to make a quantity not less- than the divisor

;

and for every digit or cypher of the diWdend thus

brought down, except one^ add a cypher after the digit

last placed in the quotient.

YI. Find out, and set down in the quotient, the

number of times the divisor is contained in this quan-

tity ; and then subtract from the latter the product of

the dix-isor and the digit of the quotient just set down.

Proceed with the resulting remainder, and with all that

succeed, as with the last.

YII. If there is a remainder, after the iciiifs of the

dividend have been " brought down" and divided, either

place it into the quotient with the divisor under it, ano

a separating line between them [70] ; or, putting the

decimal point in the quotient—and adding to the re-

mainder as many cyphers as will make it at least equal

to the divisor, and to the quotient as many cyphers

winus one as there have been cyphers added to the

remainder—proceed with the division.
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90. Example 1.—Di^-ide 78325826 by 82.

82)78325826(955193
738

452
410

425
410

158
82

762
738

246
246

82 will not go into 7'. nor into 78 ; but it will go times

into 783 :—9 is to be put in the quotient.

The values of the higher denominations in the quotient

will be sufficiently marked by the digits which succeed

them— it will, liowever. sometimes be proper to ascertain,

if the pupil, as he proceeds, is acquainted with the orders

of units to which they belong.

9 times 82 are 738. which, being put under 783, and sub-

tracted from it. leaves 45 as remainder : since this is less than

the divisor, the digit put into the quotient is—as it ought to

be [71]—the largest possible. 2, the next digit of the divi-

dend, being brought down, we have 452, into which 83 goes

5 times 1-^ l)€ing put in the quotient, we subtract 5 times

the divisor from 452, which leaves 42 as remainder. 42,

with 5, the next digit of the dividend, makes 425, into which
82 goes 5 times, leaving 15 as remainder :—we put another

5 in the quotient. The last remainder, 15. with 8 the next

digit of the dividend, makes 158. into which 82 goes once,

leaving 7G as remainder :—1 is to be put in the quotient. 2,

the next digit of the dividend, along with 76. makes 762,

into which the divisor goes times, and leaves 24 as remain-

der -.— is to be put in the quotient. The next digit being

brought d(A\Ti, we have 246. into which 82 goes 3 times

exactly;—3 is to be put in the quotient. This 3 indicates

3 units, as the last digit brought down expressed unita-

Therefore
^^^^•^^-^

^955x93.
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Example 2.—Divide C421284 l.y C42.

042)0421284(10002
042

1284
1284

G42 goes once into 042. and leaves no remainder. Bring-
ing d(Avn the ne.xt digit of the dividend gives no digit in

the quotient, in which, therefore, we put a cypher after the
1. 'i he next digit of tiie dividend, in the same way. gives
no digit in the quotient, in which, con.sequently. we put
another cypher : and. for similar reasons, another in In-inging

down the next : hut the next digit makes the quantity
Ijrought down 1284, which contains the divisor twice, and
gives no remainder :—we put 2 in the quotient.

Ul. When there is a remainder, we may continue the
division, adding decimal places to the quotient, as follows

—

Example 3.—Divide 700347 by 847.

847) 790347 (940- 19, &c.
7023

3404
3388

1070
847-

8230
7023

92. The learner, after a little practice, will guess

pretty accurately what, in each case, should be the next

digit of the quotient. He has only to multiply in his uiiud

the last digit of the divisor, adding to the product what
he wotild probably have to carry from the multiplica-

tion of the second last :—if this sum can be taken from

the corresponding part of what is to be the minuend,

leaving little, or nothing, the assumed number is likely

to answer for the next digit of the quotient.

93. Reason of I.—This arrangement is merely a matter of

convenience; some put the divisor to the riglit of ihe dividend,

and iniiiiediatelj over the quotient—believing that it is more
convenient to have two quantities wliich are to be multiplied

to2;etlicr as near to each other as possible. Tims, iu dividing

54:25 by 54—
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C42-3X 54

5i_ Vll8, &c.

102

485
432

G3, &c

Pif:.A.sox OF TI.—Tl)is, also, is onl}' a matter of convenience
Keason of III.—A smaller part of the diviJond would give

7io digit in tlie quotient, and a larger >vould give more tliau

IIeasov of IV.—Since the numbers to be multiplied, and
the products to be subtracted, are considerable, it is not. so

convenient as in short division, to perform the multiplications

and subtractions mentally. The rule directs us to set down
each multiplier in the quotient, because the latter is the sum
of the multipliers.

Il'-.^soN OF V.—One digit of the dividend brought down
would make the quantity to be divided one denomination lower
than the preceding, and the resulting digit of the quotient

also one denomination lower. But if we arc obliged to bring
down two digits, the quantity to be divided is two denomi-
nations lower, and conse(|ueiitly the resulting digit of the quo-
tient is two denominations lower than the preceding—which,
from the principles of notation [Sec. I. 28], is expressed by
using a cypher. In the same way, brinacing down three
figures of the dividend reduces the denomination three places,

and makes the new digit of the quotient three denominations
lower than tlie last—two cyphers must then be used. The
same reasoning hoMs for any number of characters, whether
significant or otherwise, brou-^ht down to any remainder.

11e.-v..«on OF VI.—We subtract the products of the different

parts of the quotient and the divisor (these different parts of

the quotient being put down successively according as they
are found), that we may discover what the remainder is from
which we are to e.xpect the next portion of the quotient. From
what we have already said [77], it is evident that, if there are
no decimals in the divisor, the quotient figure will always be
of the same denomination as the lowest in the quantity from
which we subtract the product of it and the divisor.

Reason of VII.—Tlie reason of this is the same as what
wus given for the sixth part of the preceding rule [77].

It is proper to put a dot over each digit of the divi-

dend, as wc brinor it down ; this will prev3nt our forget-

tin<i any one, or bringing it down twice.

94. When there are cyphers, decimals, or both, tho

rules already given [8i), &c.] are applicable.
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95. To -prove tJie Division.—Multiply the quotient

by the divisor ; the product should be equal to the divi-

dend, minus the remainder, if there is any [79].
To prove it by the method of *' casting out the

nines"

—

KuLE.—Cast the nines out of the divisor, and the

quotient ; multiply the remainders, and cast the nines

from their product:—that which is now left ought to

be the same as what is obtained by casting the nines

out of the dividend minus the remainder obtained from
the process of division.

63776
Example.—Prove that —Y-r-=1181/j.
Considered as a question in multiplication, this becomes

1181 X 54= 63776-2= 63774. To try if this be true,

Casting the nines from 1181, the remainder is 2. ) o v
„ „ from 54, „ is 0. j

^

Casting the nines from 63774, the remainder is . .0
The two remainders are equal, both being ; hence the

multiplication is to be presumed right, and, consequently,

the process of division which supposes it.

The division involves an example of multiplication ; since

the product of the divisor and quotient ought to be equal to

the dividend minus the remainder [79]. Hence, in proving
the multiplication (supposed), as already explained [54], we
indirectly prove the division.

(30)

24)7654



(41)

256)77670700
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According as the denominations of the quotient become
small, their products by the lower denomination of the divisor

become inconsiderable, and may be neglected, and, conse-

quently, the portions of the dividend from Avhich they would
have been subtracted. ^VIlat should have been carried from
tlie multiplication of the digit neglected— since it belongs to a
higher denomination than what is neglected, should still be
retained [59].

97. We may avail ourselves, in division, of contri-

vances very similar to those used in multiplication

[60].

To divide by a composite number

—

Rule.—Divide successively by its factors.

Example. —Divide 98 by 49. 49=7 x 7.

7)98

7)_14

2=98 H- 7x7, or 49.

Dividing only by 7 -we divide by a quantity 7 times too

sm;ill, lor we are to divide by 7 limes 7 ; the result is, tliercfore,

7 times too great :—this is corrected if we divide again by 7

98. If the divisor is not a composite number, we
cannot, as in multiplication, abbreviate the procei<s.

except it is a quantity which is but little less than a

number expressed by unity and one or more cyphers

When this is the case

—

lluLE.—Divide by the nearest higher number, ex-

pressed by unity and one or more cyphers ; add to re-

mainder so many times the quotient as the assumed

exceeds the given divisor, and divide the simi by the

preceding divisor. Proceed thus, adding to the remain-

der in each case so many times the foregoing quotient

as the assumed exceeds the given divisor until the exact,

or a sufficiently near approximation to the exact quotient

is obtained—the last divisor must be the given, and not

the assumed one. The last remainder will be the true

one ; and the sura of all the quotients will b« the true

quotient.
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ExAMP/.K.- Divide 987063425 by 008.

087003,42.3=087003425-^1000.

10 75.V75l='Js; 003x24-4:^5-^1000.
4,701=1.; < 5 x2+751-h 1000.

0-7 ,000=4x24^701 -^ 1000.

001.040=-7'x2jU-^1000.
0-000,42 )=Ol x2-f--4-f- 1000.

O0004.,0208=01 x2-f-4-^098

that is. the last quotient is 0-0004, and -0208 is the last

remainder.

9870G3
1975

all the quotients are < q.j

I 0-01

I 0-0004

The true quotient is 980042-7104. or the srtm of the quotients-

And the true remainder 0-02U8, or the last remainder.

Unless we add twice the preceding quotient to each succes-

sive remainder, we shall luive subtracted from the dividend,

or the part of it just divided, 1L»U0, and not O'JS times the

quotient—in wiiich case the remainder would be too small to

the amount of twice the quotient.—We have used (.,) to sepa-

rate the quotients from the remainders.

There can be no diffictilty when the learner, by this

process, comes to the decimals of tlie quotient. Thus in

the thi.-d line, 4701 gives, when divided by 1000, 4 units

as quotient, and 701 units still lo It divided—that is,

701 as remainder. 4'701 would express 4701 actually

divided by 1000. A number occupying four places, all

to the left of the decimal point, whi^n divided by 1000,

gives units as quotient ; but if, as in 709*0 (in the next

line), one is a decimal place, the quotient must be of

a lower denomination than befoie—that is, of the order

tenths; and in 010-40 (next line), since Iwo out of the

four places are decimals, the quotient must be hun-
dredths. &c.

In aduino: the necessary quantities, we miLst carefully

beai- in mi!id to what denoujinations the quotient multi-

plied, and the remaiuder to which the product is to be

addul, belong
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EXERCISES.

5G789-^741=76^"f4'

48. 478907 -^971=493;|»f
49. 977076-^47000=20?5o.7B.

50. 567897 -j-842=a74;^3|,
51. 7867674-^97 r2=810>5-V
52. 3070700-^457000=6 -7193.
53. 6765158-^7894=857.
54. 67470-^-3900=17 -3.

55. 69000-^47600=l•4496.
56. 76767-^40700=1-8862.
57. 6114592-^764324=8.
58. 9676744-^910076=10•6329.
59. 740070000-v-741000=098-7449.
60. 941060711 1 -^4o673=206043 -1 132.

61. 454076000^-400100=1134-9063.
62. 7376476767 -i-345670=2l339-649.
63. 47 -5782975^-26 -175=1 -8177.
64. 47 -655-^4 -5=10 •59.

65. 756•98-^76•73612=9-866.
66. 75-3470-i-3829=196-7798.
67. O-l-f-7- 6345=0 00001 81.

68. 5378-^0-00096=5602083 -33, &c.

69. If £7500 were to be divided between 5 persons,

how much ought each person to receive } Ans. i£1500.

70. Divide 7560 acres of land between 15 persons.

Ans. Each will have 504 acres.

71. Divide £2880 between 60 persons.

Ans. Each will receive £48.
72. What is the ninth of £972 .' Ans. £108.
73. What is each man's part if £972 be divided

among 108 men .? Ans. £9.
74. Divide a legacy of £8526 between 294 persons.

Ans. Each will have £29.
75. Divide 340480 ounces of bread between 1792

persons. Ans. Each person's share will be 190 ounces.

76. There are said to be seven bells at Pekin, each

of which weighs 120,000 pounds ; if they were melted

up, how many such as great Tom of Lincoln, wcighir.g

9S94 pounds, or as the great bell of St. Paul's, in

London, weighing 8400 pounds, could be made from

them r Ans. 84 like great Tom of Lincoln, with 8904

pounds left ; and 100 like the great bell of St. Paul's.

77. Mexico produced from the year 1790 to 1830 a
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quantity of goLl which was worth i^6,436,443, or

6,17S,y85^2S0 farthings. How many dollars, at 207
farthings each, are in that sura? Ans. 29S50170 nearly.

78. A .single pound of cotton has been spun into a

thread 76 miles in length, and a pound of wool into a

thread 95 miles long ; how many pounds of each would
be required for threads 5854 miles in length ? Ans.

77-0263 pounds of cotton, and 61-621 pounds of wool.

79. The earth travels round its orbit, a space equal

to 567,019,740 miles, in about 365 days, 8765 houi-s,

525948 minutes, 31556925 seconds, and 1893415530
thirds ; supposing its motion uniform, how much would
it travel per day, hour, minute, second, and third r Ans.

About 1553480 miles a day, 64691 an hour, 1076 a

minute, IS a second, and 3 a thii-d.

80. All the iron produced in Great Britain in the

year 1740 was 17,000 tons from 59 furnaces ; and in

1827, 690,000 from 284. What may be considered as

the produce of each fui-nace in 1740, one with another
;

and of each in 1827. A/is. 2S81356 in 1740; and
2429-5775 in 1827.

81. In 1834, 16,000 steam engines in Great Britain

saved the labour of 450,000 horses, or 2 millions and a

half of men ; to how many horses, and how many men,
may each steam engine be supposed equivalent, one

with another.' Atis. -About 28 horses ; and 156 men.

99. Before the pupil leaves division, he should be
able to carry on the process as follows :

—

EXA2IPLE.—Divide 84380848 by 87532.

87532)84380848(964

560204

350128

He will say (at first aloud) 4 (the digit of the dividend to

be brought down). 18 (9 times 2) : (the remainder after

subtracting the right hand digit of 18 from 8 in the dividend).

28 (9 times 3 -f- the 1 to be carried from the 18) : 2 (the
remainder after subtracting the right hand digit of 28 from
0. or rather 10 in the dividend). 48 (9 times 5 -}- the 2 to

be carried from 28. and 1 to compensate for what we bor-

rowed when we considered in the dividend aa 10) ; (th«
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remalncler when we subtract the right hand digit of 48 from

8 in the dividend). 07 ('J times 7 + the 4 to he carried

from the 48) ; 6 (the remainder after subtracting the righ\

hand digit of 67 from 3. or rather 13 in the dividend). 79

(0 times 8 -f- the G to be carried from tlie 07 -|- the 1. for

what Ave borrowed to make 3 in the dividend become 13) :

5 (the remainder after subtracting 79 from 84 in the divi-

dend).
As the parts in the parentheses are merely explanatory,

and not to be repeated, the whole process would be,

First part. 4. 18 : 0. 28 : 2. 48 : 0. 67 : 6. 70 : 5.

Second part. 8. 12:2. 10:1. 32:0. 45:5. 53:3.
Third p:ii-t, 8 ; 0. 12:0. 21:0. 30 ; 0. 35:0.
The remainders in this case being cyphers, are omitted.

All this will be very eas}^ to the pupil who has prac

tised what has been recoamietided [13, 23, and 65].

The chief exercise of the memory will consist in recul-

locting to add to the products of the different parts of the

divisor by the digit of the quotient under consideration,

what is to be carried fi-om the preceding product, and

unity besides—when the preceding digit of the dividend

has been increased by 10 ; then to subtract the ricrht

hand digit of this sum from the proper digit of the

dividend (increased by 10 if necessary)

QUESTIONS FOR THE PUPIL.

1 . What is division ? [66]

.

2. What are the dividend, divisor, quotient, and re-

mainder ? [66].

3. What is the sign of division } [68].
4. How are quantities under the vinculum, or united

•by the sign of multiplication, divided .' [69].

5. What is the rule when the divisor does not exceed

12, nor the dividend 12 times the divisor .- [70].

6. Give the rule, and the reasons of its different

parts, when the divisor does not exceed 12, but tha

dividend is more than 12 times the divisor f [72 and 77].

7. How is division proved } [79 and 95].

8. What are the rules when the dividend, divisor, or

both contain cyphers or decimals ? [80]

.

9. What is the rule, and what are the reasons of its

diifereut parts, when the divisor exceeds 12 .' [89 and 93]

.
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10. "What is to be done with the remainder ? [72
and 89]

.

11. llow is division proved by casting out the nines f

[95].
12. TIow may division be abbreviated, when there are

decimals ? [96]

.

13. How is division performed, when the divisor is

a composite number ? [97]

.

14. How is the division performed, when the divisor

is but Httle less than a number which may be expressed

by unity and cyphers ? [98]

.

15. Exemplify a very brief mode of performing divi'

sion. [99].

THE GREATEST COMMON MEASURE OF NUMBERS.

100. To find the greatest common measure of two
quanfkies

—

Rule.—Divide the larger by the smaller ; then

the divisor by the remainder ; next the preceding

divisor by the new remainder :—continue this process

until nothing remains, and the last divisor will be the

greatest common measure. If this be unity, the given

numbers are prime to eacA other.

Example —Find the greatest common measure of 3252
and 4248.

?^^i ^)4248(1
32.52

"996)3252(3

2088

204)090(3
792

204)204(1
204

"60)204(3
180

24)00(2
48

12)24(2
24
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99G. the first remainder, becomes the second divisor 264,

the second remainder, becomes the third divisor, kc. 12,

the last divisor, is the required greatest common measure.

101. Reason- of the Rule.—Before we prove the correct-

ness of the rule, it will be necessary for the pupil to be satis-

fied that " if any quantity measures another, it will measure
any multiple of that other ;" thus if 6 go into 30, 5 times, it

will evidently go into 9 times 30, 9 times 5 times.

Also, that " if a quantity measure two others, it will measure
their sum, and their difference." First, it will measure their

sum, for if 6 go into 24, 4 times, and into 36, 6 times, it will evi-

24 36
dently go into 244-36, 4-{-6 times :—that is, if^=4, and—^=:

24 36 b b

Secondly, if 6 goes into 36 oftener than it goes into 24, it is

because of the difference between 36 and 24 ; for as the differ-

ence between the numbers of times it will go into them is

due to this difference, 6 must be contained in it some number
„ ,. .u . • • 36 ^ ,

24 , 36 24/ 3tV24x
of times :—that is, since—=6, and -—=4, ( .„ — 1

6 6 6 6 \o^ 6 /
=6—4=2, a whole number [26]—or, the difference between
the quantities is measured by 6, their measure.

This reasoning would be found equally correct with any
other similar numbers.

102. Next ; to prove the rule from the given example,

it is necessary to prove that 12 is a common measure
;

and that it is the grmkst common measure.

It is a common measure. Beginning at the end of the process,

we find that 12 measures 24, its multiple; and 48, because it is

a multiple of 24; and their sum, 24-}-48 (because it measures
each of them) or 60; and 180, because it is a multiple of 60;
and 180-f-24 (we have also just seen that it measures each of

these) or 204 : and 204-f-60 or 264 : and 792, because a multi-

ple of 264 ; and 792+204 or 996 ; and 2988, a multiple of 996 ;

and 29884-264 or 3252 (one of the given numbers) and 3252-f
996 or 4248 (the other given number). Therefore it measures
each of the given numbers, and is their common measure.

103. It is also their greatest common measure. If not, let

some other be greater; then (beginning now at the top of the

process) measuring 4248 and 3252 (this is the supposition), it

measures their difference, 996; and 2988, because a multiple

of 996 ; and, because it measures 3252, and 2988, it measures
their difference, 264; and 792, because a multiple of 2t)4 : and
the difference between 996 and 792 or 204 ; and the difference

between 2t)4 and 204 or 60; and 180 because a multiple of 60 ;

and the difference between 204 and 180 or 24 ; and 48, because

a multiple of 24 ; and the difference between 60 and 48 or 12.

But measuring 12, it cannot be greater than 12.
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In the same vrnj it could be shown, that any other common
measure of the given nuiuberii inu.st be less tli:m 12—and con-
sequently that 12 is their greatfft coiDiuon measure. As the
rule might be proved from any other example equally well,

it is true in all cases.

104. We may here remark, that the measure of two

or more quantities can sometimes be found by inspection •

Any quantity, the digit of whose lowest denomination

is an even number, is divisible by 2 at least.

Any number ending in 5 is divisible by 5 at least.

Any number ending in a cypher is divisible by 10 at

least.

Any number which leaves nothing when the threes

are cast out of the sum of its dibits, is divisible by 3 at

least ; or leaves nothing when the nines are cast out of

the sum of its digits, is divisible by 9 at least.

EXERCISES.

1. "What is the greatest common measure of 464320
and 18945 .' Ans. 5.

2. Of 638296 and 338SS } Ans. 8.

3. Of 18996 and 29932 } Ans. 4.

4. Of 260424 and 54423 } Ans. 9.

5. Of 143168 and 2064888 .=^ Ans. 8.

6. Of 1141874 and 1982320S i Ans. 2.

105. To find the greatest common measure of more
than two numbers

—

Rule.—Find the greatest common mea.'sure of two of

them ; then of this common measure and a third ; next,

of this last common measure and a fom-th, &c. The
last common measure found, will be the gi*eatest common
measure of all the given numbers.

ExA.MPLE 1.—Find the greatest common measure of 679,

590L and 6734.

By the last rule we learn that 7 is the greatest common
iw'eaVire of 679 and 5901 ; and by the same rule, that it. the

.'^ XASf.sfitiffjmmon measure of 7 and 6734 (the remaining
" . ,pj<j>r 6734 -r- 7= 962, with no remainder. Therefore

9 is^J^quired number.
:rIawtisapiLE 2.—Find the greatest common measure of 9S6,

736, and l-i2.
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The greatest common measure of 936 and 73G is 8, and
the common measure of 8 and 142 is 2 ; therefore 2 is the
greatest common measure of the given numbers.

lOG. Reasoiv of the Rule.—It may be shown to be correct
in the same way as the List ; except that in proving the num-
ber found to be a commun measure, we are to begin at the end
of all the processes, and go through all of thera in succession

;

and in proving that it is the greatest common measure, we
are to begin at the commencement of the first process, or that
used to find the common measure of the two first numbers,
and proceed successively through all.

EXERCISES.

7. Find the greatest common measure of 29472,
176832, and 1074. Ans. 6.

8. Of 648485, 10810, 3672835, and 473580. Ans. 5.

9. Of 16264, 14S16, 8600, 75288, and 8472. Aiis 8.

THE LEAST COMMON MULTIPLE OF NUMBERS.

107. To find the least common multiple of two quan-
tities

—

Rule.—Divide their product by their greatest com-
mon measure. Or ; divide one of them by their gi-eatest

common measure, and multiply the quotient by the

other—the result of either method will be the rcquu-ed

least common multiple.

ExAxMPLE.—Find the least common multiple of 72 and 84.

12 is their greatest common measure.
72
-^= Gj and 6 x 84=504, the number sought.

108. Reasox of the Rule.—It is evident that if we mul-
tiply the given numbers together, their product will be a
multiple of each by the other [30]. It will be easy to find

the smallest part of this product, which will still be their

common multiple.—Thus, to learn if, for example, its nine-

teenth part is such. hyiH^^xr

From what we have already seen [69], each ofi-V^irr^; aii^

of any product divided by any number and multiTAe difference

product of the other fictors, is equal to the product>5plc of 00 ;

factors divided by the same number. Heace» 72 aad'&^')M£4£
the given numbera—
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iz.^?i (the nineteenth part of their product)=-X8-i, or 72

X

Oj. TO OA TO
_. Now if - and -- be equivalent to integers, — X84 will be a
19 19 10 19

multiple of 84, and?-^x72, will be a multiple of 72 [29];

and
'"^

^J, -X84, and 72 X— will each be the common
19 19 19

multiple of 72 and 84 [30]. But unless 19 is a common measure

of 72 and 84, '- and — cannot be both equivalent to integers.
19 19

Therefore the quantity by which we divide the product of the

given numbers, or one of them, before we multiply it by the

other to obtain a new, and les3 multiple of them, must be the

common measure of both. And the multiple we obt-iin will,

evidently, be the least, when the divisor we select is the

greatest quantity we can use for the purpose—that is, the

greatest common measure of the given numbers

It follows, that the least common multiple of two

numbers, prime to each other, is their product.

EXERCISES.

1. Find the least common multiple of 78 and 93.

Ans. 2418.

2. Of 19 and 72. Ans. 136S.

3. Of 464320 and 18945. ^725.1759308480.

4. Of 638296 and 33888. Aiis. 2703821856.

5. Of 18996 and 29932. Ans. 142147068.

6. Of 260424 and 54423. Aw^. 157478392:1.

109. To find the least common multiple of three or

more numbers

—

Rule.—Find the least common multiple of two of

them ; then of this common multiple, and a third ; next

of this last common multiple and a fourth, &c. The
last common multiple found, will be the least common
multiple sought.

Ex.\MPLE.—Find the least common multiple of 9, 3. and 27.

3 i3 the greatest common measure of 9 and 3 ; therefore

- X 3, or 9 is the least common multiple of 9 and 3.

u
9 is the greatest common measure of 9 and 27 ; therefore

27
g- X 9, or 27 is tha rec^uirdd leaat common multiple.
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110. Reason of the Rule.—By the last rule it is eyident

that 27 is the least common multiple of 9 and 27. But since

9 is a multiple of 3, 27, which is a multiple of 9, must also be
a multiple of 3 ; 27, therefore, is a multiple of each of the

given numbers, or their common multiple.

It is likewise their least common multiple, because noue
that is smaller can be common, also, to both 9 and 27, since

they were found to have 27 as their least common multiple.

£X£RCISEa.

7. Find the least common multiple of 18, 17, and 43.

Am. 13158.
8. Of 19, 78, 84, and 61. Ans. 1265628.
9. Of 51, 176832, 29472, and 5862. A,%s. 2937002688.
10. Of 537842, 16819, 4367, and 2473.

Ans. 8881156168989038.
11. Of 21636, 241816, 8669, 97528, and 1847.

Atis. 1528835550537452616.

QUESTIONS.

1

.

How is the greatest common measure of two quan-

tities found.? [100].

2. What principles are necessary to prove the correct-

ness of the rule ; and how is it proved .? [101, &c.].

3. How is the greatest common measure of three, or

more quantities found ? [105]

.

4. How is the rule proved to be correct .? [106].

6. How do we find the least common multiple of two

numbers that are composite ? [107].

6. Prove the rule to be correct [108].

7. How do we find the least common multiple of two

prime numbers ? [108.]

5. How is th« least common multiple of three or

more numbers found .? [109].

9. Prove the 7ule to be correct [110].

In future it will be taken for granted that the pupil

is to be asked the reasons for each rule, &c.
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SECTION III

REDUCTION AND THE CO.A[POUND RULES.

The pupil should now be made familiar with most of

the tables given at the commencement of this treatise. /

KEDUCTIOX.

1. Reduction enables us to change quantities from
one denomination to another without altering their

value. Taken in its more extended sense, we have often

Dractised it already :—thus we have changed units into

tens, and tens into units, Sec. ; but, considered as a

separate rule, it is restricted to applicate numbers, and
is not confined to a change from one denomination to

the next higher, or lower

2. Reduction is either descendinpr, or ascendins'. It
• . . . .

^
is reduction descending when the quantities are changed
from a higher to a lower denomination j and redaction

ascending when from a lower to a higher.

Reduction Descending.

3. Rule.—Multiply the highest given denomination
by that quantity which expresses the number of the

next lower contained in one of its units ; and add to

the product that number of the next lower denomina-
tion which is found in the quantity to be reduced.

Proceed in the same way with the result ; and continue

the process until the required denomination is obtained.

ExA.MPLE.—Reduce £6 16.*. Q\d. to farthings.

£ s. d.

6 „ 16 „ 0|
20

136 shillings= £6 „ 16.

12

1632 pence= £6 „ 16 „ 0.

4

6529 farthings» £6 „ 16 „ 0^
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VVc multiply the pounds by 20. and tit the same time add
the shillings. Since multiplying by 2 tens (20) can give no
units in the product, there can be no units of shillings in

it except those derived from the G of the IGv. :—we at once,
therefore, put down G in the shillings" place. Twice (2 tens'

times) G are 12 (tens of shillings), and one (ten shillings), to

be added from the IGs., are 13 (tens of shillings)—which we
put doAvn. £G lG.s\ are. consequently, equal to luGs.

12 times G./. are 72d. :—since there are no pence in the
given quantity, there are none to be added to the 72/.—we
put down 2 and carry 7. 12 times 3 are 3G, and 7 are 43.

12 times 1 are 12, and 4 are IG. £G lGi\ are, therefore,

equal to 1G32 pence.

4 times 2 are 8, and i (in the quantity to be reduced) to
be carried are 9, to be set down. 4 times 3 are 12. 4 times
6 are 24, and 1 are 25. 4 times 1 are 4, and 2 are 6. Hence
£G IGs. Old. are equal to G52'J farthings.

4. Reason^s of the Rule.—One pound is equal to 20^.
;

therefore any number of pounds is equal to 20 times as many
shillings ; and any number of pounds and shillings is equal
to 20 times as many shillings as there are pounds, plus tlie

shillings.

It is easy to multiply by 20, and add the shillings at the
same time ; and it shortens the process.

Shillings are equal to 12 times as many pence; pence to

4 times as many farthings ; hundreds to 4 times as many
quarters

;
quarters to 28 times as many pounds, &c.

EXERCISES.

1. How many farthings in 2332S pence } Ans.
93312.

2. How many shillings in £348 } Ans. 6960.

3. How many pence'in £38 lOs. ? Ans. 9240.

4. How many pence in £58 I3s. } Ans. 14076.

5. How many farthings in £58 135. ? Ans. 56304.

6. How many farthings in £59 135. 6^d. } Ans.

57291.

7. How many pence in £63 05. 9^. } Ans. 15129.

8. How many pounds in 16 cwt., 2 qrs., 16 lb. .'

Ans. 1S64.

9. How many pounds in 14 cwt., 3 qrs., 16 lb. .'

Ans. 1668. r

10. How many grains in 3 S)., 5 oz., 12 dwt., 16

^ains? Aus. I^dS4.
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11. How many grains in 7 ft)., 11 oz., 15 dwt., 14

grains ? Ans. 45974.

12. How many hours in 20 (common) years ? Atis.

175200.

13. How many feet in 1 English mile ? Ans. 52S0.

14. How many feet in 1 Irish mile .' Ans. 6720.

15. How many gallons in 65 tuns .' Ans. 163S0.

16. How many minutes in 46 years, 21 days, 8 hours,

56 minutes (not taking leap years into account) .' Ans.

24208376.
17. How many square yards in 74 square English

perches ? Ans. 2238-5 (2238 and one half).

18. How many square inches in 97 square Irish perch-

es .? Ans. 615988S.
19. How many square yards in 46 English acres, 3

roods, 12 perches ? Ans. 226633.

20. How many square acres in 767 square English

miles f Ans. 490880.

21. How many cubic inches in 767 cubic feet .' Ans,

1325376.

22. How many quarts in 767 pecks } Ans. 6136.

23. How many pottles in 797 pecks } A'hs. 3188.

Reduction Ascending.

5. Rule.—Divide the given quantity by that number
of its units which is required to make one of the next

higher denomination—the remainder, if any, will be of

the denomination to be reduced. Proceed in tlie same

manner until the highest required denomination is

obtained.

Example.—Reduce 850347 farthings to pounds, &c.

4)856347

12 )214086|

20)17840 „ 6|

892 „ „ 6f-=856347 farthings.

Hvided into 85G:U7 farthings, gives 2I408G pence f\nd

things. 12 divided into 214086 pence, gives 17f;40
4di

3 farthings

shillings and 6 pence. 20 divided into 17840 shillings, gives

i^892 and no shillings ; there is, therefore, nothing in the

shillings' place of the result

v2
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We divide by 20 if we divide by 10 and 2 [Sec. II. 97].
To divide by 10, vre have merely to cut off the units, if

any, [Sec. I. 34], which will then be the units of shillings

in the result ; and the quotient will be tens of shillings :

—

dividing the latter by 2, gives the pounds as quotient, and
the tens of shillings, if there are any in the required quan-
tity, as remainder.

6. Reasons of the Rule.—It is evident that every 4
farthings are equivalent to one penny, and every 12 pence to

one shilling, &c. ; and that what is left after taking away 4
farthings as often as possible from the farthings, must be
farthings, what remains after taking away 12 pence as often

as possible from the pence, must be pence, &c.

7. To 'prove Reduction.—^Reduction ascending and
descending prove each other.

Example.—£20 17s. 2i^.=20025 farthings; and 20025
farthings=£20 17s. 2\d.

f
£, 8. d. farthings.

20 „ 17 „ 2\ f 4)20025

Reduction

20
Reduction

-j 12)50061

20)417 „

4)20025

I 12)5006]

Proofs 20)417,, 2

Proof

1 zu;4i/ „ 'Ji

\ XlT,, 17 „ 2]

^20„17„2|
20

417
12

5006
4

20025 farthings.

EXERCISES.

24. How many pence in 93312 farthings.' Ans.

23328.

25. How many pounds in 6960 shillings } Ans. J2348.

26. How many pounds, &c. in 976 halfpence } Aiis.

£2 05. 8^.

27. How many pounds, &c. in 7675 halfpence } Atis.

£15 195. ^d.
28. How many ounces, and rounds in 4352 drams ?

Am, 272 oz., or 17 ^.
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29. How many cwt., qrs., and pounds in 1864 pounds ?

Ans. 16 cwt., 2 qrs., 16 tt).

30. How many hundreds, &c., in 1668 pounds. Am.
14 cwt., 3 qrs., 16 ft».

31. How many pounds Troy in 115200 gi-ains ?

Ans. 20.

32. How many pounds in 107520 oz. avoirdupoise ?

Ans. 6720.

33. How many hogsheads in 20658 gallons .? Aiis.

127 hogsheads, 57 gallons.

34. How many days in 8760 hours ? Ans. 365.

35. How many Irish miles in 1834560 feet ? Ans.

ns.
36. How many English miles in 17297280 inches ?

Ans. 273.

37. How many English miles, &c. in 4147 yards ?

A.ns. 2 miles, 2 furlongs, 34 perches.

'68. How many Irish miles, &c. in 4247 yards ? Ans.

i mile, 7 furlongs, 6 perches, 5 yards.

3i). How many English ells in 576 nails ? An^. 28
oils, 4 qrs.

40. How many English acres, &c. in 5097 squarQ

yards ? Ans. 1 acre, 8 perches, 15 yards.

41. How many Irish acres, &c. in 5097 square yards }

Ans. 2 roods, 24 perches, 1 yard.

42. How many cubic feet, &c., in 1674674 cubic

inches ? Ans. 969 feet, 242 inches.

43. How many yards in 767 Flemish ells ? Atis.

bib yards, 1 quarter.

44. How many French ells in 576 English } An^. 480.

45. Keduce i£46 145. 6rZ., the mint value of a pound

of gold, to farthings } Ans. 44856 farthings.

46. The torce of a man has been estimated as equal

to what, in turning a winch, would raise 256 lb, in

pumping, 419 tb, in ringing a bell, 572 lb, and in row-

ing, 608 ft), 3281 feet in a day. How many hundreds,

quarters, &c., in the sum of all these quantities .' Ans
16 cwt., 2 qrs., 7 ft).

47. How many lines in the sum of 900 feet, th^
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length of the temple of the sun at Balbec, 450 feet its

breadth, 22 feet the circumference, and 72 feet tho

height of many of its columns ? Aiis. 207936.
48. How many square feet in 760 English acres, the

inclosure in which the porcelain pagoda, at Nan-King,
in China, 414 feet high, stands ? Ans. 33105600.

49. The great bell of Moscow, now lying in a pit

the beam which supported it having been burned, weighs

360000 lb. (some say much more) ; how many tons, &c.,

in this quantity ? Ans. 160 tons, 14 cwt., 1 qr., 4 &.

QUESTIONS FOR THE PUPIL.

1. "WTiat is reduction ? [1].

2. What is the difference between reduction descend-

ing and reduction ascending ? [2]

.

3. What is the rule for reduction descending .'' [3]

4. What is the rule for reduction ascending ? [5]

.

5. How is reduction proved ? [7]

.

Qiirestiojis founded on the Table page 3, $fc.

6. How are pounds reduced to farthings, and farthings

to pounds, &c. .''

7. How are tons reduced to drams, and drams to

tons, &c. ?

8. How are Troy pounds reduced to grains, and
grains to Troy pounds, &c. ?

9. How are pounds reduced to grains (apothecaries

weight), and grains to pounds, &c. }

10. How are Flemish, English, or French ells, re-

duced to inches ; or inches to Flemish, English, or French
ells, &c. ?

11. How are yards reduced to ells, or ells to yards,

&c.?
12. How are Irish or English miles reduced to lines,

or lines to Irish or lilnglish miles, &c. ?

13. How are Irish or English square miles reduced

to square inches, or square inches to Irish or English

equare miles, &.c. }



COMPOUND RULES. 113

14. How are cubic feet reducod to cubic incbcs, or

cubic inches to cubic feet, &:c. ?

15. Ho\v are tuns reduced to naggins, or nasrgins to

tuns, &c. '

16. How are butts reduced to gallons, or gallons to

butts, &:c. .'

17. How are lasts (dry measure) reduced to pints,

and pints to lasts, &.c. .'

18. How are years reduced to thirds, or thirds to

years, &c. .'

19. How are degrees (of the circle) reduced to thirds,

or thii-ds to degrees, &.c. .'

THE COMPOUND RULES.

8. The Compound Rules, are those which relate to

applicate numbers of more than one denomination.

If the tables of money, weights, and measures, were
constructed according to the decimal system, only the

rules for Simple Addition, &.C., would be required.

This would be a considerable advantage, and greatly

tend to simplify mercantile transactions.—If 10 far-

things were one penny, 10 pence one shilling, and 10
shillings one pound, the addition, for example, of £1
9s. S^d. to £Q 8s. 6^d. (a point being used to separate

a pound, then the " unit of comparison," from its parts,

and 0-005 to express i or 5 tenths of a penny), would
be as follows

—

£
1-983

6-865

Sum, 8-848

The addition might be performed by the ordinary

rales, and the sum read off as follows—*' eight pounds,
eight shillings, four pence, and eight farthings." But
even with the present arrangement of money, weights,

and measures, the rules already given for addition, sub-

traction, &c., might easily have b.^cn made to include

the addition, subtraction, &,c., of applicate numbers
cousistiug of more than one denomination ; since the
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principles of both simple and compound rules are pre-

cisely the same—the only thing necessary to bear

carefully in mind, being the number of any one do-

nomination necessary to constitute a unit of the next

higher.

COMPOUND ADDITION.

9. Rule.—I. Set down the addends so that quanti-

ties of the same denomination may stand in the same

vertical column—units of pence, for instance, under

units of pence, tens of pence under tens of pence, units

of shillings under units of shillings, &c.

II. Draw a separating line under the addends.

III. Add those quantities which are of the same
denomination together—farthings to farthings, pence to

pence, &c., beginning with the lowest.

IV. If the sum of any column be less than the num-
ber of that denomination which makes one of the next

higher, set it down under that column ; if not, for each

time it contains that number of its own denomination

which makes one of the next higher, carry one to the

latter and set down the remainder, if any, under the

column which produced it. If in any denomination

there is no remainder, put a cypher under it in the

sum.

10. Example.—Add together £52 17s. 3^J., £47 5s. GiJ.,

and £6G 14^. 2\d.

addends-

\ and ^ make 3 farthings, which, with f.
make G far-

things; these are equivalent to one of the next denomina-

tion, or that of pence, to be carried, and two of the present

or one half-penny, to be set down. 1 penny (to be carried )

and 2 are 3, and 6 are 0, and 3 are 12 pence—equal to one

£
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of the next denomination, or that of shillings, to be carried,

and no pence to be set down; we therefore put a cypher
in the pence" place of the sum. 1 shilling (to be carried)

and 14 are 15, and 5 are 20, and 17 are 37 shillings

—

equal
to one of the next denomination, or that of pounds, to be
carried, and 17 of the present, or that of shillings, to be
set do^N-n. 1 pound and are 7, and 7 are 14, and 2 are

IG pounds—equal to units of pounds, to be set down, and
I ten of pounds to be carried : 1 ten and 6 are 7 and 4 are

II and 5 are 10 tens of pounds, to be set down.

11. This rule, and the reasons of it, are the same as

those already given [Sec. II. 7 and 9]. It is evidently

not so necessary to put a cypher where there is no

remainder, as in Simple Addition.

12. When the addends are very numerous, we may
divide them into parts by horizontal linos, and, adding

each part separately, may afterwards find the amount
of all the sums.
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;£
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the pounds, and put the remainder, if any, in the sum

—

under the column of shillings; add the last quotient

and the sum of the pounds, and put the result under

the pounds. Usiug the following example

—

£



118 COMPOUND ADDITION.

EXERCISES FOR THE PUPIL.

Jlunei/.

£ s.
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(21)
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Time.

(58) (59) (60)

vra. ds. hrs. ms. yrs. ds. brs. ms. yrs. ds. lirs. ms.
99 359 9 6^5 'iO 90 50 59 127 7 60
88 8 57 G 76 1 57

77 120 7 49 3 58
6 12

265 115 2 42
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69. A man has three farms, the first contains 120
acres, 2 roods, 7 perches ; the second, 150 acres, 3
roods, 20 perches ; and the thn-d, 200 acres. How much
land does he possess in all .' Ans, 471 acres, 1 rood, 27
perches.

70. A servant has had three masters ; with the first

he lived 2 years and 9 months ; with the second, 7
years and 6 months ; and with the third, 4 years and 3
months. What was the servant's age on leaving his

last master, supposing he was 20 years old on going
to the first, and that he went directly from one to the

other } Ans. 34 years and 6 months.

71. How many days from the 3rd of March to the

23rd of June .? Aiis. 112 days.

72. Add together 7 tons, the weight which a piece

of fir 2 inches in diameter is capable of supporting ; 3
tons, what a piece of iron one-third of an inch in

diameter will bear ; and 1000 lb, which will be sustained

by a hempen rope of the same size. Ans. 10 tons, 8

ewt., 3 quarters, 20 lb.

73. Add together the following:—2fZ., about the

value of the Roman sestertius ;
7i<'i., that of the dena-

rius ; \\d.^ a Greek obolus ; 9fi?., a drachma; £3 155.

a mina ; £225, a talent ; \s. Id.^ the Jewish shekel ; and
i£'342 3^. 9^., the Jewish talent. Ans. £bl\ 2s.

74. Add together 2 dwt. 16 grains, the Greek drachma;
1 lb, 1 oz,, 10 dwt., the mina ; 67 lb, 7 oz., 5 dwt., the

talent. Ans. 68 lb, 8 oz., 17 dwt., 16 grains.

QUESTIONS FOR THE PUPIL.

1. "What is the difference between the simple and

compound rules : [8]

.

2. Might the simple rules have been constructed so

as to answer also for applicate numbers of different

denominations .' [8]

.

3. What is the rule for compound addition .- [9].

4. How is compound addition proved } [15].

5. How are we to act when the addends are nume^
ous : [12, &.C.]
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COMPOUND SUBTRACTION.

16. Rule—I. Place the digits of the subtrahend

under those of the same denomination in the minuend

—

farthings under farthings, units of pence under units of

pence, tens of pence under tens of pence, &c.

II. Draw a separating liue.

in. Subtract each denomination of the subtrahend

from that which corresponds to it in the minuend

—

beo;innino; with the lowest.

IV. If any denomination of the minuend is less than

that of the subtrahend, which is to be taken from it,

add to it one of the next higher—considered as an equi-

valent number of the denomination to be increased
;

and, either suppose unity to be added to the next deno-

mination of the subtrahend, or to be subtracted from
the next of the minuend.

V. If there is a remainder after subtracting any
denomination of the subtrahend from the correspond-

ing one of the minuend, put it under the column which
produced it.

YI. K in any denomination there is no remainder,
put a cypher under it—unless nothing is left from any
higher denomination.

17. ExA.MPLE.—Subtract £56 13^. 4^^., from £96 7s. 6|ci.

£ s. d.

96 7 6|. minuend.
56 13 4^. subtrahend.

39 14 11, difference.

We cannot take ^ from 1, but—borrowing one of the
pence, or 4 farthings, we add it to the |. and then 8?.y 3 ftir-

things from 5. and 2 farthings, or one halfpenny, remains

:

we set down A under the farthings. 4 pence from 5 (we
have borrowed one of the 6 pence), and one penny re

mains : we set down 1 under the pence (Uf/. is read •' three
halfpence"). 13 shillings cannot be taken from 7. but (bor-

rowing one from the pounds, or 20 shillings) 13 shillings

from 27. and 14 remain : we set down 14 in the shillings'

place of the remainder. 6 pounds cannot be taken from 5
(we have borrowed one of the 6 pounds in the minuend)
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but G from 15, and 9 remain : we put under the units of
pounds. 5 tens of pounds from 8 tens (we have Ijorrowed

one of the 9), and 3 remain: we put 3 in the tens of pounds'
phiee of the remainder.

18. This rule and the reasons of it are substantially the
same as those already given fur Simple Subtraction [Sec. II.

17, ^cc] It is evidently not so necessary to put down cyphers
wliere there is uotliing in a denomination of the remainder.

19. Compound may be proved in the same way as simple
fiublractiou [Sec. II. 1^0].
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Troy Weight.

(23) (24) ^ (24)

lb oz. dwt. gr. ID oz. dwt. gr. lb oz. dwt. gr.

r-rom 554 9 19 4 946 10 917 14 9
fake 97 16 15 17 23 798 18 17
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38. A mercliaiit bought 600 salt ox hides, weigliing

561 cwt., 2 lb ; of which he sold 250 hides, weighing

239 cwt., 3 qrs., 25 lb. How many hides had he left,

and what did they weigh ? Ans. 350 hides, weighing

321 cwt., 5 lb.

39. A merchant has 209 casks of butter, weiorhin^

400 cwt., 2 qrs., 14 lb ; and ships off 173 casks,

weighing 213 cwt., 2 qrs., 27 lb. How many casks has

he left ; and what is their weight ? Ans. 36 casks,

weighing 186 cwt., 3 qrs., 15 lb.

40. What is the difference between 47 English miles,

the length of the Claudia, a Roman aqueduct, and 1000
feet, the length of that across the Dee and Vale of

Llangollen .? Av.s. 247160 feet, or 46 miles, 4280 feet.

41. What is the difference between 980 feet, the

width of the single arch of a wooden bridge erected at

St. Petersburg, and that over the Schuylkill, at Phila-

delphia, 113 yards and 1 foot in span.? Ans. 640 feet

QUESTIONS FOR THE PUPIL.

1. What is the rule for compound subtraction ? [16].
2. How is compound subtraction proved ? [19].

COMPOUND MULTIPLICATION.

20. Since we cannot multiply pounds, &c., by pounds,

&c., the multiplier must, in compound multiplication,

be an abstract number.
21. When the multiplier does not exceed 12

—

Rule—I. Place the multiplier to the right hand
side of the multiplicand, and beneath it.

II. Put a separating line under both.

III. Multiply each denomination of the multiplicand

by the multiplier, beginning at the right hand side.

IV. For every time the number required to make
one of the next denomination is contained in any pro-

duct of the multiplier and a denomination of the multi-

plicand, carry one to the next product, and sot down the

remainder (if there is any, after subtracting the number
equivalent to what is carried) under the denomination
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to Trliich it belongs ; but should there be no remainder,

out a cypher in that denomination of the product.

22. Example.—^Multiply XG2 17.s. lOd. by 6.

£ s. (I.

C2 17 10, multiplicand,

G, multiplier.

377 7 0, product.

Six times 10 pence are GO pence ; these are equal to 5

shillings (5 times 12 pence) to be carried, and no pence to

be set down in the })roduct-^\ve therefore write a cypher in

the pence place of the product. G times 7 are 42 shilling.>,

and the 5 to be carried are 47 Khillings—we put down 7 in

the units" place of shillings, and carry 4 tens of shillings.

6 times 1 (ten shillings) are G (tens of shillings), and 4 (tens

of shillings) to l)e carried, are 10 (tens of shillings), or 5

pounds (5 times 2 tens of shillings) to be carried, and
nothing, (no ten of shillings) tobesetdown. G times 2pound3
are 12. and 5 to be carried are 17 pounds— or 1 (ten p(>unds)

to be carried, and 7 (units of pounds) to be set down.
6 times G (tens of pounds) are 30, and 1 to be carried are

37 (tens of pounds).

23. The reasons of the rule will be very easily understood
from what we liave already said [Sec II. 41]. But since, in

compound nuiltiplication, the value of the multiplier has no
coimesiun with its position in reference to the multiplicand,
where we set it down is a mere matter of convenience : neither
is it 80 necessary to put cyphers in the product in those deno-
minations in which there are no significant figures, as it is m
simple multiplication.

24. Compound multiplication may be proved by re-

ducing the product to its lowest denomination, dividing

by the multiplier, and then reducing the quotient

ExA.MPLE.— Multiply £4 3^. Sd. by 7.

£ s. d. Proof :

4 3 8 20 5 8
7 20

29 5 8, product 5}^o

12

7)7028
,
product reduced.

12)1004

20)83 8

(juotient reduced 4 3 8=multiplicand.
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J£29 5*. Sd. are 7 times the multiplicand ; if, therefore, the
process has been rightly performed, the scTenth part of this
should be equal to the multiplicand.

Tlie quantities are to be " reduced," before the division by 7,

since the learner is not supposed to be able as yet to divide
£2\) i)s. Sd.

EXERCISES.

£ s. d. £ s. d.

1. 76 14 71X 2= 153 9 3.

2. 97 13 6iX 3= 293 7i
3. 77 10 74X 4= 310 2 5.

4. 96 11 7.iX 5= 482 18 U.
5. 77 14 64 X 6= 406 7 U.
6. 147 13 3^X 7=1033 13 (ih.

7. 428 12 7^X 8=;3429 1 0.
• 8. 572 16 6 X 9=5155 8 6.

9. 428 17 3 X 10=4288 12 6.

10. 672 14 4 XI 1=7399 17 8.

11. 776 15 5 XI 2=9321 5 0.

12. 7 it) at 55. 2id. ^, will cost £1 16.<f. Zld.
13. 9 yards at lO.v. Hid. W, will cost £4 18.?. Zid.

• 14. 11 gallons at 135. 9</. #*, will cost £7 lis. 3ci.

15. 12 lb at £1 3s. 4t/. #*, will cost £14.

25. When tlic multiplier exceeds 12, and is a com-
posite number

—

Rule.—31ultiplj successively by its factors

Example 1.—Multiply £47 135. 4c/. by 5G.

£ 5. d.

47 13 4
7

56=7x8 £ s. d.

333 13 4=47 13 4x7.

2GG9 G 8=47 13 4x7x8, or 5G.

Example 2.—Multiply 14s. ^d. by 100.

$. d.

14 2
10

100=10x10 «. d.

£7 1 8=14 2x10.
10

£7010 8=14 2x10x10, or 100.
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Example 3.—Multiply XS 2s. 4J. by 700.

£ .5. d.

8 2 4

1^ £ . ..

81 3 4 =8 2 4x10.
10

81113 4=8 2 4x10x10, or 100.

7

5G81 13 4=8 2 4x10x10x7, or 700.

The reason of this rule has been already given [Sec. II. 50].

26. When the multiplier is the sum of composite

numbers

—

Rule.—Multiply by each, and add the results.

E.VAMPLE.—^Multiply £3 l-h>. Od. by 430.

£ s. d.

3 14 6

i^ £ 5. d. £ s. d.

37 5 x3=lll 15 0, or 3 14 Gx30.
10

372 10 0x4=1490 0, or 3 14 CxWO.

IGOl 15 0, or 3 14 Gx430.

The renson of the rule is the same as that already given
[Sec. II. 52]. The .sum of the products of the multiplicand by
the p.-irts of the multiplier, being equal to the product of ihe
multiplicand by the whole multiplier.
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27 If the multiplier is not a composite number

—

Rule.—Multiply successively by the factors of the

nearest composite, and add to or subtract from the pro-

duct so many times the multiplicand as the assumed
somposite number is less, or greater than the giv^A

multiplier.

Example 1 —Multiply £02 125. 6d. by 76.

£ s. d.

62 12 6

6=8x9+4
8

501

4500 0=62 12 6x8x9, or 72.

250 10 0=62 12 6x4.

4759 10 0=62 12 6x8x9+4, or 76.

Example 2.—Multiply £42 35. ^d. by 27.

£ 5. d.

27=4x7-1

42 3 4
4

168 13 4
7

£ s. d.

1180 13 4=42 3 4x4x7, or 28.

42 3 4=42 3 4x1.

1138 10 0=42 3 4x4x7-1, or 27.

The reason of the rule is the same as that already' given

[Sec. II. 61].

EXERCISES.

£ S. d. £ S. d.

29. 12 2 4 X 83= 1005 13 8.

30. 15 OiXl4t)= 2H»3 3 Oi
81. 122 5 X102= 12469 10 0.

32. 963 0^x999—962040 2 5i.

5VS. When the multiplier is large, we may often con-

veniently proceed as follows

—

Rule.—Write once, ten times, &c., the multiplicand,

and, multiplying these respectively by the units, tens

&c., of the multiplier, add the results.
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Example.—Multiply £47 16.s. 2^7. by 5783.

5783= 5 X 1000+ 7 X 100+8 x 10+ 3 X 1-

£ s. d. £ s. d.

Units of the multipHcand, 47 16 2x3= 143 8 6.

10

TensofthemultipUcand, 478 1 8x8= 3824 13 4.

10

Hundreds of the multiplicand, 4780 16 8x7= 33465 16 8.

10

Thousands of the multipUcand, 47808 6 8x5 = 239041 13 4.

Product of multiplicand and multiplier= 276475 11 10.

EXERCISES.

£ 8. d. £ s. d,

33. 76 14 4 X 92= 7057 18 8,

34. 974 14 2 X 76 = 74077 16 8.

35. 780 17 4 X 92 = 71839 14 8.

36. 73 17 7^X122= 9013 10 3.

37. 42 7 7iXl62= 6865 11 lOi
38. 76 gallons at £0 13 4 #", will cost £50 13 4.

39. 92 gallons at 14 2 #*, will cost 65 3 4.

40. What is the diflference between the price of 743
ounces of gold at £3 175. \0\d. per oz. Troy, and that

of the same weight of silver at Q2d, per oz. i Ans.

^2701 2s. ^d.
41. In the time of King John (money being then more

valuable than at present) the price, per day, of a cart

with three horses was fixed at \s. 2d. ; what would be
the hire of such a cart for 272 days ? Atui. £\b lis. Ad,

42. Veils have been made of the silk of caterpillars,

a square yard of which would weigh about 4 grains
;

what would be the weight of so many square yards of

this texture as would cover a square English mile ?

Am. 2151 lb, 1 oz., 6 dwt., 16 grs., Troy.

QUESTIONS TO BE ANSWERED BY THE PUPIL.

1. Can the multiplier be an applicate number >
[20J.

2. What is the rule for compound multiplication

when the multiplier does not exceed 12 } [21].
3. What is the rule when it exceeds 12, and is a

composite number } [25].
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4. "When it Is the sum of composite numbers r [26].

5. AVlieu it exceeds 12, and not a composite number

6. How is compound multiplication proved ? [24].

COMPOUND DIVISIOx\.

29. Compound Division enables us, if we divide an

applicate number into any number of equal parts, to

ascertain what each of them will be ; or to find out

how many times one applicate number is contained in

another.

If the divisor be an applicate, the quotient will be an

abstract number—for the quotient, when multiplied by

the divisor, must give the dividend [Sec. II, 79] ; but

two applicate numbers caniiot be multiplied together

[23] . If the divisor be abstract, the quotient mil be

applicate—for, multiplied by the quotient, it must give

*,he dividend—an applicate number. Therefoie, either

divisor or quotient must be abstract.

33. When the divisor is abstract, and docs not ex-

ceed 12—
lluLE—I. Set down the dividend, divisor, and sepa-

rating line—as directed in simple division [Sec. II. 72].

II. Divide the divisor, successively, into all the deno-

minations of the dividend, beginning with the highest.

III. Put the number expressing how often the divisor

is contained in each denomination of the dividend under

that denomination—and in the quotient.

IV. If the divisor is not contained In a denomina-

tion of the dividend, multiply that denomination by the

number wliich expresses how many of the next lower

denomination is contained in one of its units, and add

the product to that next lower in the dividend.

V. " Reduce" each succeeding remainder In the same

way, and add the product to the next lower denomi-

nation In the dividend.

VI. If any thing is left after the quotient from the

lowest denomination of the dividend is obtained, put ii
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do'^n, with the divisor under it, and a separating line

between :—or omit it, and if it is not less than half

the divisor, add unity to the lowest denomination of tho

quotient.

31. Example 1.—Divide £72 Gs. 9|r/. by 5.

£ s. d.

5)72 6 91

14 9 4f
5 will go into 7 (tens of pounds) once (ten times), ar.d

leave 2 tens. 5 will go into 22 (units of pounds) 4 times, and
leave two pounds or 40.5. 40;>. and C5. are -IGs., into which 5

will go 9 times, and leave one shilling, or 127. 12-/. and 9(/.

are 2b/., into which 5 will go 4 times, and leave Id., or 4

farthings. 4 farthings and 2 farthings are farthings, into

which 5 will go once, and leave 1 farthing—still to be divided

;

this would give i, or the fifth part of a farthing as quotient,

which, being less than half the divisor, may be neglected.

A knowledge of fractions will hereafter enable us to

understand better the nature of these remainders.

Example 2.—Divide £52 4>\ 1^/. by 7.

£ s. d.

7)52 4 1}

7 9 2
One shilling or 12d. are left after dividing the shillings,

•which, with the IJ. already in the dividend, make 13;/. 7

goes into 13 once, and leaves G(/., or 24 ftirthings, which,
with f. make 27 farthings. 7 goes into 27 3 times and 6

over : but as G is more than the half of 7, it may be consi-

dered, with but little inaccuracy, as 7—which will add one
farthing to the quotient, making it 4 farthings, or one to

be added to the pence.

32. This rule, and the reasons of it, are substantially the
same as those already given [Sec. II. 72 and 77]. The remain-
der, after dividing the farthings, may, from its insignificance,

be neglected, if it is not greater than lialf tlie divisor. If it is

greater, it is evidently more accurate to corK«ider it as giving

one farthing to tlie quotient, than 0, and therefore it is proper
to add a liirthing to tlie quotient. If it is exactly half the
divisor, we may consider it as equal either to the divisor, or 0.

33. Compound division may be proved by multipli-

cation—since the product of the quotient and divisor,

plus the remainder, ought to be equal to the dividend

[Sec. n. 79].

g2
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EXERCISES.

£ s. d. £ s. d.

1.
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Example.—Divide £87 16.s. 4d. by G2.

£ s. d. £ 5. (!.

62)87 IG 4 (1 8 4.

02

25
20 multiplier.

shillings 5iG(=25x204-16)
496

"io
12 multiplier.

pence 244(=20xl2-j-4)
186

"58

4 multiplier

farthings 232 (=58x4)
186

"46

62 goes into £87 once (that is, i-^ gives £1 in the quotient^),

and leaves £25. £25 are equal to 500.9. (25x20). yhich,

with 16.<f. in the dividend, make 510^. 62 goes into 516\. 8

times (that is, it gives Ss. in the quotient), and leaves 20s.,

or 240a. (20x12) as remainder. 62 goes into 240, kc.

Were vre to put f in the quotient, the remainder would be

46. which is more than half the divisor; we consider the

quotient, therefore, as 4 farthings, that is, we add one penny
to (3) the pence supposed to be already in the quotient.

£1 Ss. Ad. is nearer to the true quotient than £1 8^. 3^t/.[32].

This is the same in principle as the rule given above [30]—
bui since the numbers are large, it is more convenient actually

to set down the sums of the different denominations of the divi-

dend and the preceding remainders (reduced), the products oJ

the divisor and quotients, and the numbers bv which we multi-

ply for the necessary reductions : this prevents the memory
from being too much burdened [Sec. II. 93].

36. TThen the divisor and dividend are both applisate

numbers of one and the same denominaticii and no

reduction is requu-ed—
Rule.—Proceed as already directed [Sec. II 70,

72, or 89],
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Example.—Divide £45 by JC5.

£5)45

That is £5 is the ninth part of £45.

37. When the divisor and dividend are applicate, but

not of the same denomination ; or more than one de-

nomination is found in either, or both

—

;K,ule.—Reduce both divisor and dividend to the low-

est denomination contained in either [3] , and then pro-

ceed with the division.

Example.—Divide £37 5s. 9ld. by 35. 6idZ.

5. d. £ s. d.

3
12

42
4

^

170 farthings.

37
20

745
12

8940
4

170)35797(211
340

179
170

"~97

Therefore 3.'?. 6,^/.

211th part of £37'55.
is the

y7 not being less than the half of 170 [32], we consider it

as equal to the divisor, and therefore add"l to the obtained

as the last quotient.
EXERCISES.
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31. A cubic foot of distilled water weighs 1000 ounces

what will be the weight of one cubic inch ? Aas
253'1S29 grains, nearly.

32. How many Sabbath days' journeys (each 1155

yards) in the Jewi>h days' journey, which wils e(jual to

33 miles and 2 furlongs Knglish r Aiis. 50-6f!, &c.

33. How many pounds of butter at 1 1 pL per lb

vrould purchase a cow, the price of which is iiH 155. r

Alls. 301-27G6.

QUESTIONS FOR THE PUPIL.

1. "What is the use of compound division } [29].

2. What kind is the quotient when the divisor is an

.ibstract, and what kind is it when the divisor is au

applicate number .' [29].

3. What are the rules when the divisor is abstract,

and does not exceed 12 .' [30] ;
'

4. When it exceeds 12, and is composite } [34J ;

6. When it exceeds 12, and is not composite .' [35] ;

6. And when the divisor is an applicate number f [36
and 37].
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SECTION IV.

FRACTIONS.

1. K one or more units are divided into equal parts,

and one or more of these parts are taken, we have what
is called a fraction.

Any example in division—before the process has been
performed—may be considered as affording a fraction :—
thus f (which means 5 to he divided by 6 [Sec. II. 68] )

is a fraction of 5—its sixth part ; that is, 5 being divided

into six equal parts, f will express one of them ; or (as

we shall see presently), if unity is divided into six equal

parts, five of them will be represented by |.

2. When the dividend and divisor constitute a frac-

tion, they change their names—the former being then

termed the numerator ^ and the latter the denomhiator ;

for while the denominator tells the denomination or

kind of parts into which the unit is supposed to be

divided, the numerator numerates them, or indicates the

number of them which is taken. Thus -^ (read three-

sevenths) means that the parts are " sevenths," and that
" three" of them are represented. The numerator and
denominator are called the ter?ns of the fractions.

3. The greater the numerator, the greater the value

of the fraction—because the quotient obtained when we
divide the numerator by the denominator is its real

value ; and the greater the dividend the larger the

quotient. On the contrary, the greater the denomina-

tor the less the fraction—since the larger the divisor

the smaller the quotient [Sec. 11. 78] :—hence
-f

is

greater than 4—which is expressed thus,
-f]^t > ^^^ I

is less than ^—which is expressed by j<CA-
4. Since the fraction is equal to the quotient of its

numerator divided by its denominator, as long as this

quotient is unchanged, the value of the fraction is the

same, though its form may be altered. Hence we can

multiply or divide both terms of a fraction by the same

number without affecting its value ; since this is equally
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to increase or diminish both the dividend and divisor

—

which does not affect the quotient.

5. The following will represent unity, seven-sevenths,

and five-sevenths.

i:!2j iiiiiiH

.1 ^ I

The very faint lines indicate what 4 wants to make
it equal to unity, and identiad with ^. In the diagrams

which are to follow, we shall, in this manner, generally

subjoin the diflference between the fraction and unity.

The teacher should impress on the mind of the pupil

that he might have chosen any other unity to exemplify

the nature of a fraction.

6. The following will show that ^ may be considered

as either the ^ of 1, or the | of 5, both—though not

identical—being perfectly equal.

4 of 5 units-

Unit V.

j of 1 un it.

Dnm

111 Ml'

III IT'

nil!

Mill
« —

In the one case we may suppose that the five parts

belong to but one unit ; in the other, that each of the

five belongs to different units of the same kind.

Lastly, 4 niay be considered as the ^ of one unit five

times as large as the former ; thus

—

4 of 1 unit. 4 of 5 units.

equal to

»l <t . ,
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7. If its numerator is equal to, or greater than its

denominator, the fraction is said to be improjper ; be-

cause, altliough it has the fractional form, it is equal

to, or greater than an integer. Thus | is an improper

fraction, and means that each of its seven parts is equal

to one of those obtained from a unit divided into live

equal parts. When the numerator of a proper fraction

is divided by its denominator, the quotient will be ex-

pressed by decimals ; but when the numerator of an

improper fraction is divided by its denominator, part,

at least, of the quotient will be an integer.

It is not inaccurate to consider | as a fraction, since

it consists of " parts " of an integer. It would not,

however, be true to call it part of an integer ; but this

is not required by the definition of a fraction—which,

as we have said, consists of " part," or " parts " of a

unit [1].

8. A mixed number is one that contains an integer

and a fraction; thus 1|—which is equivalent to, but

not identical with the improper fraction |. The fol-

lowing will exemplify the ijnproper fraction, and its

equivalent mixed number

—
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11. A compound fraction supposes one fraction to

refer to another ; thus ^ of ^—represented also by f X f
(three-fourths multiplied by four-uinths), means not

the four-ninths of unity, but the four-ninths of the

three-fourths of unity :—that is, unity being divided into

four parts, three of these are to be divid3d intj nine

parts, and then four of these nine are to be taken
,
thui

—

3

'
I

«- -J
=

I^- —

;

12. A complex fraction has a fraction, or a mixed

number in its numerator, denominator, or both ; thus ^

,

4
which means that "we are to take the fourth part, not

of unity, but of the | of unity. This will be exem-
plified by

—

1-
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14. To reduce an integer to a fraction of any deno-

mination.

An integer may be considered as a fraction if we make
unity its denominator :—thus f may be taken for 5

;

since ]-==5.

We may give an integer any denominator we please

if we previously multiply it by that denominator
;

25 30 35 „ ^ 25 5X5 5 ^
or -, or y, &c., for -=^—,=-=5

;

^ 30 5X6 5
and -x-=r—;=T=5, &c.

thus, o=—-j
o

6 1X6 1

EXERCISES.

1. Reduce 7 to a fraction, having 4 as denominator

Ans. V-
2. Reduce 13 to a fraction, having 16 as denomina-

tor. Ans. -j\^.

3. 4=V- I
4. 19= Y- I

5. 42= \V- I
6. 71= «fi*.

15. To reduce fractions to lower terms.

Before the addition, &c., of fractions, it will be often

convenient to reduce their terms as much as possible.

For this purpose

—

Rule.—Divide each term by the greatest common
measure of both.

40 5 ^ 40 40-^8 5
ExAMPLE.-^=g. For ^=^^-^8=9-
We have already seen that we do not alter the quotient

—

which is the real value of the fraction [4]—ifwe multiply or

divide the numerator and denominator by the same number.
What has been said, Sec II. 104, will be usefully remem-

bered here.

EXERCISES.

Reduce the following to their lowest terms.

7.

8.

9.

10.

11.

12.

574 237

410 4 1

Ts^—ys'
U-, fi 976

549 183

24 1 2<i

13.

14.

15.

16.

17.

18.

J.34 12

'^2 3 1
•

0400 I 00 419.

20.

21.

22.
O'J 412 30 6

^^- FT*—3TT-

5soO_

In the answers to questions given as exercises, we shall,

in futare, generally reduce fractions to their lowest deno-

minations.



28. £l=fL5s.
29. £j\=5s.
30. £^i=ld.
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16. To find the value of a fraction in terms of a

lower denomination

—

Rule.—Reduce the numerator by the rule already

given [Sec. III. 3], and place the denominator under it.

Example.—What is the value, in shillings, of J of a pound 1

£Z reduced to shillings==60.s. ; therefore £x reduced to shil-

lings='y'.s.

The reason of the rule is the same as that already given
[Sec. III. 4]. The | of a pound becomes 20 times as much if

the " unit of comparison" is changed from a pound to a shilling.

"We may, if we please, obtain the value of the result-

ing fraction by actually performing the division [9] ;

thus y's.=^los. :—hence £^^=Ids.

EXERCISES.

'

25. £|^=14s. 6d.

26. £}?=17s. 4d.

27. £fi=19s.

17. To express one quantity as the fraction of an-

other

—

Rule.—^Reduce both quantities to the lowest deno-

mination contained in either—if they are not already

of the same denomination ; and then put that which is

to be the fraction of the other as numerator, and the

remaining quantity as denominator.

Example.—What fraction <?f a pound is 2|(/. ] £1=960
farthings, and 2|(/.=9 farthings ; therefore g^ is the re-

quired fraction, that is. 2ld.=£-g^.

Reason of the Rule.—One pound, for example, contains
960 farthings, therefore one farthing is £g^ (the 960th part
of a pound), and 9 times this, or 2i, is «£9X bto=9Io-

exercises.

31. What fraction of a pound is 145. 6^. ? Ans. f f.

32. What fraction of £100 is 175. 4d. } Ans. yif^.
33. Wliat fraction of £100 is £32 105. } Ans. if.

34. "What fraction of 9 yards, 2 quarters is 7 yards,

3 quarters } Ans. l\.
35. What part of an Irish is an English mile .' Ans. \\.
36. Wliat fraction of 65. 8^. is 25. 1^. .' Am. j\.
37. AVhat part of a pound avoirdupoise is a pound

Troy .' Ans. }^.
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QUESTIONS.

1. "What is a fraction ? [1].

2. Wh6n the divisor and dividend are made to con-

stitute a fraction, what da their names become ? [2]

.

3. "What are the effects of increasing or diminishing

the numerator, or denominator ? [3]

.

4. Why may the numerator and denominator be mul-

tiplied or divided by the same number without altering

the value of the fraction ? [4]

.

5. What is an improper fraction ? [7].

6. What is a mixed number ? [8].

7. Show that a mixed number is not identical with

the equivalent improper fraction ? [8]

.

8. How is an improper fraction reduced to a mixed

number ? ^9]

.

9. What is the difference between a simple, a com-
pound, and a complex fraction ? [10, 11, and 12] ;

10. Between a vulgar and decimal fraction ? [13].

1 1

.

How is an integer reduced to a fraction of any

denomination? [14].

12. How is a fraction reduced to a lower term ?

[15].
13. How is the value of a fraction found in terms of

a lower denomination ? [16].

14. How do we express one quantity as the fraction

of another ? [17].

VULGAR FRACTIONS.

ADDITION.

IS. If the fractions to be added have a coramon

denominator

—

Rule. — Add all the numerators, and place the com-
mon denominator under their sum.

Example.— 4 -f-f=V-

Reapopt of the Rule.—If we all together 5 nnd G of any
kind of imlividuals, their sum must be 11 of the same kind
of individuals—siace the process of addition has not changed
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their nature. But the units to be adJcfl were, in the present

instance, sevenths ; tlierefore their sum consists of sevenths.

Addition may be illusti-ated as follows :

—

Unitv. M

1. ?+^-f-^=v=i5.

Q II_|_IJ|9_ Sn 04_
^- I3~rri~« 13 13 -"l.T

Q 131 Hi 15 4-' OJ
*'• T-:"ri\^r.—n iT-

EXERCISES.

9 1 31 1411 1 3 3 O
,^ 10"riO"T"i9 ly

11 I'ia-i'j-''- ^"
1

1"-*

•'•^- 2 3'7-23i^2 3 J; ^Trj-
1'7 _7

I
3 l_ll ^a 111^~" It ~ri5T~io— 13

—

^iT*

•Jii

_«_4_J__L.J_ 11
23 1^23 l^?3 23*
^_|_'»4_21 'J.^' 1^71 -.1'

19. If the fractions to be added have not a common
J^nominator, and all the denominators are prime to eacli

other

—

Rule.—Multiply the numerator and d-^norainator of

each fraction by the product of the denominators of all

the others, and then add the resulting fractions—by
the last rule.

Example.—What is the sura of ?-f-^+t ^

2 3 4 2x4x7.3x3x7,4x3x4 5G
. G3 . 48 107

3+4+7"~3x4x7'^4x3x77"^7x3x4 84"^84"'"84 84

Having found the denominator of one fraction, we may at
once put it as the common denominator ;. since the same
factors (the given denominators) must necessarily produce
the same product.

20. Reasov of the Rule.—To bring the fractions to a
common denominator we have merely multiplied the nume-
rator and deuominator of each by the same number, which
[4] dues not alter the fraction. It is necess-iry to find a
common denominator; for if we add the fractions with-
out so doing, we cannot put tJie denominator of any one

of them as the denominator of their sum ;—thus '—^-'~J~-

3
for instance, would not be correct—since it would suppose all

the quantities to be thirds, while .some of them are fourths
nnd sevenths, which are less than thirds; neitlier would
2-|-3-f-4 ,—

ij be correct—since it would suppose aU of tUcm to be
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sevenths, although some of them are thirds and fourths,

which are g,reater than sevenths.

21. In altering the denominators, we liave only changed
the parts into which the unit is supposed to be divided, to an
equivalent number of others whicli are smaller. It is neces-

sary to dimiuish the size of these parts, or each fraction would
not be exactly equal to some number of them. This will

be more evident if we take only two of the above fractions.

Thus, to add f and 4,

2 3 2X4 3x3 8 9 ^17
3"*"4~3X4"'"4X3""12"^12~"12

These fractions, before and after they receive a common
denominator, will be represented as follows :

—

Unity.

3

equal to

equal to

tV I

We have increased the number of the parts just as much
as we have diminislied their size; if we had taken parts larger

than twelfths, we could not have found any numbers of them
exactly equivalent, respectively, to both t and |.

EXERCISES.

90 1!* ' •J«li4 9_573

9"^ 17 142 1 45 1134987

83.
-

«4
M^]^

17 1_L2_|_4 59 129
• * • oT^ni^J 3 —»^3 0-

18 »_l_l_l_' ^7^^' 3~r4-rs—ffn-
in 2 12 12 142 1 37
•*''• 3^oT^-;—ToJ

—

^TfTS-
9(1 ^J_2_I_5 2 1 1121

22. If the fractions to be added have not a common
denominator, and all tlie denominators are not prime

to each other

—

Proceed as directed by the last rule ; or

—

Rule.—Find the least common multiple of all the

denominators [Sec. II. 1 07, &c.] , this vrill be the common
denominator; multiply the numerator of each fraction
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into the quotient obtained on dividing the common mul-

tiple by its denominator—this will give the new nume-
rators ; then add the numerators as already directed [IS]

.

Example.—Add 3^o-\-ii-h S- 288 is the least common
5 4 3 288-r32x5

multiple of 32, 48, and 72 ; therefore j7^-j-73-j-^= :j^^

238-7-48x_4 288-^72X3_ 45 ^^}^_^[^ 2i8 + . -JSS "~288+268+2d8^288'

23. Reason- of the Rule.—We have multiplied each nume-
rator and denominator by the same number (tiie least coiiuuon

multiple of the denominators [4]j—since 5X288-7-32
^288

^^'^^'

5 x'^8
instance)= —;—=-— For we obtain the same quotient, whether

32-f-:i68"

we multiply the divisor or divide the dividend by the same
number—as in both cases we to the very same ainomit,

diminish the number of times the one can be subtracted from
the other.

When the denominators are not prime to each other the frac-

tions we obtain liave lower terms if we make the least comm)n
tni/tip/e of the denominators, rather than the prod if ct of the

denominators, the common denominator. lu the present in-

stance, had we proceeded according to the lust rule [lU], w<

would have found i^i ^ ''''^ ^^^^"^ ^''^^

32+48+72"—Iluo9:i+1105y2"^1105u2^
40320 ,. . 40320

110592

'

TT05y^ ^^ evidently a fraction containing larger

81
terms than —

288
EXERCISES.

25. ?+f+1=W=2^f.
or T I 3_i_4 3.13 0-47

2d. |+|+I= LJ=1^
30. -'-L^^-L' ^^ 1 ''

3L

9,-2 4-t.l'-L5 T^0.:_O23*

^-^ 4^35T^P ;t?
'^Q-

^-'- 3n^6i-p—78— ^fj-
30 ' -i- ' _L "* -t- 5 3 _' 3

37 4_LJ I. '-L^J i- 331 '^

24. To reduce a mixed number to an improper frac-

tion

—

Rule.—Change the integral part into a fraction,

having the sama denominator as the fractional part

[14], and add it to the fractional part.

Ex.iMPLE.—What fraction is equal to4|? 4|=rf-f-|=s



45.
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QUESTIOXS,

1. What is the rule for adding fractions which have

a common denominator .' [ISj.

2. How are fractions brought to a common denomi-

nator r [19 and 22].

3. "What is the rule for addition when the fractions

Lave different denominators, all prime to each other ?

[19].

4. What is the rule when the denominators are not

the same, but are not all prime to each other r [22]

.

5. How is a mixed number reduced to an improper
fraction? [24].

6. How are mixed numbers added .? [26].

SUBTRACTION.

28. To subtract fractions, when they have a common
denominator

—

Rule.—Subtract the numerator of the subtrahend

from that of the minuend, and place the common deno-
minator under the difference.

Example.—Subtract | from ^.

7 4 7-43
9 9"~ 9 ~9*

29. Reasox of the Rule.—If we take 4 individuals of any
kind, from 7 of the same kind, three of them will remain. In

the example, we take 4 (ni.-.ths) from 7 (ninths), and 3 are left

—

which must be ninths, since the process of subtraction cannot
have changed their nature. The following will exemplify the

Bubtjraction of fractions :

—

ts
S o

^ 53

Unity.

4 , 3
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Example 2.—Subtract 12-i from 18}.

18} minuend.
12^^ subtrahend.

5^ difference.

'6 fourths cannot be taken from 1 fourth ; but (borrowing

one from the next denomination, considering it as 4 fciurih.s,

and adding it to the 1 fourtli) 3 fourths from 5 fourths and
2 fourths (=5) remain. 12 from 17, and 5 remain.

If the minuend is an integer, it may be considered as

a mixed number, and brought under the rule.

Example 3.—Subtract 3* from 17.

17 may be supposed equal to 17f ; therefore 17— 3t=
17^-34. But, by the rule, 17^-34= 104-34= 134.

33. Reason- of the Rule.—Tbe principle of this rule is

the same as that already given fur sirajde subtraction [Sec

II. 19] :—but in example 3, for instance, ^five of one denomi na-

tion make one of the next, while in simple subtraction ten of
cue, make one of the next denominntiun.

34. If the fractioual parts have not a common deno-

minator

—

Rule.—Bring them to a common denominator, and
then proceed as directed in the last rule.

Example 1.—Subtract 42} from 50 i.

5G^-= 50yV minuend.
42}= 42^^^! subtrahend.

14y'2. difference.

So. Reasov of the Rule.—We are to subtract tbe dif-

ferent denominations of the subtrahend from those which cor-
respond in the minuend [Sec. 11. 10]—but we cannot subtract
fractious unless they have a common denominator [30].

exercises.

19. 274— 3.^=241.

20. 15^—7.:=-;
21. 121—12^=?.
22. 84|i— }i=^4.

23. 147if— if=1473_
04. woiri 7112 7i'44

34A
27. 971-321-1=043^.
28. 004— 41^=191
29. 92^—90^=2^.
30. 1001— 9f=90-^."
31. CO— JV=59yV.
32. 121— 10^=lt.
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^ QUESTIONS.

1. What is the rule for the subtraction of fractions,

when they have a common denominator r [2S]

.

2. What is the rule, when they have not a common
denominator ? [30]

.

3. How are mixed numbers, or fractions, subtracted

from mixed numbers, or integers ? [32 and 34]

.

MULTIPLICATION.

36. To multiply a fraction by a whole number ; or

the contrary

—

JXuLE.—Multiply the numerator by the whole number,

and put the denominator of the fraction under the pro-

duct.

Example.—Multiply ^ by 5.

37. TiEASON- OF THE RuLK.—To multiply by any number,

we are to adtl the multiplicand [Sec. 11. 33] so many times

as are indicated by the multiplier: but to add fractions having

a common denominator we must add the numerators [18], and

put the common denominator under the product. Hence

—

7 77777 7 77'
\Ve increase the number of those " parts" of the integer

which constitute the fraction, to an amount expressed by the

multiplier—their size being unchanged. It would evidently

be the same thing to increase their size to an equal extent

without altering their number—this would be effected by

dividing +he denominator by the given multiplier; thus

.j4, >< 5r=|. This will become still more evident if we reduce

the fractions resulting from both methods to others having a

common denominator—for — #= i, and - ( =——r J
15 \ 15 / 3 V lo-i-o/

will then be found equal.

As, very frequently, the multiplier is not contained in the

denominator ani/ number of times expres.sed by an integer,

the method given in the ru/e is more generally applicable.

Tiie rule will evidently apply if an integer is to be multi-

plied by a fraction—since the same product is obtained in

wliatever order the factoids are taken [Sec. II. 35].
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3S. The integral quantity wliich is to form one of

the factors may consist of more than one denomiuation

EXAMPhE. What is the § of £5 2.\ 9d. ?

9X1

s. d. £
2 9x2 o=3 8

1. tx2=U.
2. 5x.s=J^
3. -ixl2=10i.
4. 1x12=01.
5. v!iX3J=14.

EXERCISEi.

G. 27x1=12.
7. -\xl«=3 5

8. |^^x8=7i.
9. 2lx-'=0.
0. 15xM-

11. i-x^^3=P,4.

12. iix2i=l9.
13. 22x4=4,i.
14. rVxl7=lJ^.
15. 143x^=j12.

-1/W16. Haw much is yY„r of 26 acres 2 roods

23 acres 3 roods.

17. How much is H- of 24 hours 33 minutes.' -.4/2*

7 hours.

IS. How much is ^WV ^^ ^^ ^^^-j ^ qrs., 7 ib .' ^?w
7 cwt., 3 qrs., 2 lb.

61^.

19. How much is if of £29 Ans. £\^^=£Q 19*

33. To multiply one fraction by another

—

KuLE.—Multiply the numerators together, and under

their product place the product of the denominators.

Ei-V3i?LE.— Multiply I by |.

4 5^4x5^23
9 6 9x6 54'

40. Reasox of the Rule.—If, in the exiniple given, we
were to raultiplj |- by 5, the product (-p'') woulJ be G times

too great—since it was by the sixth part of 5 (y), we shoulJ
Iiave multiplied.—But the product will beC')me what it uugiit

to be (th.it i.s, ti times smaller i, if we multiply its denominator
by d, and thus cause the size of the parts to become tj times less.

We have already illustrated this subject when explain-

ing the nature of a compound fraction [11].

EXF.RCISES.

1 01 13^74 481

2') " >• ' V-"-— l-*-j

2G.
J. X — J-

3'iV ill "'

6 8-

23. /LxJ=U.
21. Mx^=S
O"/ 7 v 4 V t 5^— J A . P^w —-J

32. How much is the | of f
.- yl/>j. i.

33. H^Tf much is the | of ^ .' ybw. /j.

—«:»• otA..»t 3-

23. iX'.= '.

31 .3_y.i_3'
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41 . "When we multiply one proper fraction by another,

we obtain a product smaller than either of the factors.

—

Nevertheless such multiplication is a species of addi-

tion ; for when we add a fraction once^ (that is, when
we take the whole of it,) we get the fraction itself as

result ; but when we add it less than ance^ (that is, take

so much of it as is indicated by the fractional multiplier,)

we must necessarily get a result which is less than when
we took the whole of it. Besides, the multiplication

of a fraction by a fraction supposes multiplication

by one number—the numerator of the multiplier, and
(which will be seen presently) di\ision by another—the

denominator of the multiplier. Hence, when the division

exceeds the multiplication—whicli is the case when the

multiplier is a proper fraction—the result is, in reality,

that of division ; and the number said to be multiplied

must be made less than before.

42. To multiply a fraction, or a mixed number by a

mixed number.
KuLE.—Reduce mixed numbers to improper fractions

[24] , and then proceed according to the last rule.

Example 1.—^Multiply | by 4f.

4|==V ;
therefore Jx4|=,^xV=V¥-

Example 2.—Multiply 5; l)v 6f.

5]=V, and 6|=^/ ; lheref(^e^5|x6.^=V xV=^|^*.
43. Reasox of thk Rulk.—We merely put the mixed

numbers into a more convenient form, without altering tlieir

value.

To obtain the required product, we might multiply each
part of the multiplicand by each part of the multiplier.—Thus,
taking tke first example.

^X4i=fx44-Jxf=
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44. If we perceive the numerator of one fraction to

be the same as the denominator of the other, we may,

to perform the multiplication, omit the number which

is common. Thus f Xf = -9--

This is the same as dividing both the numerator and deno-

minator of the product by the same number—and therefore

doea not alter its value ; since

5 C 5x<3 5xG-f-G 5

6^9~6x9~0xy-f-0~y

45. Sometimes, before performing the multiplication,

we can reduce the numerator of one fraction and the

denominator of another to lower terms, by dividing

both by the same number :—thus, to multiply | by 4.

Dividing both 8 and 4, by 4, we get in then* placc-s,

2 and 1 ; and the fractions then are |- and i, which,

multiplied together, become %Xj='j\-
This is the s.-ime as dividing the numerator and denomina-

tor of the product by the same number; for

^ -^ 3x4^4_3xl /_3 1\ 3^

8^7~bx7-i-i~"2x'7 \~2^7/ ~W
QUESTIONS.

1

.

How is a fraction multiplied by a whole number
or the contrary .' [36] .

2. Is it necessary that the integer which constitute*

one of the factors should consist of a single denomina-

tion .' [38].

3. What is the rule for multiplying one fraction by
another .' [39]

.

4. Explain how it is that the product of two jprcjpcr

fractions is less than either .' [41].

5. What is the rule for multiplying a fraction or

a mixed number by a mixed number .' [42].

6. How may fractions sometimes be reduced, before

they are multiplied } [44 and 45]

.
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DIVISION.

4f>. To diviJa a vulgar fraction by a whole number-—
lluLE.—Multiply the denoiuiiiator of the fraction by

the whole number, and put the product under its nu-
merator.

Example.—| -f- 4 = .^—: = A. -
^ 3x4 '2

47. Rkason ok the Rule.—To divide a quantity by 3,

for iust.'ince, is to make it 3 times smaller than before. But
it is evident that if, while we leave the nunibtr of the parts the
same, we make their .<ize 3 times le.ss, wo make the fr.ictioa

itself 3 times less—hence to multiply the denominator by 3,

is to divide the fraction by the same number.
A similar effect will be produced if we divide the numera-

tor by 3; since the fi-action is made 3 times smaller, if,

while we leave the iize of the part.'i the same, we make their

8 8— 4 2
number 3 times less; thus —i-4=-^—=-. But since the

U 9 -J

numerator is not always exactly divisible by the divisor, the
method given in the rule is more generally applicable.

The division of a fraction by a whole number has

been already illustrated, when we explained the nature

of a complex fraction [12].

EXERCISES.

1. t-L.2-=^.

4. -iH-o=;

5. n-3=ii.

" '^14='
10
11. j},-rVl=^^
12. V,-f-14=,V-

"9"

"S3- "• ri •
^

1 I

48 It follows from what we have said of the multi-

plication and division of a fraction by an integer, that,

when we multiply or divide its numjrator and denomi-

nnto'' by the same number, we do not alter its value

—

sii_^ce we then, at the same time, equally increase and
decr'^ase it.

49. To divide a fraction by a fraction

—

IiULE.—Invert the divisor (or suppose it to be in--

verted), and then proceed as if the fractious were to be

multiplied.
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Example.—Divide ^ b}' ^.

5^3_5 4_5X4_20

Rr.AsoN OF THK RuLK. —If, for instance, in the exninple

just given, we divide ^ by 3 (the numerator of tlie divisor),

we use a quantity 4 times too great, since it is not by 3, but
tlie fourth part of 3 (•^) we are to divide, and the quotient

(;;^) is 4 times too small.—It is, however, made what it ought

to be, if we multiply its numerator by 4—when it becomes

|j, whicl) was the result obtained by the rule.

50. The division of one fraction by another may be

illustrated as follows

—

5

i
I

! I_ _

-»: 9\m * 1

The quotient of 4-f-| must be some quantity, wbicli,

taken three-fourth times (that is, multiplied by ^ j^ will

be equal to f of unity. For since the quotient multiplied

by the divisor ought to be equal to the dividend [Sec.

II. 79], ^ is 3 of the quotient. Hence, if we divide the

6ve-sevenths of unity into three equal parts, each of

these will be «/?g-fourth of the quotient—that is, precisely

what the dividend wants to make it four-fourths of the

quotient, or the quotient itself.

51. When we divide one proper fraction by another,

the quotient is greater than the dividend. Nevertheless

such division is a species of subtraction. For the quo-
tient expresses how oflcR the divisor can be taken from
the dividend ; but were the fraction to be divided by
unity, the dividend itself would express how often the

divisor could be taken from it ; when, therefore, the

divisor is less than unity, the number of times it can be
taken from the dividend must be expressed by a quantity

greater than the dividend [Sec. II. 78]. Besides, divid-

ing one fraction by another supposes the multiplication

of the dividend by one number and the division of it by
another—but when the multiplication is by a grea er

•i2
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number than the division, the result is, in reality, tliat

of multiplication, and the quantity said to be divided

must be increased.
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54. Rea?on' of thk Rule.—lu tlie first exnmple we Imve
divided eucli part of the dividend by tlie divisor and added
the results—which [Sec II. 77] is the same as dividing the

"Jfhole dividend by the divisor.

In the ^-econil example we have put the mixed number into

a more couveuient torm, wiihjut altering its value.

EXERCISES.

34. 82-^-17=j|5.

35. 5^-^3=17/,-
30. \i<7A^f.==^0S\l
37. l')U_j.41=*;j2."

38. lom-^t^^jlh

^q 4325 . 41 ; 64.i0

40 X4LtJ_i.'>>

—

'il-i

42. lOGj^-- ^,=11.63^ •.

43. 18i-^lI=l^l.

DO. To divide an integer by a mixed number

—

KuLE.—llcduce the mixed number to an improper

fraction [24] ; and then proceed as ah-eady directed

[02].

Example.—Di\-ide 8 by 4|.

4|=r=y, therefbre 8-i-4;^=8-^=^=8x^=lH-
Reason of the Rule.—It is evident that the improper

fraction which is equal to the divisor, is contained in the divi-

dend the same number of times as the divisor itself.

EXERCISES.

44. 5-h31=lf.
I

46 14-^1 i=7y--.

45. 10-ilif=li|f
I

47 21-14,^,=if/,.

48. Divide £7 165. 7d. by 3i. Ans. £2 6s. llf J.

49. Divide £3 35. Sd. by 4i. Ans. 14s. OfZ.

56. To di\-ide a fraction, or a mixed number, by a

/nixed number

—

RuL'2.— Reduce mixed numbers to improper fractions

[24] ; and then proceed as already directed [49]

.

Example 1.—Divide | by 5|.

5HV. therefore f ^5^=2-^- V=|X.^=.^s.
Example 2.—Divide S^^ by 7f.

8A=il> and 7|=V, therefore 8JV-f-7|=£t~V=H X
CI— srt-

47 Reason of the RuLE.—TVe (as in the last rule) merely
change the mixed numbers into others more conveniently
divided—without, however, altering their value
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BirSCELLANEOUS EXERCISES IN VULGAR FRACTIONS.

1. IIoTV much is ^ of 1S6 acres, 3 roods.' Ans.

20 acres, 3 roods.

2. How much is a of 15 hours, 45 minutes ? Ans.

7 hou s.

3. IIow much is ^%\% of 19 cwt., 3 qrs., 7 lb ? Aiis.

7 cwt., 3 <ii-s., 2 lb."

4. How much is v.tVo of £100 r Ans. £36 9s.

b. If ons farm contains 20 acres, 3 roods, and

an">th3r 28 acres, 2 roods, what fraction of the former

is the latter r A?is. j^.
6. What is the simplest form of a fraction expvess-

in^ the comparative magnitude of two vessels—the one

containing 4 tuns, 3 hhds., and the other 5 tuns, 2
hhds. r AiL^. ^%.

7. What is the sura of f of a pound, and f of a

shillinc; ? Ans. I3s. 10|r/.

8. What is the sum of f?. and jKd. ? Ajis. Ifjd.
9. What is tho sum of £|, 3-5., and j^:^d. ? Aiis

35. \}\d.

10. Suppose I have f of a ship, and that I buy y%
more ; what is my entire share ? Ans. |^.

11. A boy diviJad his marbhs in the following manner :

he gave to A i of th.mi, to B yV) ^^ C |, and to D J-,

keeping the rest to himself; how much did he siva

away, and how much did he keep .' Ans. He gave away

yVg of them, and kept ^W.
12. What is the sura of j of a yard, ^ of a foot, anO

4 of an inch ? Ans. 7 inches.

13. What is the difference between the | of a pound
and b\d. r Ans. ]\s. 6^d.

14. If an acre of potatoes yield about 82 barrels of

2) stone each, and an acre of wheat 4 (juirters of 460
lb—but thi wheat gives three times as n)uch nourish-

ment as the potatoes ; what will e.xpress the subsisteune»

given by each, in terms of the other .' Ans. The ptUa-

toes will give 4^-^ times as much as the wheat ; and th6»

wheat the 2"/^ part of what is given by the potatoes.

15. In Fahrenheit's thermometer there are ISO de-

gieea betwcaa tho boiling and fi-eexing points ; in that
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of Keauraar only SO ; what fraction of a degree in the

latter expresses a degree of the former ? Am. a.

16. The average fall of rain in the United Kinixdom
is about 34 inches in depth during the year in the plains

;

but in th^afilly countries about 50 inches ; what fraction

of the latter expresses the former ? Ans. i|.

17. Taking Chimborazo as 21,000 feet high, and
Purgeool, in the Himalayas, as 22,480 ; what fraction

of the height of Purgeool expresses that of Chimborazo ?

Aiis. Iff.
18. Taking 4200 feet as the depth of a fissure or

crevice at Cutaco, in the Andes, and 5000 feet as the

depth of that at Chota, in the same range of mountains
;

how will the depth of the former be expressed as a

fraction of the latter t Ans. |i.

DECIMAL FRACTIONS.

59. A decimal fraction, as already remarked [13],
has unity with one, or more cyphers to the right hand,

for its denominator ; thus, y/oo i^ ^ decimal fraction.

Since the division of the numerator of a decimal fraction

by its denominator—from the very nature of notation

[Sec. I. 34]—is performed by moving the decimal

point, the quotient of a decimal fraction—the equi-

valent dcciffial—is obtained with the greatest facility.

Thus y/5-(r=-005 ; for to divide any quantity by a

thousand, we have only to move the decimal point three

places to the right.

60. It is as inaccurate to confound a decimal fi-action

with the corresponding decimal, as to confound a vulgar

fraction with its quotient.—For if 75 is the qnolivnt

of 3|o, or of VoV> ^"^ ^^ distinct from either ;
so also

is -75 the quotient of f or of yY?) ^^^ e<iually distinct

from either.

61. A decimal is changed into its corresponding deci-

mal fraction by putting unity with as many cyphers as

it contains decimal places, under it, for denominator

—

having first taken away its decimal point. Thus '5646=
_5_r._4_6_ . .QQO 8_._ foe10 5

^^^ 10 0) **^
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62, Decimal fractions follow exacti? the same rules

as vulgar fractions.—It is, however, generally more
convenient to obtain their quotients [5S], and then per-

form on them the required processes of addition, &e,,

by the methods already described [Sec. 11. 11, &.C.]

63. To reduce a vulgar fraction to a deamal, or to a

decimalfradian—
Rule.—Divide the numerator by the denominator

—

this will give the required decimal; the latter maybe
changed into its corresponding decimal fraction—as

alreacf^ ie«icribed [61].

Example 1.—Reduce | to a decimal fraction.

4)3_

Example 2.—What decimal of a pound is 7|a. ^

7fJ.= [17] £f^; but £^V=^0032, &c.

This rule requires no explanation.

EXERCISES.

1.
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Example 2.—Reduce £-9734 to shillings, &c.

•973-t

. 20

19-4G80 shillings=£-9734.
12

5-GlGO pencc=-4GS5.
4

2-4G40 farthings=-616J
Answer, £-9734=1^5. 5'jd.

65. This rule is founded on the fame reasons as "trerc given
for the mode of reducing integers [Sec. 111. 4].

Multiplying the decimal of a pound by 20, reduces it to shil-
linprs and the deo-imal of a shilling. Multiplying the docimal
of a shilling by 12, reduces it to ])ence and the decimal of a

ponny. Multiplying the decimal of a penny by 4, reduces il

to farthings and the decimal of a-iarthing.

EXERCISES

23. What is the value of £-86875 f A71S. Us. 4^^d

24. What is the value of £-o37o f Ans. lOs. 9d.

25. How much is '875 of a yard .' Ans. 3 qrs., 2 nails.

26. How much is '165625 of a ton .^ Ans. 3 cwt.,

1 qr., 7 ft).

27. What is the value of £'05 ? Ans. Is.

28. How much is '9375 of a cwt. r Ans. 3 qrs.,

21 ft).

29. What is the value of £'95 ? A7is. '[Qs.

30. How much is -95 of an oz. Troy ? Ans. 19 dwt.

31. How much is '875 of a gallon f Ans. 7 pints.

32. How much is '3945 of a day .^ Ans. 9 hours,

28', 4', 48'".

33. How much is '09375 of an acre .^ Ans. 15

perches.

66. The following will be found useful, and—being

intimately connected with the doctrine of fraction?

—

may be advantageously introduced here :

To find at once what decimal of a pound is equiva-

lent to any number of shillings, pence, &c.

When there is an even number of shillings

—

Rule.—Consider them to be half as many tenths of

a pound.
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Example.—lG5.=£-8.
Every two shillings are equal to one-tenth of a pound; there-

fore 8 times 2*. are equal to 8 tenths.

67. "When the number of shillings is odd

—

Rule.—Consider halt the next lower even number,

as so many tenths of a pound, and with these set down
6 hundredths.

Example.—lo.s.=£7o.

For, 15.>\=I4>-.-f-Ls\ : but by the last rule 14s\=£-7; and
since 2s-.=l tenth—or. as is esident, 10 hundredths of a

pound—l-s.=:5 hundredths.

68. "UTien there are pence and farthings—

Rule.—If, when reduced to farthings, they exceed

24, add 1 to the number, and put the sum in the second

and third decimal places. After taking 2o from the

number of farthiugs, divide the remainder by 3, and put

the nearest quantity to the true quotient, in the fourth

decimal place.

If, when reduced to farthings, they are less than 25,

8ct down the number in the third, or in the second and
third d^3cimal places ; and put what is nearest to one-

third of them in the fourth.

Example 1.—What decimal of a pound is equal to S^cL ?

8^=o5 farthings. Since 35 contains 25. we add one tt

the number of farthings, which makes it 3u—we put 30 in

the second and third decimal places. The number nearest

to the third of 10 (35 — 25 farthings) is 3—we put 3 in the

fourth decimal pl.tce. Therefore, 8|=£03G3.

ExA.MPLE 2.—What decimal of a pound is equal to l^d. 1

1^=7 fjirthings; and the nearest number to the third of

7 is 2. Therefore li^(/.=X 0072.

Example 3.—What decimal of a pound is equal to 5|(/. 1

5|</.=21 farthings; and the third of 21 is 7. Therefore
5ir/.=X0217.

09. Rkaso.v of the RuLr.—We consider 10 farthings as

the one hundredth, iul one farthing as the one tliousnndlh of

a pound—because a pound consi.<ts of nearly one thousand
farthings. This, h'^wever, in 1000 farthings (taken as so

many thousandtlis of a pound') leads to a mistake of about 40

—

iince £l={not lOOtJ, hut) 1000-40 farthings. Hence, to %
thousand fartliings (considered as tkousandtha o^ a pouad),
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forty, or one in 25, must be added ; that is, about the ®nc.
thirtieth of the number of farthings. It is evident tliat, as

those above 25 have not been allowed for when we added one
to the farthings, one-thirtiet/i of their number, also, must bo
added—or, which is the same thing, one-third of their number,
in the foitrth or next lower decimal place.

If the farthings are less than 25, it is evident that the

correction should still be about tlie thirtieth of their number,
or one-third of it, in the fourth decimal place.

EXERCISES

17. 195. nR=£-9977.
18 7|t/.=£0322.
19. £27 5s. 10^.=£27-2915.

20. 145. 31^ —£ -71 55.

21. 19.V. ll|^.=£-9987.
22. £42 ll5. 6^rf.=£ •42-577.

70. To find at once the number of shillings, pence,

&c., in any decimal of a pound

—

Rule.—Double the number of tenths for shillings

—

to which, if the hundredths are not less than 5, add one.

Consider the digit in the second place (after subtracting

5, if it is not less than 5), as tens, and that in the third

as units of farthings ; and subtract unity from the result

if it exceeds 25.

Example.—£G874=13.s. 9c7.

C tenths are equal to twelve shillings ; as the hundredths

are not less than 5. there is an rt//f/?Y?o??a/ shilling — -which

makes 13.s\ Subtracting 5 from the hundredths and adding

the remainder (reduced to tliousandths) to the thou-

sandths, -vve have 37 thousandths from which—since they

exceed 25, we subtract unity ; this leaves 3G as the number
of farthings. £6874:, therefore, is equal to 135. and 36

farthings—or 13s. 9J.

This rule follows from the last three—being the reverse of

them.

cik:ulating decimals.

71. TVe cannot, as already noticed [Sec. IT. 72],
always obtain an exact quotient, when we divide one

number by another :—in such a case, what is called an

m-^rmiimte or (because the same digit, or digits, con-

stantly recur, or circulate") a recurring, or circulating
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decimal is produced.—The decimal is said to be termi-

nate if there is an exact quotient—or one which leaves

no remainder.

72. An interminate decimal, in which onl}- a single

ficTure is repeated, is called a repe/end ; if two or more
diG:its constantly recur, they form a perwdiml decimal.

Thus '77, &c., is a repetend ; but '597597, &.c. is a

periodical. For the sake of brevity, the repeated digit,

or period is set down but once, and may be marked as

follows, -5'
(= -555, &c.) or -^93'

(= -493493493, &c.)

The ordinary method of marking the period is some-
what diflferent—what is here given, however, seems
preferable, and can scarcely be mistaken, even by those

in the habit of using the other.

When the decimal contains only an infinife part

—

that is, only the repeated digit, or period—it is a jpure

repetend, or a j9?Arg_p3riodical. But when there is both

a finite and an infinite part, it is a mixed repetend or

viixed circulate. Thus

•3' (=-333, &c.) is a pure repetend.
•578' (=-57888, &:e.) is a mixed repetend.
'31'7' (=-307397307, &c.) is a pure circulate.

8G5^G427r(=-865G4271G4271G4271,S:c)is a mixed circulate

73. The number of digits in a period must always be
less than the divisor. For, different digits in the perioc*

suppose different remainders during the division ; but
the number of remainders can never exceed—nor even
be equal +.o the divisor. Thus, let the latter be seven : the

only remainders possible are 1, 2, 3, 4, 5, and 6 ; any
other than one of these would contain the divisor at

least once—which would indicate [Sec. 11. 71] that the

quotient figure is not suflSciently large.

74. It is sometimes useful to change a decimal into

its equivalent vulgar fraction—as, for instance, when in

adding, &c., those which circulate, we desire to obtain

an exact result. For this purpose

—

EuLE—I. If the decimal is a pine repetend^ put the

repeated digit for numerator, and 9 for denominator.

11. If it is a jnire periodical^ put the period for

numerator, and so many niaes as there are digits in thd

period, fbr deaominatoi-.
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Example 1.—What vulgar fraction is equivalent to -3'?

Ans. I
Example 2.—What vulgar fraction is equivalent to

75. Reason of I.—1 will be found equal to '111, &c.—or
•1'; therefore I (=3x 9-)=-333, &c.=(.3Xlll, &c.) For if

we multiply two equal quantities by the same, or by equal
quantities, the products will still be equal.

In the same way it could be shown that any other digit

divided by 9 would give that other digit as a repetend.—And,
consequently, a repetend of any digit will be equal to a vulgar
fraction having the same digit for numerator, and 9 for deno-
minator.

Rkason of TT.— p'j will give "OlOl, &c.—or •'^OT as quotient.

For before unity can be divided by 9J, it must be considered
as 100 hundredths ; and the quotient [.Sec. II. 77] will be one
hundredth, Qv "01. One hundredth, the remainder, must be made
100 fpii thousandthfi before it will contain 99 ; and the quotient
will be one ten thousandth, or 0001. One ten thousandth, the
remainder, must, in tlie same way, be considered as ten million-

eths ; and the next quotient will be one mH/ioneth, or 000001—
and so on with the other quotients, which, taken together,

will be Ol-l-OOOl-f OOOOOl-f-^G., or -QlOlOl, &c.—represented
by -^01'.

^1 (=37X9'g=37X/01') will give -373737, &c,—or -^37' as

quotient. Thus
010101, &c

37

70707
30303

373737, &c.=37X- or.
In the same way it could be shown that any other two digits

divided by 9i) would give those other digits as the period of a

circulate.— And, consequently, a circulate having any twc
digits as a period, will be equal to a vulgar fraction having the

same digits for numerator, and 2 nines for denominator.

For similar reasons ^y^g will give -001001, &o., or • 001' as

quotient. But -001001, & c , X (for instance) 5G3=-5635a3, &c
Thu3 OOIOOIOOI, &c.

563

8003003003
600tj00t)006

5005005005

568563563563, &c.=563x-^001 .

In the same way it could be shown that any other three digits

divided by 999 would give a circulating decimal huving these
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d'pts as a period.—Ami, conseiiuently, a circulating decimal
biiving any tliree digits as period will be equal to a vulgar
tViJcri-iu hkviiig tlie sauie digits for numerator, and 3 nines

(or deuoniinator.

We niigiic, in a similar way, show that auy number of digits

divided by an oqu tl number of nines must give a circulate,

each period of wbic!> would consist of those digits —And,
jonsequently, a circulate whose periods would consist of any
i.gits must be equ.il to a vulgar fraction having one of in
periods for numerator, and a number of nines equal to the

number of digits in the period, for denominator.

7t5. It the djcimal is a mixed repetenJ or a inixcd

circulate—
Rule.—Subtract the finite part from the whole, and

set down the difference for numerator
;
put for deno-

minator so many cyphers as there are digits in the fin'Ut

part, and to the left of the cyphers so many nines as

there are digits in the infiniln part.

EsvMPLE.—What is the vulgar fraction equivalent to

There are 2 digits in 97, the finite part, and 4 in 8734.

the infinite part. Therefore

-99-9900" =990900' '^ '^^ '^^"^""^ ^'^^°'" ^^*^'^^°^*

77. TiEASov OF THE R CLE.—If, for example, we multiply
•97^8734' by 100. the product is 97 -8734=974- -8734. This (by
the 1 tst rule) is equal to 97-{-}^|«» which (as we multiplied by
luO; is one hundred times greater than the original quantity

—

but if we divide it by 100 we obtain iVo '{"7?^o'^o> which is

equal the original quantity. To perform the addition of yVV
and pJ^iTTTr. we must [19 and 22] reduce them to a common
denominnor—when they become
97xWv^nO. 873-iOt) _97 X9999 ,

8734 _ . qqqo —
G999000;J "^uOujOuuu 99l>000 ' 999900

~" ^^^'^^^ ~~

innoo-n 9'Xl"0000"^ 8734 _ 97x10000-97 8734
*

' \.Kyxm "^999900"" 99J900 +999900"^
970000—97 8734 978734-97 978o37

999900 "^9999U9~ 999900 ~999900' ^ ^^^ ^^ exactly the

result obtained by the rule. The same reasoning would hold
with any other example.

EXERCISES.

•574'=|J|.

•147-658'=Hi4U.
•4:V2<0i»75'=r4?m'.
875 49^65 '=875 U4#.

301-82^756'=s301ffjfJt.

1.
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78. Except where great accuracy is required, it is not

necessary to reduce circulating decimals to their equi-

valent vulgar fractions, and we may add, and subtract

them, &c., like other decimals—merely taking care to

put down so many of them as will secure suf&cient

accuracy.

79. It may be here remarked, that no vulgar fraction

will give a finite decimal if, when reduced to its lowest

terms, the denominator contains any 'prime factors (fac-

tors that are prime numbers—and all the factors, can
be reduced to such) except twos or fives. For neither

10, 100, 1000, &c., nor any multiples of these—as

30, 400, 5000. &c., nor the sum of any of their multi-

ples—as'6420' (5000 -1-400 +20), &c., will exactly con-

tain any prime numbers, but 2 or 5. Thus | (consi-

- , 30 tenthsx .„ . . ,

dered as 1 loiii give an exact quotient ; so also

• . -. i '70 tenthsx
-r, . , •„

will I ( considered as ^ ) • i>ut -i wji// not give

, 10 tenths 100 hundredths,
one ; for | (considered as^

—

> or ij

&c.) does not contain 7 exactly.

For a similar reason
-f

will not give an exact quo
,40 tenths, 400 hundredths,

tient ; since 4 (considered as = or zi.

&c.) does not exactly contain 7.

80. A finite decimal must have so many decimal places

as will be equal to the greatest number of twos, or fives,

contained as factors in the denominator of the original

vulgar fraction, reduced to its lowest terms.

Thus ^ will give one decimal place; for 2 (found

once, in its denominator) is contained in 10 (5X2) ; and
10 tenths , , ... . ,..,.,

therefore ^ (=2) '^^
S^"^® some digit (m the

tenths' place [Sec. 11. 77]), that is, otir decimal as

quotient.

I (=;5—^) will give two decimal places ; because

2 being found twice as a factor in its denominator,

it will not be enough to consider the numerator as so
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30 tenths
niany tenths ; for r (=4 ) cannot give an exact

quotient—30 being equal to 3X2X5, which contains 2,

but not 2x2. It will, however, be sufficient to reduce

, , , ,
300 hundredths

the numerator to hundredths ; because 7

will give an exact quotient—for 300 is equal to 3x2x
2X5X5, and consequently contains 2x2. But 300
hmidredtks divided by an integer will give kiLJidredths—
or two decimals as quotient. Hence, when there are two

twos found as factors in the denominator of the vulgar

fraction, there are also two decimal places in the quotient.

4^ v^^Qyoy 9y .- / contains 2 repeated three times

as a factor, in its denominator, and will give three

decimal places. For though 10 tenths—and therefore

6x10 tenths—contains 5, one of the factors of 40, i*

does not contain 2x2X2, the others; consequentlj'

it will not give an exact quotient.—Nor, for the samf
reason, will 6x100 hundredths. 6x1000 thousandtha

6 X 1000 thousandths
will give one—that is, 7^ (=tV) ^^
leave no remainder ; for 6 X 1 000 (=6 X2X2x2X5x
5X5) contains 2x2X2x5. But 6x1000 thousandths

divided by an integer will give thousandths—or three

decimals as quotient. Hence, when there are three twos

found as factors in the denominator of the vulgar frac-

tion, there are also three decimal places in the quotient.

81. Were the Jivts to constitute the larger number of

factors—as, for instance, in -r% jf ;j, &c., the same reason

ing would show that the number of decimal places would
be equal to the number of fives.

It might also be proved, in the same way, that were
the greatest number of twos or fives, in the denominator

of the vulgar fraction, any other than one of those num-
bers given above, there would be an equal number of

decimal places in the quotient.

82. A pure circulate will have so many digits in its

period as will be equal to the least number of nines, which

would represent a. quantity measured by the deuouiin^
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tor of tlie original vulgar fraction, reduced to its bwcst
terms. For we have seen [74] that sueti a circulate will

be etjual to a fraction having some period for its nume-
rator, anJ some nunib^r of uiiies for its denominator

—

that is, it will be equal to some fraction, the nume/ator

of which (the period of the circulate) will be as vuiny

L'uiics the numerator of the given vulgar fraction, as the

quantity represented by the niues is of its denominator.

For if a fraction having a given denominator is equal to

another which has a larger, it is because the numerator

of the latter is to the same amount larger than that of

the former—in which case the increased size of the nu-

merator counteracts the effect of the increased size of the

denominator. Thus f^=|f ; because, if the numerator

of IJ- is 5 times greater than that of f , the denominator

of 1 1, also, is five times greater than that of f

.

]^et the given fraction be y\. Since y*3=' '38461')'
;

i^nd •'334615'=-^||f i-^
; /_, also, is equal to UYih'^ '•>

-
and, therefoic, whatever multiple 384615 is of 5, yyys«U9

-s the same of 13.—But 9:jy9yy is the least multiple of

13, consisting of nines. If not, let some other be less.

Then take for numerator, such a multiple of 5, as that

lesser number of nines is of 13—and put that lesser

number of niues for its denominator. The numerator of

ihis new fraction will [75] form the period of a circulate

equal to the original fraction. But as this new period is

different from 384615 (the former one), the circulate of

which it is an element, is also different from the former

circulate ; there are, thereforj3, two different circulates

equal to y%—that is two different values, or quotients

for the same fraction—which is impossible. Hence it

is absurd to suppose that auy less number of nines is a

multiple of 13.

83. The periodical obtained does not contain a finite

part, when neither 2 nor 5 is found in the denominator

of the vulgar fraction—reduced to its lowest terms.

For [76] a finite part would add cyphers to the right

hand of the niu^s in the d,uiominator of the vulgar

fraction, obtained from the circulate. ]>ut cypliers would

suppose the denominator of the original fraction to

Qouuiii twos, or fives—siace uo other prime f^ctot*
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conld give cj'phers in their multiple—tlie denominator

of the vulgar u-action obtained from the circulate.

84. If there is a finite part in the decimal, it will

contain as many digits as there are units in the greatest

number of twos or fives found in tlie d.mominator of the

original vulgar fraction, reduced to its lowest terms.

Let the original fraction be j\. Since 56=2x2x
2x7, the equivalent fraction must have as many nines as

will just contain the 7 (cyphers would not muse a number
of nines to be a multiple of 7), multiplied by as many
tens as form a product which will just contain the twos as

factors. But we have seen [SO] that one ten (which adds

ona cypher to the nines) contains one two^ or Jive ; that

the product of two tens (which add two cyphers to the

nines), contains the product of two twos ov fives ; that

the product of three tens (which add three cyphers to the

nmes), contains the product of three lu'os or fires^ &c.

That is, there will be so many cyphers in the denomi-
nator as will be equal to the greatest number of twos or

fives, found among the factors in the d3nominator of tho

original vulgar fraction. . •
But as the digits of the finite part of the decimal add

an e(ju il number of cyphers to the denominator of the

new vulgar fraction [76J, the cyphers in the denominator,

on the other hand, evidently suppose an equal number of

places in the finite part of a circulate :—there will there-

fore be in the finite part of a circulate so many digits

as will be e(|a:il to the greatest number of twns or fwes
found among the factors in the denominator of a vulgar

fraction containing, also, other factors than 2 or 5.

85. It fallows from what has been said, that there is no
number which is not exactly contained in some quantity

expressed by one or more nines, or by one or more nines

followed by cyphers, or by unity followed by cyphers.

COXTRACTIONS IN MuLTIPLICATIOX AND DiVISION
(derived from the properties of fractions.)

86. To multiply any number by 5

—

KuLE.—Eemove it one place to the left hand, and
divide tba i-efi>ult by 2
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Example.—736X 5-=' \*^ °=3C80.
Reason.—5=y^

;
therefore 73Gx5=736x V='¥'=2^80-

87. To multip]}^ by 25

—

Rl'].e.—Remove the quantity two places to the left, and
divide by 4,

Example.—0732x25=^ '\2«"=1G8300.
Reason.—25=' i^\: therefore 6732x25=G732x 'T-

88. To multiply by 125—
Rule.—Remove the quantity three places to the loft and

divide the result by 8.

Example.—7865x125==' ««|''«°=?8'J125.

Reason.—125=^70; therefore 7865x125=7865=^7°.

89. To multiply by 75—
Rule Remove the quantity two places to the left, then

multiply the result by 3, and divide the product by 4.

Example 685 X 75=^^ ^ '= o o_X2^2
o 55 0^5 ] 375

Reason.—75 = =^^-« = 100X J ] therefore b85 X 75 = 685

x

lOOxf.

90. To multiply by 35—
KULE.—To the multiplicand removed two places to the

left and divided by 4, add the multiplicand removed one

place ta the left.

Example 1.-67896x35 = e-rs^^ooo _|_ 678960 = 1697400
-1-678960=2376360.
Reason.-35='^«+10; therefore 67896x35 =67896x

Many similar abbreviations will easily suggest themselves to

both pupil and teacher.

91. To divide by any one of the multipliers

—

Rule.—Multiply by the equivalent fraction, inverted.

Example.-Divide 847 by 5. 847-^5=847-j- V'=847x
,4-=169-4.

Reason.—AVe divide by any number -when vre divide l>v the

fraction equivalent to it : but we divide by a fmction v^hen we
invert it, and then consider it as a uiultijdier [49].

92. Sometimes what is convenient ivs a multiplier will

not be equally so as a divisor; thus 35. For it is not so

easy to divide, as to multiply by '^"^+10, its equivalent

toi&ed cumber.
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QUESTIONS FOR THE PUPIL.

1 Show that a decimal fraction, and the corrcspond-
aig decimal are not identical [59]

.

2. How is a decimal changed into a decimal frac

dion? [61].

3. Are the methods of adding, &c., vulgar and deci-

mal fractions different r [62]
4. How is a vulgar reduced to a decimal fraction ?

[63].
5. How is a decimal reduced to a lower denomina-

tion ? [64].

6. How are pounds, shillings, and pence changed, at

once, into the corresponding decimal of a pound } [66,

67, and 68].

7. How is the decimal of a pound changed, at once^

into shillings, pence, &c. ? [70].

8. What are terminate and circulating decimals ?

[71].
9. What are a repetend and a peric -ical, a pure

and a mixed circulate ? [72]

.

10. Why cannot the number of digits in a 'leriod be
equal to the number of units contained in the divisor :

[73].
1 1

.

How is a pure circulate or pure repetend changed
into an equivalent vulgar fraction ? [74]

.

12. How is a mixed repetend or mixed cu'culate

reduced to an equivalent vulgar fraction ? [76]

.

13. What kind of vulgar fraction can produce no
equivalent finite decimal ? [79]

.

14. What number of decimal places must necessarily

be found in a finite decimal ? [80]

.

15. How many digits must be found in the periods

of a jpurc circulate .' [82]

.

16. When is no finite part found in a repetend, or

circulate ? [S3].

17. How many digits must be found in the finite part

of a mixed circulate ? [84]

.

18. On what principal can we use the properties of

fractions as a means of abbreviating the processes of

multiplication and division } [86, &c.]
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SECTION V.

PROPORTION.

1. The rule of Proportion is called also the golden

rule^ from its extensive utility ; in some cases it is termed

the ride of three—because, by means of it, when three

numbers are given, a fourth, which is unknown, may be

found.

2. The rule of proportion is divided into the simple^

and the compound. Sometimes also it is divided into

the direct^ and inverse—which is not accurate, as was
shown by Hatton, in his arithmetic published nearly one
hundred years ago.

3. The pupil to have accurate ideas of the rule of

proportion, mn t be acquainted with a few simple but

unportant pr* ciples, connected with the nature of ratios^

and the dor'-ine of proportion.

The following truths are self-evident :

—

If the same, or equal quantities are added to equal

quantities, the sums are equal. Thus, if we add the sa?)u.

quantity, 4 for instance, to 5X6 and 3x10, which are

equal, we shall have 5 X 6+4=3 X 10+ 4.

Or if we add equal quantities to those which are

equal, the sums will be equal. Thus, since

5X6=3X10, an.l 2+2=4
5x0+2x2=3x10+4.

4. If the same, or equal quantities are siiltmcted

from others which are equal, the remainders will bo

equal. Thus, if we subtiact 3 from each of the equal

quantities 7, and 5+2, we shall have

7-3=5+2-3.

And smce 8=6+2, and 4=3+1.
8-4=0+2-3+1.

5. If equal quantities are mulliplied by the same, or

by equal quantities, the products will be equal. Thus
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if we multiply the equals 5+ 6, and 10+ 1 by 3, Tve

shall have

5+0x3=10+1x3.
And since 4+ 9=13, and 3x6=18.

4+Jx3x6=13xl8.

6. If cfjual quantities are dlvide/l by the same, or by
equal quantities, the quotio^nts will be equal. Thus if

we divide the equals S and 4+ 4 by 2, we shall have
8_4+4

And since 20=17+ 3, and 10=2X5.
20 17+3

io~ 2x5
^ 7. Jlatlo is the relation which exists between two
quantities, and is expressed by two dots ( : )

placed be-

tween them—thus 5 : 7 (read, 5 is to 7) ; which means
that 5 has a certain relation to 7. The former quantity

is called the niUccedcnt^ and the latter the consequent.

8. If we invert the terms of a ratio, we shall have
their inrerse ratio ; thus 7 : 5 is the inverse of 5 : 7.

9. The relation between two quantities may consist

in one being gre^ifer or less than the other—then the

ratio is termed arithmetical ; or in one being some 7nul'

iiple or jjart of the other—and then it is geometrical.

If two quantities are equal, the ratio between them
is said to be that of equality ; if they are unequal it is

a ratio of gre-'itcr inequality Avhen the antecedent is

greater than the consequent, and of lesser inequalifij

when it is less.

10. As the a,ithmctical ratio between two quantities

is measured by their f/ijferevre., so long as this difference

is not altered, the ratio is unchanged. Thus the ratio

of 7 : o is cijual to that 15 : 13—for 2 is, in each case,

the diiference between the antecedent and nonsetjuent.

Ilenc-e we may add the same quantity to both tlie

antecedent and conse(|uent of an aiithiuetical ratio, or

may subtract it from them, without changing the ratio.

Thus 7:5, 7+3:5+ 3, and 7-2:5-2, arc equal

arithmetical ratios.

liut we cannot viuUiply or diiidi the terms of an arith*
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metical ratio by the same number. Thus 12x2: 10X2,
12-i-2 : 10-^2, aud 12 : 10 are not equal arithmetical

ratios; for 12x2—10x2=^4, 12-v-2— 10~2=:1, and
12-10=2.

11. A geometrical ratio is measured by the quotient

obtained it we divide its antecedent by its consequent ;

—

therefore, so long as this quotient is unaltered the ratio is

not changed. Hence ratios expressed by equal fractions

are equal ; thus 10 : b=\2 : 6, for V== V'
•—Hence, also,

we may muilijply or divide both terms of a geometrical

ratio by the same number without altering the ratio
;

thus 7X2 : 14X2=7 : 14—because 22^=2

.

14X2 14

But we cannot add the same quantity to both terms

of a geometrical ratio, nor subtract it from them, with-

out altering the ratio.

12. When the pupil [Sec. IV. 17] was taught how
to express one quantity as the fraction of another, he

in reality learned how to discover the geometrical ratio

between the two quantities. Thus, to repeat the ques-

tion formerly given, '' What fraction of a pound is

2^d. .'"—which in reality means, " What relation is

there between 2ld. and a pound ;" or " What must wc
consider 2if/., if we consider a pound as unity ;" " or,"

in fine, " What is the value of 2^ :
1"

—

We have seen [Sec. I. 40] that the relation between

quantities cannot be ascertained, unless they are made
to have the same " unit of comparison :" but a fai-thing

is the only unit of comparison which can be applied to

both 2\d. and £1 ; we must therefore reduce them to

farthings—when the ratio of one to the other will be-

come that of 9 : 960. But we- have also seen that a

geometiical ratio is not altered, if we divide both its

terms by the same number ; therefore 9 : 960 is the same
ratio as ^f ^ : ^|f , or ^f-^-

: 1.—That Is, the ratio between

2ld. and £1 may be expressed by 2^d. : i£l, or 9 : 960,

or Trf : 1 ; or, the pound being considered as unity, the

farthing will be represented by ttoo-

13. The geometrical ratio between two numbers is the

same as that which exists between the quot'.ent of the

fraction which represents their ratio, and unity. Tbus,
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•n the last example 9 : 960 and ttI o
' 1 *"6 e(\VLD.\ ratios.

It is not necessary that we should be able to express by

integers, nor even by a finite decimal, vrhat part or mul-

tiple one of the terms is of the other ; for a geometrical

ratio may be considered to exist between anp two quan-

tities. Thus, if the ratio is 10 : 2, 5 ( V ) is the quantity

by which we must multiply one term to make it equal

to the other ; if 1 : 2, it is 0-5 (i), a JinUe decimal ; but

if 3 : 7, it is '428571' (-1), an injimte decimal—in which

case we obtain only an approximation to the value of

the ratio. But though the measure of the ratio is ex-

pressed by an iiifiniU decimal, when there is no quantity

which will exadiy serve as the multiplier, or divisor of

one quantity so as to make it equal to the other—since

we may obtain as near an approximation as we please

—

there is no inconvenience in .supposing that <niy one

number is some part or multiple of any other ; that is,

that any number may be expressed in terms of another—
or may form one term of a geometrical ratio, unity

being the other.

14. Propofti/yriy or analogy^ consists in the equality

of ratios, and is indicated by putting =, or : :, between

the equal ratios ; thus 5 : 7==9 : 11 , or 5 : 7 : : 9 : 1 1 (read,

5 is to 7 as 9 : 1
1 ) , means that the two ratios 5 : 7 and

9:11 are equal ; or that 5 bears the same relation to 7

that 9 does to 1 1 . Sometimes we express the equality

of more than two ratios ; thus 4 : 8 : : 6 : 12 : : IS : 36,

(read, 4 is to 8, as 6 is to 12, as IS is to 36), means
there is the same relation between 4 and 8, as between

6 and 12 ; and between IS and 36, as between either 4
and 8, or 6 and 12—it follows that 4 : S: : IS : 36—for

two ratios which are equal to the same, are equal t«

each other. When the equal ratios are arithmetical, the

constitute an arithmdkal proportion ; when geometri

cal, a ge/ytnttrico.l proportion

15. The quantities which form the proportion ar»3

called proporlimuils ; and a quantity that, along with

three others, constitutes a proportion. Is called a fnurlh

-proportioiud to those others. In a proportion, the two

outside terms are called the extremes^ and the two middle

terms the means ; thus in 5 : 6 : : 7 : S, 5 and S ajre the
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extremes, 6 arS 7 the means. When the same quantity

is found in both means, it is called l//e mean of the

extremes ; thus, since b : 6 : : 6 : 7, ti is l/ie me.(i7i of 5 and
7. When the proportion is arithmetical, the. mean of

two quantities is called their arit/ime/iaU mean ; \rhen

the proportion is geometrical, it is ternied their gcomz-

triad niean. Thus 7 is the ajithmctical mean of 4

and 10; for, since 7— 4r=10-7, 4 : 7: :7 : 10. And 8 ia

the geometrical mean of 2 and 32 ; for, since 1=3^2,
2 : s": : 8 : 32.

16. In an arilhmcfical proportion, " the su7n of the

means is equal to the sitm. of the extiomos." Thus, since

11 : 9: :17 : 15 is an arithmetical proportion, 11 — 9=
17—15 ; but, adding 9 to both the eijual quantities, we
have 11 — 9+9=17—15+ 9 [3] ; and, adding 15 to

these, we have 11-9+ 9+ 15=17—15+ 9+15; but

11 — 9+ 9+ 15 is equal to 11 + L5—since 9 to be sub-

tracted and 9 to be added =0 ; and 17- 15+ 9 + 15=^

17+ 9—since 15 to be subtracted and 15 to be added =0 :

therefore 11 + 15 (the sum of the extremes) =17+ 9

(the sum of the nieans).—The same thing might be

proved from atiy ether arithmetical proportion ; and,

therefore, it is tiue in eveiy case.

17. This (Kiuation (as it is called) , or the equality which

exists between the sum of the means and the sum of the

extremes, is the test of an arithmetical proportion :— that

is, it shows us whether, or not, four given quantities

constitute an arithmetical proportion. It also enables us

to find a fouith arithmetical propoitional to three given

numbers— since any mean is evidently the diflPercnce

between the sum of the extremes and the other mean
;

and any extreme, the difference between the sum of the

means and the other extreme

—

For if 4 : 7 : : 8 : 1 1 be the arithmetical proportion,

4^• 11=7+ 8 [Ifi] ; an<\ subtracthig 4 from the equals,

we have 1 1 (one of the extremes) =7+8—4 (the sum of

the means, minus the other extrer.e) ; and, subtracting 7,

we have 4+ 11 — 7 (the sum of the extremes minus one

of the means) =1=8 (the otiier mean). We might in tlie

f«ame way find the remaininir extreme, or the rciuaining

mean. Any olhcr arithmetical propoitioii would liav6
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i

answered just as well—hence what we hare said is true

in all cases.

18. Example.—Find a fourth proportional to 7, 8, 5.

Making the required number one of the extremes, and
putting the note of interrogation in the place of it, we havo

< : 8 : : 5 : ? ; then 7 : 8 : : 5 : 8-|-5— 7 (the sum of the means
minus the given extreme, =0) ; and the proportion com-

pleted will be
7 : 8 :: 5 : 6.

Making the required number one of the means, we shall

have 7 : 8 : : 1 : 5. then 7 : 8 : : 7-f5— 8 (the sum of the

extremesminus the given mean, =4) :5; and the proportion

completed will be

7 : 8 :: 4 : 5.

As the sum of the means will be foimd equal to the sum
of the extremes, we have, in each case, completed the pro-

portion.

19. The arithmetical mean of two quantities is half

the sum of the extremes. For the sum of the means is

equal to the sum of the extremes ; or—since the means
are equal—twice one of the means u* equal to the sum
of tlie extremes ; consequently, half the sum of the

means—or one of them, will be equal to half the sum of

the extremes. Thus the arithmetical mean of 19 and

19 + 27
27 is ——— (=23) ; and the proportion completed is

19 : 23 :: 23 : 27, for 19+ 27=234-23.

20. If with any four quantities the sum of the means
is equal to the sum of the extremes, these quantities are

in arithmetical proportion. Let the quantities be

8 6 7 5.

As the sum of the means is equal to the sum of the

extremes
84.5= 6 + 7.

Subtracting 6 from each of the equal quantities, we
have 8+ ^ — 6= 64-7—6; and subtracting .5 from each

of these, we have 8+5—6— 5= 6 + 7— 6—5. l^ut

8+5—6— 5 is equal to 8 — 6, since 5 to be added

and 5 to be subtracted are =0 ; and +6+ 7— 6—0=
7*5, since 6 to be added and 6 to 's>q subtracted =0 ;

i2
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tlierefore S-f5—6—5=6 4-"^—^—5 is the samo as

8—6=7—o ; but if S—G=7—5, 8 : 6 aud 7 : 5, are'

tn'o equal avithnietical ratios ; and if tliey are two e<jiial

arithuieiical ratios, they constitute an arithmetical pro-

portion. It might in the same way bo proved that

my olhci four quantities are in arithmetical proportion,

f the suiii of the means is equal to the sum of the

extremes.

21. In a geimittrical proportion, "the 'product of

lie means is equal to the jprodud of the extremes."

flius, since 14 : 7 : : 16 : 8 is a geometrical proportion,

y=y [li] ; but, multiplying each of the equal quanti-

ries by 7, we have ( y X'^j^='8" X 7 ; and multiplying

jach of these by S, we have 14X 8=16X7(^X7X8):—
out 14x8 IS the product of the extremes; and 16x7
/s the product of the means. The same reasoning would
oold with avy other geometrical proportion, and there-

fore it is true in all cases.

22. This ec/uation (as it is called), or the equality of

the product of the means and the product of the extremes,

(s the test of a gmimtriad proportion : that is, it shows

ns whether or not four given quantities constitute a

geometrical proportion. It also enables us to find a

fourth geometrical Droportional to three given quanti-

ties—which is the object of the rule of three; since any

mean is, evidently, the quotient of the product of the

extremes divided by the other mean ; and any extreme,

is the quotient of the product of the means divided by

the other extreme.

For if 7 : 14 : : 11 : 22 be the geometrical proportion,

7 X 22=^1 4 X 11 ; and, dividing the equals by 7, we have

22 (one of the extremes) =—r^— (the product of tho

means divided by the other extreme) ; and, dividing these

7X22
by 11, we have— .-,— (the product of the extremes di-

vided by one mean)=14 (the other mean). We might

in the same way find the remaining mean or the remain-

ing extreme. Ami other proportion would have answered

just as well—and therefore what we have said is true

in every case.
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2^. KxAMPi.F.—Find a fuurth proportional to 8, 10, and 14.

flaking the required quantity one of the extremes, we shall

10x14
have 8 : 10 : : 14 : ? : and 8 : 10 : : 14 :

—"—(the product
o

of the means divided by the given extreme, =17 o).

And the proportion completed will be

8 : 10 : : 14 : 17-5.

^Making the required number one of the means, we shall

8x14
have 8 : 10 : : ? : 14 ; and 8 : 10 :

:—— (the product of

the extremes divided by the g^iven mean, =11-2) : 14.

And the proportion completed will be

8 : 10 : : 112 : 14.

To

EXERCISES.
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tion. It mighty in the same way, be proved that any
other fuiii- quantities are in geometrical proportion, if

the product of the means is equal to the product qf tho

extremes.

23. When the first term is unity, to find a fourth

proportional

—

liuLE.—Find the product of the second and third.

Example.—What is the fourth proportional to 1, 12, and

27?
1 : 12 : : 27 : 12x27=324

We are to divide the product of the means by the given

extreme ; but we may neglect the diviscn- when it io unity

—

since dividing a number by unity does not aker it.

EXERCISES.

Find fourth proportionals

9. To 1, 17, and 8 . Ans. 136.

10. „ 1, 23 „ 20 . . 400.

11. „ 1, 100 „ 73 . . 7800.

12. „ 1, 53 „ no . . 5830.

13. „ 1, 15 ., 1234 . . 18510.

26. When either the second, or third term is unity

—

lluLE.—Divide that one of them which is not unity

by the first.

Example.— Find a fourth proportional to 8, 1, and 5.

8 : 1 : : 5 : |.

We are to divide the product of the means by the given

extreme : but one of the means may be considered as the

product of both, when the other is unity. For, since multi-

plication by unity produces no effect, it may be omitted.
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of th3 extremes is equal to t/ic menn multiplied by itself.

HiMitje, to discover the gwmtlrlad iimni of two quan-
tities, WL* hare only to find some number which, multi-

pliid by itsilf, will be equal to theii* product—that is,

to find, what we shall term hereafter, the square root

of their p oduct. Thus 6 is the geometrical mean of 3
and 12 ; for Sxfi^SX 12. And 3 : 6 : : 6 : 12.

2.S. It will be useful to make the pupil acquainted with

the following p-operties of a geometrical proportion

—

AVe m ly consider the same quantity either as a mean,

or an extreme. Thus, if 5 : 10 : : 15 : 33 be a geometrical

proportion, so also will 10:5: : 30 : 15 ; for we obtain the

same equal products in both cases—in the former, 5x
3J.= l0x 15 ; and in the latter, 10 X 15^^5x33—which
are the same thin^. Tliis change in the proportion is

called inversion.

2J.'The product of the means will continue equal to

the product of the extremes—or, in other words, the

proportion will remain unchanged

—

If we allernife the terms ; that is, if we say, " the

first is to the thi:d, as the second is to the fourth"

—

If we " mwlfip/if, or divide the first and second, oi

the first and third terms, by the same quantity"

—

If we " read the proportion bacxwards^''—
If we say " the first terra plus the second is to the

second, as the third plus the fourth is to the fourth"

—

If we say " the first term plus the second is to the

fii-st, as the third plus the fourth is to the thiid"—S:c.

RULE OF SIMPLE PROPORTION.

30. This rule, as we have said, enables us, when thre^

quantities are given, to find a fourth proportional.

The only difficulty con>ists in stuting the question
;

when this is done, the required term is easily found.

In the rule of simvle p.-oportion, two ratios are given,

the one perfect, and the other impei-fect.

31. Rule—I. Put that given quantity which belongs

to the imptrfed ratio in the third place.

II. If it appears from the nature of the question that

tlie re(iibircd quantity must be greater »than the other,
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or given term of the same ratio, put the larger term
of the perfect ratio in the second, and the smaller ia

the fii*st place. But if it appears that the required

quantity must be less, put the larger term of the jpcrfed

ratio in the first, and the smaller in the second place.

III. Multiply the second and third terms together,

and divide the product by the first.—The answer will

be of the same kind as the third term.

32. Example 1.—If 5 men build 10 yards of a wall in one
day, how many yards would 21 men build in the same time *

It -will facilitate the stating, if the pupil puts down the
question briefly, as follows—using a note of interrogation to

represent the required quantity

—

5 men.
10 yards.

21 men.
'? yards,

10 yards is the given terra of the imperfect ratio—it must»

therefore, be put in the third place.

5 men, and 21 men are the quantities which form tlio

perfect ratio ; and. as 21 will build a greater number of yards
than 5 men, the required number of yards will be greater

than the given number—hence, in this case, we put the larger

term of the perfect ratio in the second, and the smaller in

the first place

—

5 : 21 : : 10 :
'?

And, completing the proportion,

5 : 21 : : 10 :
^IXjW^ ^o

^^^^ required number.

Therefore, if 5 men build 10 yards in a day, 21 men wiD
build 42 yards in the same time.

33. Example 2.—If a certain quantity of bread is sufficient

to last 3 men for 2 days : for how long a time ought it to

last 5 men 1 This is set down briefly as follows :

3 men.
2 days.

5 men.
? days.

2 days is the given term of the impeifect ratio—it must,

therefore, be put in the third place.

The larger the number of men, the shorter the time a given

quantity of bread will last them ; but this sJio)1er time is the
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required quantity—hence, in this case, the greater term of

the perfect ratio is to be put in the first, and the smaller in

the second place—

5 : 3 : : 2 : T

And, completing the proportion,

5 : 3 : : 2 : —^=11, the required term.

34. Example 3.—If 25 tons of coal cost £21, what vrill

be the price of 1 ton 1

Ix'^l 21
25 : 1 : : 21 : —^ pounds £-,=10s. O^d.

It is necessary in this case to reduce the pounds to loAver

denominations, in order to divide them by 25 : this causes

the answer, also, to be of dijjerent denominations.

35. Reason- or I.—It is convenient to make the required

quantity the fourth term of the proportion—that is, one of the

extremes. It could, however, be found equally well, if consi-

dered as a mean [23].

Reason of II.—It is also convenient to make quantities of

the same kind the terms of the same ratio ; because, for in-

stance, we can compare men with men, and days with days

—

but we cannot compare 7ue/i with rlai/s. Still there is notliing

inaccurate in comparing the number of one, with the nvmbtroi'
the other ; nor in comparing the tnimher of men with the quan-
tify of work they perform, or witli the Jivmbtr of loaves they

eat : for the?e things are proportioned to each other. Hence we
shall obtain the same result whether we state example 2, thus

5 : 3 :: 2 : ?

or thus 5 : 2 : : 3 : .'

TVhen diminishing the kind of quantity which is in the per-

fect ratio increases that kind which is in the imperfect—or the

reverse—the question is sometimes said to belong to the inverse

rule of three ; and different methods are given for the solution

of the two species of questions. But Hatton, in his Arith-

metic, (third edition, Londun, 1753,) suggests the above gene-

ral mode of solution. It is not accurate to say " the invnse
lule of three" or " inverse rule of proportion ;" since, although

there is an inverse ratio, there is no inverse /j/o/70/7/on.

Reaso.v of III.—We multiply the second and third terms,

and divide their product by the first, for reasons already given

[22].

The answer is of the same kind as the third term, since

neither the multiplication, nor the division of this term has

changed its nature ;—20^. the payment of 5 days divided by 6
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20.«. 20*.
gives -^;^ as the payment of one day; and -^, the payment

of one day multiplied by 9 gives ^^- X 9 as the payment of 9
5

days.
If tlie fourth term were not of the same kind as the third,

it would not complete the imperfect ratio, and therefore it

would not be the veumved fourth proportional.

36. It will often be convenient to divide the first and

second, or first and third terms, by their greatest com-
mon measure, when these terms are composite to each

other [29].

Example.—If 3G cwt. cost £24, what will 27 cwt. cost 1

30 : 27 : : 24 : ?

Dividing the first and second by we have

4 : 3 : : 24 : ?

And, dividing the first and tliird by 4,

1 : 3 :: G : 3xG=£18.

EXERCISES FOR THE PUPIL.

Find a fourth proportional to

1. 5 pieces of oloth : 50 pieces : : £27. .4715. £270
2. 1 cwt. : 21^cwt. :: 505. Ans. 107505.

3. 10 tb : 150 tb :: 55. Ans. Ids.

4. 6 yards : 1 yard :: 275. An.<!. 4s. 6d.

5. 9 yards : 36 yards : : 185. Am. 72s.

6. 5 tb ; 1 tb :: 155. Aiis. 3s.

7. 4 yards : IS yards : : l5. Ans. 4s. 6d.

8. AVhat will 17 tons of tallow come to at £25 per

ton ^ Ans. £425.
^* [f one piece of cloth cost £27, how much will 50

pec«^s cost .' Ans. £1350.
10 If a certain (juantity of provisions would last 40

men for 10 months, how long would they suflice for 32 ?

Ans. 121 months.

11. What will 215 cwt. of madder cost at 505. per

cwt. .' Ans. 107505.

12. I d:?sire to have 30 yards of cloth 2 yards wide,

with baiz2 3 yards in breadth to line it, how much of

the latter shall I require } Ans. 20 yards.



RULE OF PROPOPvTIO!^. 1S9

13. At 10.9. per ban-el, what will be tlie price of 130
barrels of barley f Ans. £60.

14. At Ds. per lb, what will be the price of 150 lb of

tea .' Alls. 7o0.<i.

l>'). A merchant aj'reed with a carrier to brin;^ 12

cwt. of goods 70 miles for 13 crowns, but his waggon
being heavily ludeu, he was obliged to unload 2 cwt.

;

how far should he carry the remainder for the same
money .' Ans. 84 miles.

16. What will 150 cwt. of butter cost at £3 per cwt. ?

A))s. £450.
17. If I lend a person £400 for 7 months, how much

ought he to lend me for 12 ? Ans. £233 es. Sd.

18. How much will a person walk in 70 days at the

rate of 30 miles per day .' Aiis. 2100.

19. If I spend £4 in one week, how much will I

spend in 52 .' Ans. £208.
20. There are provisions in a town sufficient to sup-

port 4000 soldiers for 3 months, how many must be

sent away to make them last 8 months .' Ans. 2500.

21. What is the rent of 167 acres at £2 per acre .'

Ans. £334.
22. If a person travelling 13 hours per day would

finish a journey in 8 days, in what time will he accomplish

it at the rate of 15 hours per day f Ans: 6J-4 days.

23. What is the cost of 256 gallons of brandy at 12^.

per gallon .' Ans. 3072s.

24. What will 156 yards of cloth come to, at £2 per

yard .' A^is. £312.
25. If one pound of sugar cost Sd., what will 112

pounds come to .' Ans. 896r/.

2b. If 136 masons can build a fort in 28 days, how
many men would be required to finish it in 8 days .'

Ans. 476.

27. If one yard of calico cost 6J., what will 56 yards
come to f A71S. 3SQd.

23. What will be the price of 256 yards of tape at

2d. per yard .' Ans. D\2d.

29. If £100 produces me £6 interest in 365 days,

what would bring the same amount in 30 da3's .' Ans
£1216 135. 4d.
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30. What shall I receive for 157 pair of gloves, at

10^. per pair ? Ans. lolOd.

31. What would 29 pair of shoes come to, at 9^. per

pair ? Ans. 261 s.

32. If a farmer lend his neighbour a cart horse which
draws 15 cwt. for 30 days, how long should he have a

horse in return which draws 29 cwt. ? Ans. 22^ days.

33. What sum put to interest at £6 per cent, would
give £6 in one month ? Ans. £1290.

34. If I lend £400 for 12 months, how long ought £150
be lent to me, to return the kindness ? Ans. 32 months

35. Provisions in a garrison are found sufficient to

last 10,000 soldiers for 6 months, but it is resolved to

add as many men as would cause them to be consumed
in 2 months ; what number of men must be sent in ?

Ans. 20,000.

36. If 8 horses subsist on a certain quantity of hay
for 2 months, how long will it last 12 horses ? Ans.

1^ months.

37. A shopkeeper is so dishonest as to use a weight

of 14 for one of 16 oz. ; how many pounds of just will

be equal to 120 of unjust weight ? Ajis. 105 lb.

38. A meadow was to be mowed by 40 men in 10

days; in how many would it be finished by 30 men.'

Ans. 13 J- days.

37. When the first and second terms of the proportion

are not of the same denomination ; or one, or both of

them contain different denominations

—

Rule.—Reduce both to the lowest denomination con-

tained in either, and then divide the product of the

second and third by the first term.

Example 1.—If three ounces of tea cost 15(i. what will 87

pounds cost ]

The lowest denomination contained in either is ounces.

oz. lb d. 1390y 15 d.

3 : 87 : : 15 : —^— =G060=£29.
IG

*^

I0O2 ounces.

Tlieve is evidently the same ratio between 3 oz and 87 ft)

as between 3 oz. and 1392 oz. (the equal of 87 ft)).
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Example 2.—If 3 yards of any thing cost 4s. O^fZ., what
can 1)6 bought for £2 ?

The hjwest denomination in either is farthings.

4 9^ : 2 : : 3 : i_=_2i:L=24 3 3.

12 20 231

57 pence. 40 shillings.

4 12

231 fiirthings. 480 pence.
4

1"J20 farthings.

Thei-e is evidently the same ratio between 4-5. 9|'/. and £2,
ns between the numbers of farthings they contain, respectively

For there is the same ratio between any two quantities, as

between two others which are equal to them.

Example 3.—If 4 cwt., 3 qrs., 17 lb, cost £10. hovi- much
will 7 cwt. 2 qrs. cost I

The lowest denomination in either is p.ounds.

£
cwt. qr. ft) cwt. qr. £ 840x19
4 3 17 : 7 2 : : 19 : , „> =£29 Is. 5d
4 4

^-^^

19 qrs. 30 qrs.

28 28

549 fts. 840 lbs.

EXERCISES.

Find fourth proportionals to

39. 1 cwt. : 17 tons : : £5. Ans. £1700.
40. 05. : £20 : : 1 yard. Ans. SO yards.

41. 80 yards : 1 qr. : : 400^. Ans. Is. 3^.

42. 3s. 4d. : £1 lOs. : : 1 yard. Ans. 9 yards.

43. 3 cwt. 2 qrs. : 8 cwt. 1 qr. : : £2. Ans. £4.
44. 10 acres, 3 roods, 20 perches : 21 acres 3 roods :

£60. Ans. £120.
45. 10 tons, 5 cwt., 3 qrs., 14 lb : 20 tons, 11 cwt

,

3 qrs. : : £840. Ajis. £1680.
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46. What is llie price of 31 tuns of wine, at £1S per

hhcl. Ans. £2232.
47. If 1 ounce of spice costs 45., what will be the

price of Ifi It)? Ans. £d\ 4s.

48. What is the price of 17 tons of butter, at £o per

cwt. .' Ans. £1700.
49. If an ounce of silk costs 4^., what will bo the

price of 15 lb .' Ans. £4.
50. What will 224 tb 6 oz. of spice come to, at 35

per oz. .' Ans. .£538 105.

51. How much will 12 lb 10 oz. of silver come to, at

55. per oz. } Ans. £38 IO5.

52. What will 156 cwt. 2 qrs. come to, at 7d. per

lb.' Ans. £511 45. 8^.

53. What will d6 cwt. 2 qrs. cost at IO5. 6d. per

qr. .? Ans. £118 135.

. 54. If 1 yard of cloth costs £1 55., what will 110
yards, 2 qrs., and 3 nails, come to .' Ans. £138 75. 2\d.

,
55. If 1 cwt. of butter costs £6 65., how much will

17 cwt., 2 qvs., 7 % cost.- Ans. £110 125. lOM-
56. At 155. per cwt., what can I have for £615 155. .'

Ans. 821 cwt.

f 57. How much beef can be bought for £760 125., at

325. per cwt. Ans. 475 cwt., 1 qr., 14 lb.

58. If 12 tb, 6 oz., 4 dwt., cost £150, what will 3 lb,

1 0:;., 11 dwt., cost.? Ans. £37 IO5.

59. If 10 yards cost 175., what will 3 yards, 2 qrs.

cost ? Ans. OS. l\\d.

. 60. If 12 cwt. 22 tb cost £19, what will 2 cwt. 3
qrs. cost ? Ans. £4 bs. ^\d.

61. If 15 oz., 12 dwt., 16 gi-s., cost 195., what will

13 oz. 14 grs. cost.' Ans. \bs. \0d.

38. If the third term consists of niore than one deno-

mination

—

KiTLE.—Reduce it to the lowest denomination which

it contains, then multiply it by the second, and divide

the product by the fin-^t term —The answer will be of

that denomination to which the third has been reduced,

and may sometimes be chanced to a higher [Sec.

m. oj.
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68. 172cwt.,2qrs.,18ft):7cwt.,3qrs.,llft)::£87
65. 3d. Ans. £3 19s. 4U.

69. 17 cwt., 2 qrs., lA\h : 2 cwt., 3 qrs., 21 ft) : : £73
Ans. iei2 35. 4d.

70. ieS7 65. 3d. : £3 19s. 4\d. : : 172 cwt., 2 qrs., 18

lb. 7l'?i5. 7 cwt., 3 qrs., 11 ib.

71. £3 195. 4U. : ^£87 65. 3^. : : 7 cwt., 3 qrs., 11 &.
Ans. 172 cwt., 2' qrs., 18 ft).

72. At 185. 6d. per cwt., wliat will 120 cwt. cost?

Ans. iJlll.

73. At 3\d. per pound, what will 112 lb come to .^

Alls. £1 10s. Ad.

74. What will 120 acres of land come to, at 145. Qd.

per acre ? Ans. £S1

.

75. How much would 324 pieces come to, at 25. ^\d.

per piece .? Ans. £43 lis. Qd.

76. What is the price of 132 yards of cloth, at 16^.

Ad. per yard .? Ans. £101 165.

77. If 1 ounce of spice costs 35. Ad.^ what will 18 ft)

10 oz cost.^ Ans. £A9 13s. Ad.

78. If 1 ft) costs 65. Sd.y what will 2 cwt. 3 qrs. come
to.?- Iw5. iei02 135 4^.

79. If £1 2s. be the rent of 1 rood, what will be the

rent ( f 156 acres 3 roods i Ans. £689 145.

80. At IO5. Qd. per qr., what will 56 cwt. 2 qrs. be

worth } Ans. £118 135.

81. At 155. 6^. per yard, what will 76 yards 3 qrs.

come io ? Ans. £59 95, l\d.

82 What will 76 cwt. 8 lb come to, at 25. 6ri. per

ft)? Ans. £1065.
83 At 149. Ad. per cwt., what will be the cost of 12

cwt. :i qrs. } Ans. £8 195. 2d.

84. How much will 17 cwt. 2 qrs. come to, at 195.

\0d. ^er cwt. Ans. £17 75. Id.

85 If 1 cwt. of butter costs £6 65., what will 17 cwt

,

2 qrs , 7 ft), come to } Ans. £102 125. 10^^/.

86 If 1 qr. 14 ft) cost £2 155. 9^., what will be the

cost of 50 cwt., 3 qrs., 24 lb } Ans. £378 16«. ^\d.



RULE OF PROPORTION. s 1S5

' 87. If the shilling loaf weigh 3 ft) 6 oz., when flour

sells at £1 13s. 6d. per cwt., what should be its weight

when flour sells at £1 7s, 6d ? Ans. 4 ft) l*f oz.

8S. If 100 ft) of anything cost £25 6s, 3d., what will

he the price of 625 lb ? Aiis. £158 4s. O^d.

89. If 1 ft) of spice cost 105. 8^., what is half an oz.

worth ? Am. 4d.
' 90. Bought 3 hhds. of brandy containing, respectively,

61 gals., 62 gals., and 62 gals. 2 qts., at 6s. Sd. per

gallon; what is their cost.' A7is. £61 16^. Sd.

39. If fractions, or mixed numbers are found in ono

or more of the terms

—

Rule.—Having reduced them to improper fractions,

if they are complex fractions, compound fractions, or

mixed numbers—multiply the second and third term?

together, and divide the product by the first—according

to the rules already given [Sec. IV. 36, &c., and 46

,

&c.] for the management of fractions.

Example.—If 12 men build 3^ yards of wall in f of Si

week, how long will they require to build 47 yards 1

3^- yards=-^^ yards, therefore
3 \/47

?6 . 47 . . 3 . ±j^—=9i weeks, nearly.

7

40.—If all the terms are fractions

—

Rule.—Invert the first, and then multiply all the

terms together.

Example.—If ^ of a regiment consume |^ of 40 tons of
flour in f of a year, how long will | of the 'same regiment
take to consume it !

T • 4 • • ? • 4 >^i-^^—1X5X5—Too—-^"-^ " uays.

This rule follows from that which was given for the division
of one fraction by another [Sec IV. 49].

41. If the first and second, or the first and thu-d

terms, are fractions

—

Rule.—Reduce them to a common denominator
(should they not- have one already), and then omit thd

denominators'
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Example.—If | of 1 cwt. cf rice costs X2, Tvhat -vrill -,^ of

a CAvt. cost ?

2 . 9 . . o . 1
3 • To • • -' • •

Reducing the fractions to a common denominator, wo hava
2 . 2 7 . . 0-1
30 ' 30 • • "^ • •

And omitting the denominator,

20 : 27 : : 2 : ?^=£2-7=£2 14^.

This is merely multiplying the first and second, or the first

and third terms by the common denominator—which [30] does
not alter the proportion.

EXERCISES.

91. What will | of a yard cost, if 1 yard costs 135

Gd. } Ans. 105. \\d.

92. If 1 lb of spice costs -^5., what will 1 lb 14 oz.

cost ? Ans. Is. A}d.

93. If 1 oz. of silver costs 5|s., what will | oz. cost r

Ans. 4s. 3d.

94. How much will ^ yard come to if | cost -^s. }

Ans. -^j-s.

95. U 2^ yards of flannel cost 3] 5., what is the price

of 4| yards ? Ans. 6s. 44-

96. What wilj 8^- oz. of silver cost at C^s. per oz. }

A^ns. £1 Is. 4i(Z.

97. If y3g- o"f a ship costs £273 i, wliat is rf^ of her

worth.? Ans. £227 \2s. Id.-

98. If 1 lb of silk costs 16|.?., how many pounds can

I have for 37^5. } Ans. 2\ lb.

99. What is the price of 49-i\ yards of cloth, if 7f
cost £7 ISs. 4d. ? Ans. £ol 3s. ^^d.

103. If £100 of stock is worth £98i, what will £362
S5. lid. be worth ? Ans. £3oS 75. Id.

101. If 9-i.v. is paid for 4f yards, how much can be

bought for £2-,\ f Ans. 24 yards, nearly.

MISCELLANEOUS EXERCISES IN SIMPLE PROPORTION.

102. Sold 4 hhds. of tobacco at lOid. per lb : No. 1

weighed 5 cwt., 2 qrs. ; No. 2, 5 cwt., 1 qr., 14 lb ; No.

3, 5 cwt., 7 tb ; and No. 4, 5 cwt., 1 qr., 21 lb. What
was their price ? Ans £104 145. 9d.
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103. Suppose that a bale of merchandise weighs 300 ft>,

and oosts JLlo 45. 9d. ; that the duty is 2d. per pound
;

that the freight is 255. ; and that the porterage home
is Is. Cd. : how much does 1 lb stand me in ?
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£10 155. per lihd. He had of each an equal quantity,

the amount of which is requu-ed.
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The time taken by the greyhound for one spring is to

that required by the hare, as 25 : 27, as 1 : ?,], or aa

1 : It,-- [12]. The greyhound, therefore, gains' tTj of a
spring during every spring of the hare. Therefore

fs : 50 : : 1 spring : 50-f-Tf-^=C7D, the number of springs
the hare will make, before it is overtaken.

118. If a ton of tallow costs £35, and is sold at the

rate of 10 per cent, profit, what is the selling price.'

Alls. i£38 lUs.

119. If a ton of tallow costs £37 lO^., at what ratt

must it be sold to gain by 15 tons the price of 1 ton .'

Ans. £40.
120. Bought 45 barrels of beef at 21s. per barrel

;

among them are 16 barrels, 4 of which would be worth
only 3 of the rest. How much must I pay } Ans.
£43 U.

121. If S40 eggs are bought at the rate of 10 for a

penny, and 240^ more at 8 for a penny, do I lose or gain

if I sell all at IB for 2d. : Ans. I gain 6^.

122. Suppose that 4 men do as much work as 5
.women, aud that 27 men reap a quantity of corn in 13
days. In how many days would 21 women do it .' Ans.

The work of 4 men=that of 5 women. Therefore (dividing
each of the equal quantities by 4. they will remain equal j,

4 mens work
, , ^ the work of 5 women

T (one mans work)= . —
. Con-

sequently \\ times the work of one woraan=rl man's work :

—

that is, the work of one man. in terms of a woman's work,
IS Ij : or a woman's work is to a mans work : : 1 : ] |.

Hence 27 mens work=27xl| womens work; then, in
place of saying

—

21 women : 27 men : : 13 days : ?

say the work of 21 women : the work of 27x11 (=33n
_ 3o?xl3

women : : 13 :

—
t^j— ==20§| days.

123. The ratio of the diameter of a circle to its

circumference being that of 1 : 3-14159, wbat is the

circumference of a circle whose diameter is 47*36 feet?

Ans. 148-78618 feet.

124. If a pound (Troy weight) of silver is worth QQ$.,



200 RULE OF PROPORTION.

vrliat is the value of a pound avoirdupoise ? Ans. iE4

05. 2^d.

125. A merchant failing, owes £40881871 to his

creditors ; and has property to ihQ amount of iE12577517
105. \\d. How much per cent, can he pay } Ans. £30
15s. ^d.

126. If the digging of an English mile of canal costs

j£1347 Is. 6d., what will be the cost of an Irish mile ?

A71S. £1714 165. 9^d.

127. If the rent of 46 acres, 3 roods, and 14 perches,

is £100, what will be the rent of 35 acres, 2 roods, and
10 perches? Ans. £75 \Ss. 6fr/.

128. When A has travelled 68 days at the rate of

12 miles a day, B, who had travelled 48 daj's, overtook

him. How many miles a day did B travel, allowing

both to have started from the same place r Ans. 17.

129. If the value of a pound avoirdupoise weight be

£4 Os. 2J-fZ., how many shillings may be had for one
pound Troy ? Ans. GGs.

130. A landlord abates i in a shilling to his tenant;

and the whole abatement amounts to £76 3^. 4^d.

What is the rent .' Ans. £228 10s. Id.

131. If the third and tenth of a garden comes to £4
10s., what is the worth of the whole garden.? Ans.
£10 7s. S}d.

132. A can prepare a piece of work in 4^ days ; B
in 61 days ; and C in 8^ days. In what time would all

three do it ? Ans. 2yi^y.

41 days : 1 day : : 1 whole of the work : | part of the whole

—

or what A would do in a day.

6g days : 1 day : : 1 whole of the work : j^^ part of the wliole

—

or what B would do iu a day.

8i days : 1 day : : 1 whole of the work : ^ part of the whole

—

or wliat C would do in a day.

|-f-|-^j^-}-,-?^=i^|;*^=what all would do in a day.

Then the ^|^| part of the work : 1 whole of the work : : 1

day (the time all would require to execute y**! of the work) :

2j-]-|^ days, the time all would take to do the whole of it.

133. A can trench a garden in 8^ days; B in 5|-

days ; but when A, B, and C work together, it will be

finished in 1^ days. In how many days would C be

able to do it by himself.' Aiis. 2^^^ days.
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A, B, and C's ^ork in one day=:| of the n'liole=|J^j

Subtract- ( A's work in 1 d^y=f^
! -"o of the whole- ^-^'o

lag
i
lis work in 1 day=/- j

"sif °* ^^^ ^^ole_p,^^

C's work in one dny remains equal to ... -r%\

Then
-f'^^\

(C's work in one day) : 1 whole of the work : : 1

day : 2 ^j^, the time required.

134. A ton of coals yield about 9000 cubic feet of

gas ; a street lamp consumes about 5, and an argand

burner (one in which the air passes through the centre

of the flame) 4 cubic feet in an hour. How many tons

of coal would be required to keep 17493 street lamps,

and 192724 argand burners in shops, &.C., lighted for

1000 hours ? Ans. 95373f

.

135. The gas consumed in London requires about

50,000 tons of coal per annum. For how long a time

would the gas this quantity may be supposed to pro-

duce (at the rate of 9000 cubic feet per ton), keep one

argand light (consuming 4 cubic feet per hour) con-

stantly burning ? Aiis. 12842 years and 170 days.

136. It requires about 14,000 millions of silk worms
to produce the silk consumed in the United Kingdom
annually. Supposing that every pound requires 3500
worms, and that one-fifth is wasted in throwing, how
nany pounds of manufactured silk may these worms
be supposed to produce .' Ans. 1488 tons, 1 cwt., 3 qrs.,

17 ft).

137. If one fibre of silk will sustain 50 grains, how
many would be required to support 97 lb .' Ans 13580.

loS. One fibre of silk a mile long weighs but 12

grains ; how many miles would 4 millions of pounds,

annually consumed in England, reach .'

Ans. 23333333331 miles.

139. A leaden shot of 4^ inches in diameter weighs

17 lb ; but the size of a shot 4 inches in diameter, is to

that of one 4^ inches in diameter, as 64000 : 91125 :

what is the weight of a leaden ball 4 inches in diameter ?

Ans. 11-9396.

140. The sloth does not advance more than 100
yards in a day. How long would it take to crawl from

Dublin to Cork, allowing the distance to be 160 English

miles ? Aiui. 2S16 days j or 8 years, nearly.



202 COMPOUND PROPORTION.

141. Englisli race horses have been known to go at

the rate of 58 miles an hour. In what time, at this

velocity, might the distance from Dublin to Cork be

travelled over ? A?is. 2 hours, 45' 31" 2
'

142. An acre of coals 2 feet thick yields 3000 tons
;

and one 5 feet thick 8O0O. How many acres of 5 feet

thick would give the same quantity as 48 of 2 feet

thick? Ans. 18.

143. The hau'-spring of a watch weighs about the

tenth of a grain ; and is sold, it is said, for about ten

shillings. How much would be the price of a pound of

crude iron, costing one halfpenny, made into steel, and
then into hair-springs—supposing that, after deducting

waste, there are obtained from the iron about 7000
grains of steel .? Ans. ^£35000.

COMPOUND PROPORTION.

42. Compound proportion enables us, although two
or more proportions are contained in the question, to

obtain the required answer by a single stating. In
compound proportion there are three or more ratios, one*

of them imperfect, and the rest perfect.

43. Rule—I. Place the quantity belonging to the

imperfect ratio as the third term of the proportion.

II. Put down the terms of each of the other ratios

in the first and second places—in such a way that the

antecedents may form one column, and the consequents

another. In setting down each ratio, consider what
effect it has upon the answer—if to increase it, set down
the larger term as consequent, and the smaller as ante-

cedent ; if to diminish it, set down the smaller term as

consequent, and the larger as antecedent.

III. Multiply the quantity in the third term by tho

product of all the quantities in the second, and divide

the result by the product of all those in the first.

44. Example 1.—If 5 men build 16 yards of a wall in 20
days, in how many days would 17 men build 37 yards ?

The question briefly put down [32], will be aa follows •
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IC
^^^]

[
conditions which give 20 days.

20 days imperfect ratio.

1 days, the number sought.

_i , ( conditions which give the required number of davs.
6 i yards

)

The imperfect ratio consists of days—therefore vrc are to

put 20, the given number of days, in the third place. Two
ratios remain to be set down—that of numbers of 7nen, and

that of numbers of ijards. Taking the former first, we ask

ourselves how it afffcts the answer, and find that the more
men there are. the smaller the required number will be—since

the greater the number of men. the shorter the time required

to do the work. We. therefore, set down 17 as antecedent,

and 5 as consequent. Next, considering the ratio consisting

of yards, we find that the larger the number of yards, the

longer the time, before they are built—therefore increasing

their number increases the quantity required. Hence we
put 37 a5 consequent, and 16 as antecedent : and the whole
will be as follows :

—

17 : 5 : : 20 : ?

16 : 37

20 V.5x37
And 17 : 5 : : 20 :

'-^ ,. =136 davs. nearlv.

16:37 ^'X^*^

45. The result obtained by the rule is the same as would be
found by taking, in succession, the two proportions supposed
by the question. Thus

If 5 men would build 16 yards in 20 days, in how many
days would they build 37 yards '

37 X '^0

16 : 37 : : 20 :— — number of days which 5 men would
16

"^

require, to build 37 yards.

If 5 men would build 37 yards in*" ^— days, in how many

days would 17 men build them ? •

-- . 20x37 20x37^-.,- 20x5x37 ,, ,
1/ : 5 : : ——— : —^^—Xo—1<= ,_ ^, , the number

16 16 17X16
of days found by the rule.

46. Examplt: 2.—If 3 men in 4 days of 12 working hours
each build 37 perches, in how many days of 8 working
hours ought 22 men to build 970 perches 1*
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3 men.
4 days.

^ 12 hours.

37 perches.

1 days.

8 hours.

22 men.
970 perches.

3X12X9/(1X4
.

22 : 3^: : 4 : ^^^^^., =2U days, nearly.

37 *: 970

The jtumher of days is the quantity sought ; therefore 4

days constitutes the imperfect ratio, and is put in the third

place. The more men the fewer the days necessary to per-

form the work ; therefore. 22 is put tirst. and 3 second. The
smaller the number of working hours in the day. the larger
the number of da^'s : hence 8 is put first, and 12 second.
The greater the number of perches, the greater the number
of daj's required to build them ; consequently 17 is to be
put first, and 970 second.

47. The process may often be abbreviated, by divid-

ing one term in the first, and one in the second place
;

or one in the first, and one in the third place, by the

same number. *

Example 1.—If the carriage of 32 cwt. for 5 miles costs

8j.. how much will the carriage of 160 cwt. 20 miles cost '?

32 : IGO : : 8 : 1^^^^«=1C0
5 : 20

^->^^

Dividing 32 and IGO by 32 Ave have 1 and 5 as quotients.

Dividing 5 and 20 by 5 we have 1 and 4 : and the propor-

tion will be

—

1 : 5 :: 8 : 5x4x8=100
1:4

48. "We arc to continue this kind of division as long

as possible—that is, so long as any one number will

measure a (quantity in the fi.-st, and another in the second

place ; or one in the first and another in the thi.-d place

This will in some instances change most of the quantitieg

into unity—which of coui'se may be omitted.
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Example 2 —If 28 loads of stone of 15 cwt. each, build a
wall 20 feet long and 7 feet high, how many loads of 19 cwt.

will build one 32o feet long and 9 feet high 1

10 : 15 : : 28 :
I^x323x9x28_^^(^

20 : 323 19x20x7
7 : 9

Dividing 7 and 28 by 7, we obtain 1 and 4.—Substituting

these, we have

19 : 15 : : 4 : 1

20 : 323
1 : 9

Dividing 20 and 15 by 5, the quotients are 4 and 3 :

19 : 3 : : 4 : ?

4 : 323
1 : 9

Dividing 4 and 4 by 4, the quotients are 1 and 1 :

19 : 3 : : 1 : ?

1 : 323
1 : 9

Dividing 19 and 323 by 19, the quotients are 1 and 17 :

1 : 3 :: 1 : 3x17x9=459.
1 : 17

1 : 9

In this process we merely divide the first and second, or

first and tliird terms. l)y the same number—which [29] does
rot alter the proportion. Or we divide the numerator and
denominator of the fraction, found as the fourth term, by the

same number—which [Sec. lY. 15] does not alter the quo-
tient.

EXERCISES IN COMPOUNB PROPORTION.

1. If ^£240 in 16 months gains £64, how much will

£60 gain in 6 months } Ans. £6.

2. With how many pounds sterling could I gain

£5 per annum, if with £450 I gain £30 in 16 months }

Ans. £100.
3. A merchant agrees with a carrier to bring l.o cwt

of goods 40 miles for 10 crowns. How much ought h\

to pay, in proportion, to have 6 cwt. carried 32 miles /

Alls, 165.

K 2
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4. If 20 cwt. are carried the distance of 50 miles for

jE5, how much will 40 cwt. cost, if carried 100 miles ?

Alls. £20.
5. If 200 ft) of merchandise are carried 40 miles

for 35., how many pounds might be carried 60 miles

for ie22 145. 6d. Ans. 20200 ib.

6. K 286 ft) of merchandise are carried 20 miles

for 35., how many miles might 4 cwt. 3 qrs. be carried

for ^£32 65. 8^. ? Ans. 2317-627.

7. If a wall of 28 feet high were built in 15 days

by 68 men, how many men would build a wall 32 feet

high in 8 days ? Atis. 146 nearly.

8. If 1 ft) of thread make 3 yards of linen of 1|-

yards wide, how many pounds of thread would be required

to make a piece of linen of 45 yards long and 1 yard

wide ? A71S. 12ft).

9. If 3 lb of worsted make 10 yards of stuff of 1^
yards broad, how many pounds would make a piece 100
yards long and li broad r Aiis. 25 ft).

10. 80000 cwt. of ammunition are to be removed
from a fortress in 9 days ; and it is found that in 6 days

18 horses have carried away 4500 cwt. How many horses

would be required to carry away the remainder in 3

days ? Ans. 604.

11.3 masters who have each 8 apprentices cam £36
in 5 weeks—each consisting of 6 working days. How
much would 5 masters, each having 10 apprentices,

earn in 8 weeks, working 5^ days per week—the wages

being in both cases the same r Ans. £110.
12. If 6 shoemakers, in 4 weeks, make 36 pair of

men's, and 24 pair of women's shoes, how many pair of

each kind would 18 shoemakers make in 5 weeks ?

Ans. 135 pair of men's, and 90 pair of women's shoes.

13. A wall is to be built of the height of 27 feet

;

and 9 feet high of it are built by 12 men in 6 days.

How many men must be employed to finish the remain-

der in 4 days r Ans. 36.

14. If 12 horses in 5 days draw 44 tons of stones,

how many horses would draw 132 tons the same dis-

tance in 18 days ? Ans. 10 horses.

15. If 27s. are the wages of 4 men for 7 days,
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what will be the wages of 14 men for 10 days ? Av^.

£6 Ids.

16. If 120 bushels of corn last 14 horses 56 days,

how many days will 90 bushels last 6 horses r A/is.

98 days:

17. If a footman travels 130 miles in 3 days when
the days are 14 hours long, in how many days of 7 hours

each will he travel 390 miles ? Ans. IS.

IS. If the price of 10 oz. of bread, when the corn

is 45. 2d. per bushel, be 5^., what must be paid for 3 lb

12 oz., when the corn is 5s. od. per bushel .' Ans. 3s. 3d.

19. 5 compositors in 16 days of 14 hours long can

compose 20 sheets of 24 pages in each sheet, 50 lines

in a page, and 40 letters in a line. In how many
days of 7 hours long may 10 compositors compose a
volume to be printed in the same letter, containing 40
sheets, 16 pages in a sheet, 60 lines in a page, and
50 letters in a line .' Ans. 32 days".

20. It has been calculated that a square degree (about

69X69 square miles) of water gives oflf by evapora-

tion 33 millions of tons of water per day. How much
may be supposed to rise from a square mile in a week .-*

Ans. 485 ly -2157 tons.

21. When the mercury in the barometer stands at

a height of 30 inches, the pressure of the air on every

square inch of surface is 15 tb. What will be the pres-

Bure on the human body—supposing its whole surface

to be 14 square feet ; and that the barometer stands at

31 inches .' A)is. 13 tons 19 cwt.

QUESTIONS IX RATIOS AND PROPORTION.

1

.

What is the rule of proportion ; and is it ever

called by any other name .' [1].

2. What is the difference between simple and com-
pound proportion .' [30 and 42].

3. What is a ratio .' [7].

4. What are the antecedent and consequent ? [7]

.

5. AVhat is an inverse ratio f [8].

6 What is the difference between an arithmetical

and a geometrical ratio f [9]

.
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7. IIow can we know wliether or not an arithmetical

or geometrical ratio, is altered in value ? [10 and 11].

8. How is one quantity expressed in terms of an
other? [12].

9. What is a proportion, or analogy ? [14].

10. What are means, and extremes ? [15].

11. AVhat is the arithmetical, or geometrical mean of

two quantities ? [19 and 27].

12. How is it known that four quantities are in arith-

metical proportion ? [16].

13. How is it known that four quantities are in geo-

metrical proportion ? [21].

14. How is a fourth proportional to three quantities

found.? [17 and 22].

15. Mention the principal changes which may be
made in a geometrical proportion, without destroying

it.? [29].

16. How is a question in the simple rule of three to

be stated, and solved ? [31].

17. Is it necessary, or even correct, to divide the

rule of three into the direct, and inverse ? [35]

.

18. How is the question solved, when the first oi

second terms are not of the same denomination ; or one^

or both of them contain different denominations ? [37]
19. How is a question in the rule of proportion solved,

if the third term consists of more than one denomina-

tion .? [38].

20. How is it solved, if fractions or mixed numbers
are found in the first and second, in the first and third,

or in all the terms ? [39 and 40]

.

2 1 . How is a question in the rule of compound pro-

portion stated, &.C. : [43].

22. Can any of the terms of a question in the rulo

of compound proportion ever be lessened, or altogether

banished .? [47 and 48j

.
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ARITHMETIC

PART II.

SECTIOxN YI.

PRACTICE.

1. Practice is so called from its being the method

of calculation practised by mercantile men : it is an

abridged mode of performing processes dependent on

the rule of three—particularly Avhen one of the terms

is unity. The statement of a question in practice, in

geiicrai tenns^ would be, " one quantity of goods is to

another, as the price of the former is to the price of

the latter."

The siinplification of the rule of three by means of

practice^ is principally effected, either by dividing the

given qiLinlity into " parts," and finding the sum of

the prices of these parts ; or by dividing the prife into

" parts," and finding the sura of the prices at each of

these parts : in either case, as is evident, we obtain the

required price.

2 Paris are of two kinds, " aliquot" and " aliquant."

The aliqiuint parts of a number, are those wliich do

nnt measure it—that is, which cannot be multiplied by
any integer so as to produce it ; the ali'jiuit parts are.

jkS we have seen [Sec. II. 26], those which measure it.

3 To find the aliquot parts of any number

—

Rule.—Divide it by its least divisor, and the result-

ing quotient by its least divisor :—proceed thus until

the last quotient is unity. All the divisors are the priim

ali([UOt parts ; and the product of every two, every three,

&c., of them, are the compound aUquot parts of the

given number.
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4. Example.—What are the prime, and compound aliquot

parts of 84 ?

2)84

2>12

3)21

7)_7

1

The prime aliquot parts are 2, 3, and 7 ; and

2x2= 4

2x3= 6

2x7=14
,

3x7=21 l>are the compound aliquot parts.

2x2x3=12
2x2x7=28
2x3x7=42

All the aliquot parts, placed in order, are 2, 3, 4, 6, 7, 12,

14, 21, 28, and 42. _

5. AVe may apply this rule to opplicate numbers.—Let it

be required to find the aliquot parts of a pound, in shillings

and pence. 240(i.=£l.
2)240

2)l20

2)_G0

2)30

3)_15

5)5

T
The prime aliquot parts of a pound are, therefore. 2J.,

3iZ., and od.: and the compound,
d.

2x2= 4

2x3= G

2x5= 10

2x2x2= 8 ^^ d.

2x2x3= 12= 1

2x2x5= 20= 1 8

2x3x5= 30= 2 6

2x2x2x2= 10= 1 4

2x2x2x3= 2A= 2

2x2x2x5= 40= 3 4

2x2x3x5= G0= 5

2x2x2x2x3= 48= 4

2x2x2x2x5= 80= 6 8

2x2x2x3x5=120=10
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EXERCISES.

What is the price of

1. { cwt., at 29s. 6d. per cwt. r Arts. Is. A\d.

2. J- a yard of cloth, at 8s. 6V/. per yard .' Aiis. 4s. 3d
3. M lb of sugar, at 4ns. 6d. per cwt. .' A7is. 5.5. S^d
4. What is the price of f cwt., at oOs. per cwt. ?

£ s. d.

50.^=2 10

qr«. c^vt. £ s.

The price of 2=^ is 15 0=2 lO-f-2

ofl=]-^2 is 12 0=1 54r2

Therefore the price of 2-f-lqrs.(=^ cwt.) is 1 17 t>

^ cwt.. or 3 qrs.=24-l qrs. But 2 qr3.=] cwt.; audits
price IS half that of a cwt. 1 qr.=:} cwt. -^2: and its pric5

IS half the price of 2 qrs. Therefore the price of | cwt. i.**

half the price of 1 cwt. plus the half of half the price of

one cwt.

What is the price of

5. 1^ oz. of cloves, at 95. 4d. per tb } Ans. Z\d.

6. 1 nail of lace, at ]bs. 4d. per yard .' Ans. ll^d.

7. 1 lb, at 235. 4d. per cwt. : Ans. li^/.

8. I tb, at 185. Sd. per cwt. t Ans. l^d.

7. When the price of 7nore than one "low^r'* deno-

mination is required

—

Rule.—Find the price of each denomination by the

last rule ; and the sum of the prices obtained will be

the required quantity.

ExA.MPi.K.—What is the price of 2 qrs. 14 lb of sugar,

at 45^. per owt. ?

«. d.

45 price of 1 cwt.

[or \ of 1 cwt.

cwt. And 22 6. or 45s\4-2. is the price of 2 ({rs.,

2 qrs.= ^ 5 7^-, or 4')v.^S=22v. b /.-t-4. is the

14 lb=J, or I of 2 qrs. price of 14 lb. the ^ of I cwt.,

or the I
of 2 qrs.

And 28 1} i.s the price of 2 (ir.s. 14 lb.

2 qrs.=.^ of 1 cwt. Therefore 45^. (the pricij of 1 cwt.)-r 2,

or 20». C«i.', is tko price of 2 qr&.
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14 fb is the I of 1 cvrt., or the |^ of 2 qrs. Therefore
45.>\H-8, or 22>-. G^/.h-4=5.s. 7^//., is the price of 14 ft.

And 22>>. (jil.-^os. ~}.d., or the price of 2 qrs. plus the price
of 14 lb, is the price of 2 qrs. 14 lb.

EXERCISES.

What is the price of

9. 1 qr., 14 lb at 46j. 6ri. per cwt. .' Am. Ms. b\d.

10. 3 qrs. 2 nails, at 17*. Qd. per yard,' Aiis.

15.<. ^d.
11. 5 roods 14 perches it 35. lO^f.'per acre .' Ans.

5s. li//.

12. 16 dwt. 14 grs., at £4 4s. 9d. per oz. > Ans.
£3 \0s. 3}d.

13. 14 lb 5 oz., at 255. 4d. per cwt. .' Ans. 3s. 2^d.

8. When the price of one " higher" denomination is

required

—

lluLE,—Find what number of times the lower deno-
mination must be taken, to make a quantity e(jual to

one of the given denomination ; and multiply the price

by that number. (This is the reverse of the rule given

above [6]).

Rv AMPLE.—What is the price of 2 tons of sugar, at 505.

per cwt. ?

1 cwt. is the j\ of 2 tons ; hence the price of 2 tons will

be 40 times the price of 1 cwt.—or 50.s.x40=X100.
50.S. the price of 1 cwt. multiplied

by 40 the number of hundreds m 2 tons,

gives 200U.S.

or XlOO afl the price of 40 cwt., or 2 tons.

EXERCISES.

What is the price of

14. 47 cwt., at U. Sd. per lb ? Ans. £43S 13*. 4d
15. 38 yards, at 4d. per nail f Ans. £'^ \2s.

]fi. 14 acres, at 5.?. per perch } Ayis. j£580.

17. 12 lb, at 13^/. per grain ? Ans. £b()4.

IS. • 19 hhds., at 3d. per gallon .- ^1/^5. £14 195. 3d.

9. When the price of more than (me, '^higher" dcno-

miaaUo!! is rec^uired

—
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Rule.—Find the price of each by the last, and add
the results together. (This is the reverse of the rule

given iibove [7]).

Example.—What is the price of 2 cwt. 1 qr. of flour,

at 2>\ per stone ?

1 stone is the yV of 2 CAvt. Therefore

2%.. the price of one stone,

multiplied by IG, the number of stones in 2 cvrt.,

gives 32*-., the price of IG stones, or 2 cwt.
"

There are 2 stones in 1 qr, ; therefore 2*. (the price of 1

Btonejx2=4.s. is the price of 1 qr. And 32i\-f-'£>'.=3G^'.=

£1 lOs.f i& the price of 2 cwt. 1 qr.

EXERCISES.

What is the price of

19. 5 yards, 3 qrs., 4 nails, at 4^. per nail.? Ans.

m 12s.

20. 6 cwt. 14 lb, at 3d. per ib } Ans. £S \\s. ed.

21. 3 lb 5 oz., at 2\d. per oz. t Ajis. 9«. l]\d.

22. 9 oz., 3 dwt., 14 grs., at ^d. per gr. ? Ans.

J213 155. 4ir/.

23. 3 acr(;s, 2 roods, 3 perches, at 5s. per perch ?

Ans. £140 15s.

10. When the price of one denomination is given, to

find tlie price o^ any numhcr of another

—

IiiJLE.—Find the price of one of that other denomi-

nation, and multiply it by the given number of the

latter.

Exa:hple.—What is the price of 13 stones at 25s. per
cwt. 1

1 ptone=| cwt. Therefore

8)2')\\, the price of 1 cwt. divided by 8,

<ri ves 3 1 .\, the price of 1 stone, or \ of 1 cwt.

Multipl\-ing this l»y 13, the number of stones,

we o])tain X2 7^ as the price of 13 stones.

1 stone is the ]. of 1 cwt. Hence 2")<.-j-S=:>s. \y., is tlie

price of one ttti)ne '. and 3*. l](/.xl3, ibe price of liiatoaes.
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EXERCISES.

What is the price of

24. 19 lb, at 2d. per oz. ? Atis. £2 105. 8^.

25. 13 oz., at \s. Ad. per ft)? Ans. 1.5. \d.

26. 14 lb, at 2.V. G^. per dwt. ? A:iis. £420.
27. 1.5 acres, at IS^. per perch .' Ans. £2160.
23. 8 yards, at Ad. per nail > Ana. £2 2s. Sd.

29. 12 hhds., at r>d. per piut .? Avs. £126.

30. 3 quarts, at 91 5. per hhd. .? Aiis. Is. Id.

11. "When the price of a given denomination is the

ali<jUot part of a s'.iilling, to find the price of any num-
ber of tliat denomination

—

Rule.—Divide the amount of the «jriven donomina'.

tion by the number exprcs.sing what aliquot pai t the

given price is of a shilling, and the quotieut will be the

required price in shillings, &.c.

Example.—What is the price of 831 articles at Ad. per'*

3)831

277.s\=£13 17.$., is the required price.

Ad. is the ^ of a shilling. Hence the price at Ad. is 1 of

what it would be at U. ]x«r article. But the price ut Iv. per
article would be Soli.:— tliercfore the price at 4c/. is 831i'.-f-3

or 27 7j;.

EXERCISES.

What is the price of

31. 379 lb of sugar, at C>d. per ft) .? Ans. £9 9s. Gd.

32. 5014 3'ard3 of calico, at 3d. per yard.' Ans.

£62 13.V. 6^.

33. 258 yards of tape, at 2d. per yard > Ans. £2 3s.

12. When the price of a siren denoniination is the

alifjuot p;iit of a pound, to find the price of any number
of that den<»iMination

—

Ki'LE.— I)ivide the quantity whose price is sought

by tlnit number which expresses what ali«|unt part the

given price is of a pound. The quotient will be the re-

quired price in pounds, &c.
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Example.—What is the price of 1732 lb of tea, at 5;

per lb I

5.S'. is the I of XI ; therefore the price of 1732 lb is thx

I of what it would be at XI per lb. But at XI per lb it

wdultl be X1732: therefore at 56-. per lb it is X1732-i-4=
X433.

EXERCISES.

What is the price of

34. 47 cwt., at Cjs. Scl. per cwt. ? Am. £\5 135. 4a.

35. 13 oz., at 45. per oz. f Ans. £2 I2s.

36. 19 stones, at 2s. C)d. per stone r Ans. £2 7s. €d.

37. S3 lb, at Is. Ad. per lb } Ans. £r) ]0s. Sd.

3S. 11.5 qrs., at Sd. per qr. ? Ans. £3 16s. Sd.

39. 976 lb, at 10^. per lb ? Am. £488.
40. 1 1*2 lb, at od. per lb > Ans. £2 6s. Sd.

41. 563 yards, at 10^/. per yard r Ans. £23 9s. 2d.

42. 1 12 11), at OS. per lb ? Ans. £28.
43. 795 ft), at 1.?. Sd. per lb ? Ans. £66 5s.

44. 1000 ft), at 3s. Ad. per ft) .? Ans. £166 13^. Ad.

13. The cmnplcment of the price is what it wants of a

pound or a shilling.

When the complement of the price is the aliquot part

or parts of a pound or shilling, but the piice ^^• not—
lluLE.—Find the price at £l,or Is.—as the ca.se

may be—and deduct the price of the quantity calculated

at the complement.

Example.—What is the price of 1470 yards, at 13s. 4J.

per yard "?

65. 8J. (the complement of 13.9. 4d.) is i of XI.

From XI 470. tlie price at XI per yard,

subtract 490, the price at C*-. 8</. (the complement)
per yard,

and the difference, 980, will he the price at 13^. 4</. per yard.

1470 yards at 13.s. Ad., plus 1470 at G.s. 8f/., are equal to

1470 at 13s. Atl.-\-6s. S<L, or at XI per yard. Honce the

price of 1470 at 13.s. 4(/.=the price of 1470 at XI, minus
the price of 1470 at G*-. 8c/. per yard.



PRACTICE. 217

EXERCISCS.

"Wliat is the price of

45. 51 ib, at 175. 6d. par lb ? Ans. £44 125. 6a
46. 39 oz., at 7d. per oz. .' Ajis. £\ 2s. 9d.

47. 91 tb, at 10^/. p;ir lb f Ans. £3 Irys. \0d.

4S. 432 cwt., at I65. per cwt. .' Aiis. JgS-lo 125.

14. When neither the price nor its complement is

the aliijuot p irt or pirts of a pounJ or shilling—
Rule 1.—Divide the p.iee into pmnl.s (if there are

any), and aliquot parts of a pound or sliillirig
; then

find the price at each of these (by preceding rules) :

—

the sum of the prices will be what is re(|uired.

ExAMPi.r.—What is the price of 822 lb. at X5 10s. Zld.

per lb ? XJ VJs. 3^*^/.=X.3-}-l'J^-. 3JJ.

5. d. £
10 =\

2 G ='But 10s. 32-J.=

li=l^2^=-l,, or ^ of the last

<-^i=.foH-6=5-^, or'i of the last

Hence the price at £0 iOs. o}d. is equal to

£
822x5
8 ii

122

^(3 = 2^20) =

£ '
5. d. - £ s. d.

=41 10 0, the price at 5 per ft.

= 411 „ XiorO 10
= 274 „ £\ orO 6 8
= 102 15 „ £« or 2 G

w
5 2 9

17 li

.. £-, orO 11

X,-^ or 0^
8 2 2 / J 2 2 .

And JC4903 U lOi is the price at £0 10 3^ „

The price at the whole, is evidently equal to the sum of
the prices at each of the parts.

If the price were £5 195. 3i^/. per lb, we should sub-
tract, and not add the piice at {d. p^r lb ; and we then
would have £4902 O5. 7^d. as the answer.

15. Ilui-E 2.—Find the price at a pound, a shillinsr,

a p^uny aai a farthing ; then multiply each by their
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respective numbers, in tlie given price ; and add the
products. Using the same example

—

£ .». d. £ s. d.

20)822 (the price at £1)X 5=4110 the price at £5
12)41 2 (tbepriceatl5.)Xl9= 780 18 „ Ids.

4)3 8 6 (thepriceatl(/.)X 3= 10 5 6 „ Sd
17 1 i(tiie price at i£/.)X 3= 2 11 4i „ id.

And the price at £5 19*. 3|</. is £4903 14 10^

16. Rule 3.—Find the price at the next number of

the highest denomination ; and deduct the price at the

difference between the assumed and given price.

Using still the same example

—

£6 is next to £5—the highest denomination in the given
price.

£ s. d. £ s. d
From the price at £6 . . . . or 4i)32

Deduct the price ( the price at 8//.=27 8 0) no - 1

1

at 84^. I „ i.i.= 17 Ur^ -^ ^ ^^

The difference will be the price at £5 19s. 3| or £4i>03 14 104

17. KuLE 4.—Find the price at the next higlier

ali(|uot part of a pound, or shilling ; and deduct the price

at the difference between the assumed, and given. price

ExAMPix.—What is the price of 84 lb, at G^. per lb ?

6t$.=:Gs. 8J. minus M.=l minus j-r-lO.

£ £ s. d.

Therefore 84-^-3=28 is the price at G5. 8J. per tb.

Deducting J^y of this=2 IG the price at M.^

"we have X25 4 0, the priee at Gs.

EXERCISES.

What is the price of

49. 73 !b, at 135. per lb ? Ans. Ml 9s.

50. 97 cwt., at 15.«. M. per ewt. t Ans. £76 7s. 9d.

51. 43 lb, at 3s. 2d. per ib ? yhw. M Iti.s. '2d.

52. 13 acres, at j£4 bs. \\d. per acre .^ Ans. £00
16*. 11^.

53. 27 yards, at 75. old. per yard.' Ans. £10
Is. \\\d.

18. AYhen the price is an tvcn number of shillings,

and less than 20.
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Rule.—Multiply the number of articles by half the

number of shillings ; and consider the tens of the pro-

duct as pounds, and the units doubled^ as shillings.

Example.—What ii the price of G4G lb, at IGcj. per lb ?

G4G

8
51Gj8

£olG 16s.

2?. being the tenth of a pound, there are, in the price,

half as many tenths as shillings. Therefore half the number
of shillings, multiplied by the number uf articles, will express

the number of tenths of a jiound in the price of the entire.

The tens of these tenths will be the numf>er of pounds : and
the units (be-^g tenths of a [tonnd) will be huh" the required

number of shuiings—or, multiplied by 2—the required num-
ber of shillings.

In the example. 1G.>\, or £8. is the price of each article.

Therefore, since there arc G-IG articles, G-lGxi- <^=<^olG-8

is the price of them. But 8 tenths of a pound (the units in

the product obtained), are twice tv* many shillings; and hence
we are to multiply the units in the product by 2.

EXERCISES.

What is the price of

54. 3215 ells, at 65. per ell } Ans. £964 \0s.

55. 7563 tb, at 85. per lb } Am^. £3025 45.

56. 2(^% cwt., at I65. per cwt. : Ans. £215 45.

57. 27 oz., at 4*. per oz. t Ans. £5 8*.

58. 84 gallons, at 145. per gallon } Am. £58 I65.

19. W'hen the price is an odd number of shillings,

and less than 20

—

RiM.E.—Find the amount at the next lower even
number of shillings; and add the price at one shilling.

Example.—What is the price of 275 lb, at 17*-. per lb 1

27d
8

The price at 1G«. (by the last rule) is 220
The price at l^-. is 275.s.= . . 13 15

Hence the price at IG^.+l^ , or 17s., is £233 15s.
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The price at 17.s\ is equal to the price at IG5., plus the
price at oue shilling.

EXERCISES.

59. S6 oz., at OS. per oz. ? Ans. £21 IO5.

60. 62 cwt., at 19.V. per ewt. .' Ans. £bS IS.?.

61 14 yard.s, at 17.v. per yard } Aiis. £11 IS*.

62. 439 tons, at 1 l.v. per ton ? Ans. £241 9s.

63. 96 gallons, at 7a-. per gallon .' Ails. £33 I2s.

20. "When the quantity is represented by a mixed
nuMiber

—

Itri-K.—Find the price of the integral part. Then,

multiply the pven price by the numerator of the frac-

tion, and divide the product by its denominator—the

quotient will be the pi ice of the fractional part. The
sum of these prices will be the price of the whole quan-

tity.

Example.—What is the price of 8^- lb of tea, at 55. per

£ f. (I

The price of 8 lb is 8x5? — 2

The price of f lb is
'i^= 3 9

And the price of 8^ lb is . .23 9'

The price of ^ of a pound, is evidently | of the price of a

pound.

EXERCISES.

What is the price of

64. 5i dozen, at 3.v. 3^/. ner dozen ? Avs. 17.?. lC|rf.

65. 27:^ lb, at 2.s-. t)d. per lb.' A vs. £34 .3.v. 1
i^.

66. 530^ tt), at ^4s. per ft) .' Ans. 371 lO.v. f(L

67. 178f cwt., at* 175. per cwt..' Ans. £151 I2s

A^d.
'68. 7623 cwt., at £1 12a-. G^/. per cwt. } Aiis. £1239

As. 6d.

69. S17j\ ewt., at £3 Is. Ad. per cwt..' Ans.

£2751 Us. Q{d.
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21. The rules for finding the price of several deno-

niinations, that of one being given [7 and 9], may be

abbreviated by those which follow

—

Avoirdupoise Weif^ht.—Given the price per cwt., to

find the price of hundreds, quarters, &c.

—

Rule.—Having brought the tons, if any, to cwt.,

multiply I by the number of hundreds, and consider the

product as pounds sterling ; 5 by the number of qunr-

t(us, and consider the product as shillings; 24, the

number of pounds, and consider the product as pence :

—

the sum of all the products will be the price at i_l per

cwt. From this find the price, at the given number of

pounds, shillings, &c.

ExAMPi.f:.—What is ^le price of 472 cwt., 3 qrs., IG lb,

at £b ^Js. Q>d. per cwt. 1

£ s. ch

1-5 21-

Multipliers 472 3 IG
'

472 17 10} is the price at £1 per cwt.

2304 3|- the price, at £5 por cwt.

212 IG 0? the price, at 'ds. (X^VxO.)
11 IG 5} the price, at Gti. (^£^^-^^\L.)

25S9 1 9} the price, at £5 9<. CJ.

At £1 per cwt.. there will be £1 for every cwt. We mul-

tiply the qrs. by 5. for shillings : because, if one cwt. co-sts £1,

the foiirth^)f 1 cwt.. or one quarter, will cost the fourth of

a pound, or b$.—and there will be as many times 5.v. as there

are quarters. The pounds are multiplied by 21 ; ))eeause if

tlie quarter cost.s 5.s., the 28th part of a quarter, or 1 lb,

must cost the 2iSth part of 5.s-., or 21 J.—and there will be ai

many times 2\d. as there are pounds.

EXERCISES.

TThat is the price of

70. 499 cwt., 3 qrs., 25 tb, at 2bs. \\d. per cwt. .'

Am. £647 17.J. 7J^/.

71. 106 cwt., 3 qrs., 14 &, at IS^. 9^. per cwt.?

Ans. jeiOO 3i. lOld.
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72. 2061 cwt., 2 qrs., 7 ib, at 165. 6d.j per cwt. ?

Ans. £1700 155. 9^d.

73. 106 cwt., 3 qrs., 14 ib, at'Gi. 4d. per cwt. .? ^7W.

£4^ lis. 6d.

74. 26 cwt., 3 qrs., 7 lb, at 155. 9d. per cwt. } Ans.

£2\ 25. 3i^.

75. 432 cwt., 2 qrs., 22 lb, at 185. 6d. per cwt. ?

Ans. i^lOO 45. IQU-
76. 109 cwt.,0'qrs-, 15 lb, at 195. 9f^. percwt. .? 7l?i5.

£107 1.55. 4ld.
77. 753 cwt., 1 qr., 25 ib, at 155. 2d. per cwt. ?

Ans. £571 75. Sd.

78. 19 tons, 19 cwt., 3 qrs., 27iib, at £19 195. 11|^.

per ton ? Ans. £399 195. Gd.

22. To find the price of cwt., qrs., S;c., tbe price of

a pound being given

—

Ilui-E.—Having reduq^d tlie tons, if any, to cwt.,

multiply 95. 4d. by the number of pence contained in

the piiee of one pound :—this will be the price of one

cwt. Divide the price of one cwt. by 4, and the quotient

will be the price of one quarter, &c. ,

iMultiply the price of 1 cwt. by the number of cwt.
;

the price of a quarter by the number of quarters ; the

price of a pound by the number of pounds ;
and the sum

of the products will be the price of the given quantity.

Ex^uPLE.—What is the price of 4 CAvt., 3 qrs., 7 ft), at

8(/. per lb. 1 '

5. d.

9 4
8

s. d.

4)74 8 the price of 1 cwt. X4, will give 298 8 the price of 4 cwt.

28)18 8 the price ofl qr. X'J, will give 50 the price of o qrs.

8 the price of 1 lb X7, will gi ve 4 8 the price of 7 lb.

20)o-JU 4

And the price of the whole will be £17 10 4

At 1'/. per lb the price of 1 cwt. would be n2J. or Oi-. 4d.

:

—
therefore the f)riee per cwt. will he as many times 9>. 4(/. as

there are pence in the price of a pound. The price of a

quarter is | the price of 1 cwt. ; and tliere will be jis many
limes the price of a quarter, as there are quarters, &c.
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EXERCISES.

What is the price of

79. 1 cwt., at e>il. per tb ? Aiis. £2 \F,s.

80. 3 cwt., 2 r^rs., 5 lb, at 4d. per lb ? Ans. £Q
12s. Ad.

81. 51 cwt., 3 qrs., 21 lb, at 9^/. per lb .' Ans. £218
2s. U.

82. 42 cwt., qrs., 5 lb, at 2bd. per lb : Ans. £490
10.«. bd.

83. 10 cwt., 3 qrs., 27 lb, at bid. per lb.? Ans,

£261 11.?. 9f/.

23. Given the price of a pound, to find that of a ton

—

llui.R.—.^luhiply £9 6.s\ t^d. by the number of pence

coutained in the price of a pound.

Example.—\Vhat is the price of a ton, at Id. per lb T

X s. d.

9 8

7

Go 8 is the price of 1 ton.

If one pound cost \iL. a ton will cost 2240,7.. or XO G.s-. .SJ.

llcnce there will be a.s many times X':) Oi. 87. in the price

of a ton, as there ai*e pence in the price of a pound.

EXERCISES.

"What is the price of

84. 1 ton, at 3^/. per It) } Ans. £28.
8.5. 1 ton, at Hr/. per lb } Ans. £S4.

86. 1 ton, at \0d. per lb.' Ans. £93 G.v. 8//.

87. 1 ton, at Ad. per lb .^ A ns. £37 6i-. 8^/.

The price of any number of tons will be fouu<l, if we mul-
tiply the price of 1 ton by that number.

24. Troy Weight.—Given the price of an ounce—to

find that of ounces, pennyweights, &c.

—

Klm.e.—llavin.^ reduced tlie pounds, if any, to ounces,

set down the ounces as pounds sterlinir ; tbu dwt. as

shillings; and the fjrs. as h;ilfp'?nce :—tlii.>< will give the

price at £1 per ounce. Take the same part, or parts,

&.C., of this, as the price per ouuce is of a pouud.
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EsAMPLK 1 .—What is the price of 538 oz., 18 d\rt , 14
grs., at 11^-. tJd. per oz. 1

J^^ -Ti -ri

10' lu

£ s. cl

2)538 18 7 is the price, at XI per ounce.

10)209 9 3} is the price, at lOx. per ounce.

2) 20 18 llj is the price, at Is. per ounce.
13 5^ is the price, at 0./. per ounce.

And 309 17 8^ ia the price, at lis. 6d. per ounce.

14 hahpence are set down as 7 pence.

If one ounce, or 20 dwt. cost £1.1 dwt. or the 20th p.irt

of an ounce will cost the 20lh part of ill—or is\ : and the

2-lth part of 1 dwt., or 1 gr. will cost the 24th part of

Is.—or Id.

Example 2.—What is the price of 8 oz. 20 grs., at £3
2s. (Jd. per oz. I

£, s. d.

8 10 is the price, at £1 per ounce.

3

24 2 is the price, at £3 per ounce.

Price at Xl-i-10= 10 1 is the price, at 2s. per ounce.

Price at 2:>.-7- 4=0 4 0] is the price, at 0</. per ounce.

And X25 2 7{ is the price, at £,Z 2s. Gd. per oz.

EXERCISES.

What is the price of

SS. 147 oz., 14 dwt., 14 grs., at 75. 6d. per oz. ?

Aus. £r)ri Is. \\{d.

89. VM oz., 13 dwt., 16 grs., at lis. Qd. per oz. }

Am. £\\\ 1S.«. \{)\d.

90. 214 oz., 14 dwt., 16 grs., at \2s. 6d. per oz. ?

An.^. Jei34 4*. 2ri.

91. 1 1 tb, 10 oz., 10 dwt., 20 grs., at lOs. per oz. }

Alls. £7] n.<i hd.

92. 19 lb, 4 oz., 3 grs., at £2 6s. 2d. per oz. } Ans.

£r^23 IS.V. \]^d.

93. 3 oz., r) dwt., 12 grs., at £1 6s. 8d, per oz. ?

Ans, £4 Is. ^Id.
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25. Cloth Measure.—Given the price per yard—to

find the price of yards, f|iiarters, &c.

—

Ki;lf..—Muhiply M\ by the number of yards; 5.?. by
the iimnber of «jnartcrs ; \s. Sd. by the number of nails

;

and add these to^rother for the price of the <juaniity at

£\ per J .rd r 1'ake the same part, or parts, &c.. of this,

as the price is of i;il.

Faa.mpi.f. 1.—What is the price of 97 yards, 3 qrs., 3
nails, at H.s. per yard ?

XI 5<. l.«. 3J.

Multipliers 'J7 3 2

2)'J7 17 G is the price, at £1 per yard.

5)-J8 18 9 is the price, at lOv. per yard.

From this subtract 9 15 9 the price, at 2>. per yard.

And the remainder 39 3 is the price, at 8<. ( 10s.—2v\)

If a yard co.st.s XI. a quarter of a yard must cost 5v. : and
a nail, or the 4th of a yard, \vill cost the 4th part of o*-. or

!>. 3,/.

ExAMPT.F, 2.—What is the price of 17 yards, 3 qrs., 2
nails, at X2 5,s. Od. per yard ?

XI 5.-. Is. Zd.

Multipliers 17 3 2

17 17 G is the price, at XI per yard

3) 15 is the price, at X2 per yard.
The price at XI -7- 4=4 9 4^ is the jirice. at 5>.

The price at 5s-.-i- 10=0 8 1 1| is the firice, at 01.

The price at Gu'.-j- 2=0 4 5^ is the price, at 3./.

And X40 17 9| is the price, at X2 5s. Od.

EXERCISES.

What is the price of

94. 176 yards, 2 urs., 2 nails, a ios. per yard } Aris.

£l:3>iU-. 4 1//.

9.^. 37 yards, 3 qrs., at £\ 5s. per \'ard ? Ans. JS4?
3.V. 9//.

yn. 40 yards, 3 qrs., 2 nails, at £\ lO.v. per yard.'
y1//.<. £7A iH.v. :W.

M7. 9S yards, 3 qrs., 1 nail, at XI Ids. por yard?
Afu>. i;i72 li>s. dl(U
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98. 3 yards, 1 qr., at 175. 6d: per yard ? Arts £2
16s. lOirZ.

99. 4 yards, 2 qrs., 3 nails, at £1 2s. Ad, per yard ?

Alls. £b As. SJ-rf.

2Q. Land Measure.—Piule.—Multiply £\ by the

number of acres ; 5*. by the number of roods ; and 1 \d.

by the number of perches :—the sum of tlie pro.juets will

be tlie price at £1 per acre. From this iiud the price,

at the given sum.

Example.—\Vhat is the rent of 7 acres, 3 roods, 16

perches, at X3 8*. per acre ?

X s. d.

1 5 U
Multipliers 7 3 10"

Sum of the products 7 17 0, or the price at jCl per acre,

o

23!3 1 1 the price at X3 per acre.

3 18 6 the price at 10:>. per acreper acre.

27 G the price at X3 10.<5. per acre.

Subtract 15 8^ the price at 2s. per acre.

And 20 13 9^ is the price at X3 &i>\

If one acre costs JCI, a quarter of an acre, or one rood, must
cost o.v, ; and the 40th part of a quarter, or one uerch, luuat

cost the 40tU part of 6*.—or \id.

EXERCISES.

What is the rent of

100. 176 acres, 2 roods, 17 perches, at £o i\s. per

acre .' A ns. i^936 0*-. 3^.

101. 2o6 acres, 3 roods, 16 porches, at £6 <os. 6^.

per acre .- An^'^. ^£1624 1 l.v. i\\d.

102. 144 acres, 1 rord, 14 perches, at £b 65. M. per

acre .- A as. j£769 I65

103. 344 acres, 3 n.ods, 15 perches, at £A \s. \d.

per acre.' Ans. £1398 l.v. \d.

27. Wint Mi'asu.ni.—To find the price of a hogs-

head, when the price of a (junrt is irivon

—

Ki i,K.—For each hogishead, reckon as many pounds,

and shillings ua there a^e pence per quart.
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LxAMPLX.—What is the price of a hogshead at Od. per

quart \ Arts. X9 95. j

One hogshead at 1^/. per quart would be G3x4, since there

are 4 quarts in one gallon, and G3 gallons in one hlid. But
68x4(i.=:^52</.=£l Is.; and, therefore, the price, at 9ti. per
quart, will be nine times as much—or 9x£l l5.=£9 9*.

EXERCISES.

"VThat is the price of

104. 1 hhd. at \Sd. per quart } Ans. iSlS ISs.

105. 1 hhd. at 19^. per quart.? Ans. iE19 19^.

106. 1 hhd. at 20d. per quart.? Ans. £21.
107. 1 hhd. at 2s. per quart ? Ans. £25 4^.

108. 1 hhd. at 2s. 6d. per quart ? Ajis. £31 10^

When the price of a pint is given, of course we know that

of a quarc

28. Given the price of a quart, to find that of a tun

—

Rule.—Take 4 times as many pounds, and 4 times

HS many shillings as there are pence per quart.

Example.—What is the price of a tun at lid. per quart '^

£ s.

11 11
4

46 4 is the price of a tun.

Since a tun contains 4 hogsheads, its price must be 4 times
the price of a hhd. : that is, 4 times as many pounds and shil-

iings, as pence per quart [27].

EXERCISES.

What is the price of

109. 1 tun, at 19^. per quart? Ans. £79 16s.

110. 1 tun, at 20d. per quart } An^. £84.
111. 1 tun, at 2s. per quart > Ans. £100 16^.

: 112. 1 tun, at 2s. 6d. per quart.? Ans. £126.
113. 1 tun, at 2s Sd. per quart .? Ans. £134 8*.

29. A number of Articles.—Given the price of 1

•rticle in pence, to find that of any number

—

BuLE.—^Divide the number bj 12, for Bhillings and



pence; and multiply the quotient by the number of

pouee in tiie price.

Example.—What is the price of 438 articles, at TJ eat^ '

12)-[38_

3Gi. G.7., the price at Id. each.
7

X12 15 G the price at 7J, each.

438 articles at If/, ench will cost 4o8//.=8!).v. 0//. At Id. each,
they will cost 7 times as much— ur 1 X'oon. {iJ.=Ioos. Ot/.

—

£12 15«. G^.

EXERCISES.

What is tlie price of

114. 176 n>, at 3^/. per lb ? Ans. £2 4?.

115. 146 yards, at 9^/. per yard f Ans. £o 95. C^a

1 1 6. ISO yards, at 1 O^d. per yjud .' Ans. £7 \7s. 6n
117. 192 yards, at 7^"^/. per yard ? Ans. £i}.

lis. 240 yards, at shl. per yard ? Au^. £S 10.^

30. Wage.<{.—Having the wages per day, to find

their amount per year

—

KuLE.—Take so many pounds, half pounds, and 5
pennies sterling, as there are pence per day.

Example.—What are the yearly ^vagcs, at 5J. per day 1

£. s. d.

1 10 5

5 the number of pence per day.

7 15 1 the wages per year.

One penny per clay is equal to 365f/.=210//.4 '2^'' 4-'^'^ ==
£.\-^\i)s.-\-iff. TlKTrCore any number of pence |«er Jay, I'lust

be equal to £1 10.*. Oil. multiplied by liiat number

AVhat is the amount per year, at

119. 3d. per day i Ans. £A \ \s. Sd.

120. 7d. per day.? A vs. £}0 \'2s. 11//.

121. 9f/. per day .= Ans. £\:^ 1:U. \)d,

122. 14//. per day .5 Ans. £2\ f,.«. 10^^?.

.123. 2s. 3d. per day } Ans. £4} \s. 3a\

124 Sid. per day > Am. i:i2 ISs. f^id.
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BILLS OF PARCELS.

Mr. John Day

1.5 yards of fine Lroad cloth, at

24 yards of .siipcriine ditto, at

27 yard.s of yard wide ditto, at

1<» yards of drugget, at .

12 yard.s of serge, at

32 yards of ahailoon, at .

Mr. James PauL

Dublin, 16/A Jpril, 1844.

Bought of Richard Jones.

s. d.
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Lady Denny,

9| yards of silk, at .

13 yards of floAvoved do
11? yards of In.string, at

1

4

yards of brocade, at

12J yards of satin, at

11^ yards of velvet, at

Mr. Jonas Darling,

PRACTICE
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5. 3754 pair of gloves, at 2^. Cd. ? Ans. £469 5*

6. 3520 pair of gloves, at 35. 6^^. ? Aiis ^£616.

7. 7341 cwt., at £2 65. per cwt. ? Ans. £16884 65.

8. 435 cwt. at £.2 Is. per cwt. i Ans. £1D22 bs.

9. 4514 cwt., at £12 lis. l^d. per cwt. ^ Ans.

£13005 195. 3d.

10. 3749f cwt., at £3 155. 6^. per cwt. } Aiis.

£14153 175. 9f^/.

11. 17 cwt., 1 qr., 17 ft), at £1 45. 9^. per cwt. ?

£21 105. Sir/.

12. 78 cwt., 3 qrs., 12 lb, at £2 175. Qd. per cwt. >

Ans. £227 145.

13. 5 oz., 6 dwt., 17 grs., at 55. 10^. per oz. .^ Ans
£1 ll5. UrZ.

14. 4 yards, 2 qrs., 3 nails, at £1 25. Ad. per yard }

Ans. £5 45. ^\d.

15. 32 acres, 1 rood, 14 perches, at £1 I65. per

acre } Ans. £58 45. IfrZ.

16. 3 gallons, 5 pints, at 75. (jd. per gallon.^ An^.

£1 75. 2\d.

17. 20 tons, 19 cwt., 3 qrs., 27i ftj, at £10 10*
.

per ton } Ans. £220 95. 11^6^. nearly.

18. 219 toas, 16 cwt., 3 qrs., at £11 75. Qd. per

ton } Ans. £2500 135. 0\d.

QUESTIONS IX PRACTICE.

1. What is practice .' [1].

2. Why is it so called .^ [1].

3. What is the difference between aliquot, and aliquant

parts .' [2]

.

4. How are the aliquot parts of abstract, and of

applicate numbers found } [3]

.

5. What is the difference between prime, and com-
pound aliquot parts } [3]

.

6. How is the price of any denomination found, that

of another being given } [6 and 8]

.

7. How is the price of two or more denominations

found, that of one being given ? [7 and 9].

8. Tte price of one denomination being given, how
do wo Imd that of any number of another ? [,10].
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9. "When the price of any denomination is the aliquot

part of a shilling, how is the price of any number of that

denomination found r [11].

10. When the price of any denomination is the

aliquot part of a pound, how is the price of any num-
ber of that denomination found ? [12].

1 1

.

A\'hat is meant by the conq^lemcnt of the price .'

[13].

12. When the complement of the price of any deno-

mination is the aliquot part of a pound or shilling,

but the price is not so, how is the price of any number
of that denomination found ? [13].

13. When neither the price of a given denomination,

nor its complement, is the aliquot part of a pound or

shilling, how do we find the price of any number of

that denomination .' [14, 15, 16, and 17].

14. How do we find the price of any number of

articles, when the price of each is an even or odd num-
ber of shillings, and less than 20 r [18 and 19].

15. How is the price of a quantity, represented by a

mixed number, found r [20]

.

16. How do we find the price of cwt., qrs., and lb,

when the price of 1 cwt. is given .' [21].

17. How do we find the price of cwt., qrs., and lb,

when the price of 1 lb is given ? [22]

.

18. How is the price of a ton found, when the price

of 1 lb is given .- [23]

.

19. How do we find the price of oz., dwt., and grs.

when the price of an ounce is given : [24].

20. How do we find the price of yards, qrs., and nails,

when the price of a yard is given .- [25].

21. How do we find the price of acres, roods, and
perches ? [26]

.

22. How may the price of a hhd. or a tun be found,

when the price of a quart is given .' [27 and 28].

23. How may the price of any number of articles be

found, the price of each in pence being given .' [2i>].

24. How aie wages per year found, those per day being

given? [30]
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TAllE AND TRET.

3\ llir -r^rias weight is tiie weizlit both of the

goof^h. an-j of tlie b:ig, kc, in which they ni'C.

T(.re is an allowance for the bag, &:c., which contains

the aiticle.

SiifJle is the weight which remains, after deducting

the tare.

7Vd is, usually, an allowance of 4 lb in every 104 lb,

or -yV of the wei_'ht oT ^ooJs liable to waste, after the
2 O '

tare has been deducted.

CIoJ/ is an allowance of 2 lb in every 3 cwt., after

both tare and tret have been deducted.

AVhat reuKiins after makincj all deductions is called

the 7/c/, or qic U weight.

Ll-^jrent allowances are made in diiferent places,

and for different goods ; but the mode of proceeding is

in all cases very simple, and may be understood from
the foliowin ];

—

o

EXERCISES.

1. Bought 100 carcasses of beef at IS*. 6d. per cwt.;

gross weight 450 cwt., 2 qrs., 23 lb ; tret S lb per car-

cass. AYhat is to be paid for them .''

cwt. qrs. ft. 100 carcas.scs.

Gross 450 2 23 8 lb per carcass

Tret 7 IG cwt. qrs. lt>.

Tret, on the entire, 800 lb=7 10

443 2 7 at ISs. Od. per cwt.=£410 5s. lO^cZ.

2. What is the price of 400 raw hides, at 19*. ICd.

per cwt. ; the gross weight being 306 cwt., 3 qrs., lo

ib ; and the tret 4 lb per hide .' Jns. i^290 3.?. 2fr/.

3. If 1 cwt. of butter cost £3, what will be the price

of 250 firkins; gross weight 127 cwt., 2 qrs., 21 lb;

tare 11 lb p^r firkin.' Ans. £309 85. 0^(/.

4. What is the price of 8 cwt., 3 qrs., 11 Ib, at 155.

6d. per cwt., allowing the usual tret.^ Aiis. £Q lis.

IQid,
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No. 1,

No. 2,

No. 3,
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15. Tli2 gross wei^^lit of ten lihds. of tallow is 104

cwt., 2 qis., 25 ib ; aiiJ tli3 tai'C 14 tb per cwt. Wh:»t

is the n-it wei^^ht ? Ans. 91 c»vt., 2 qrs., 14| \h.

16. Th3 giuss weight of six batts of curruuts is 58

cwt., I qr., 18 tb ; anl the tare 16 lb p3r cwt. What is

the net woiglit ? Ans. 5 J cwt., qr., 73 lb.

17. What is the net wji,'lit of 3J cwt., 3 qrs., 21 lb
;

the tare being 18 tb per cwt. ; the tret 4 lb for 104 tb
;

and the cloff 2 tb for every 3 cwt. ?

cwt. qrs. lb. cwt. qrs. lb.

39 3 21 Gross weight, 3J 3 21

ib. lb. cwt. Tare, . . 1 13

,« ( 10=5 5 2 23
^^=

I
2=^-v-8 2 24 Suttle, . . 33 2 2

Tret=4th, or 1 1 4
Tare, G 1 13

"

2 lb in 3 cwt. is the .-ff^th part of 3 cwt. 32 2j

Hence the eloITof 32 cwt. 2o ib is its y^^th j^art, or 2i

Net weight, 32 4

13. What Is the net weight of 45 hhds. of tobacco
;

weighing gross, 224 cwt., 3 qrs., 20 tb ; tare 25 cwt.

3 qL-s. ; tret 4 lb per 104 ; cloif 2 lb for every 3 cwt. ?

Ans. 190 cwt, 1 qr., 14^% lb.

19. What is the net "weight of 7 hhJs. of sugar,

weighing g^'oss, 47 cwt., 2 qrs., 4 tb ; tare in the whole,

10 cwt., 2 qrs., 14 tb ; and tret 4 tb per 104 tb } Ans.

35 cwt., 1 qr., 27 tb.

2 3. In 17 cwt., qr.. 17 lb, gross weight of galls,

how r.^iich net ; allowing IS tb per cwt. tare ; 4 lb per

104 tb tret ; and 2 lb per 3 cwt. clolf .? Ans. 13 cwt.,

3 qrs., 1 lb nearly.

QUESTIONS.

1. What is the gross weight .' [31].

2. What is tare.- [31].

3. What is suttle.' [31].

4 What is trot.' [31].

5. What is cloff.- [31].

6. What is the net weight } [31].

7. Are ths aUowaucQS made, always tjie same ? [31] •
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SECTION VII.

INTEREST, &c.

1. Interest is the price which is allowed for the use of

nuney ; it depends ou the plenty or scarcity of the latter,

and the risk which is run iu lending it.

Interest is cither simple or compound. It is simple

when the interest due is not added to the sum lent, so

as to bear interest.

It is a.mpi.und when, after certain periods, it is made
to bear interest—being added to the sum, and considered

as a part of it.

The money lent is called the principal. The sura

allowed for each hundred pounds '• per annum" (for a

year) is called the '* rafe per cent."—(per iulOO.) The
a/jioiint is the sum of the principal and the interest due.

SDirLE INTEREST.

2. To find the interest, at any rate per cent., on any

sum, for Olio year

—

liULE I.—Multiply the sum by the rate per cent.,

and divide the product by 100.

R\.4MPLE.—What is the interest of £.072 14s. Zd. for one
year, at C per cent. (£G for every £100.)

£ s. d.

C72 14 3

G

40-30 5 6

20

7-25 The quotient. £-iO 7s. 3J., is the ii-tcrcst required.

12

3^
We have divided by 100, by merely alteripg the decimal

point |>c. i. S4],
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If the interest 'were 1 per cent. , it would be the hundredth
part of the principal—or the principal multiplied by yi^

; but
being 6 per cent., it is 6 times as much—or the principal mul-
tiplied by ylo

.

3. Rule II.—Divide the interest into parts of £100
;

and take corresponding parts of the principal.

Example.—What is the interest of £32 45. 2d., at 6 per
cent. '?

£Q= £5-j-£l, or £— plus £ j- 5 . Therefore the in-
20

^
20

terest is the -^ of the principal, plus the 4 of the ^.
£ s. d.

20)32 4 2

5) 1 12 2i is the interest, at 5 per cent.

6 5i is the interest, at 1 per cent.

And 1 18 7J is the interest, at C (5-}-l) per cent.

EXERCISES.

1. What is the interest of £344 175. 6^. for one year,

at 6 per cent. ? Ans. £20 135. 10^^.

2. AYhat is the interest of £600 for one year, at 5 per

cent. } Afis. £30.
3. What is the interest of £480 155. for one year, at

7 per cent, r Ans. £33 135. Ojd.

4. What is the interest of £240 105. for one year, at

4 per cent. ? Ans. £9 125. 4^d.

4. To find the interest when the rate per cent, con-

sists of more than one denomination

—

Rule.—Find the interest at the highest denomina-

tion ; and take parts of this, for those which are lower.

The sum of the results will be the interest, at the given

rate.

Example.—What is the interest of £97 8s. 4d., fo^ one

year, at £5 10s. per annum }

£o = £'^'; and 105. ==£^5^.
£ s. d.

20)97 8 4

10)4 17 5 is the interest, at 5 per cent.

9 9 is the interest, at lO.j. per cent.

And 5 7 2 U the interest, at £5-fIOs. per



tXTEREST. 239

At 5 per cent, the interest is the ttV of the principal : at

lOs. per cent, it is the j\ of what it is at 5 per cent. There-

fore, at £5 lOi". per cent., it is tiie sum of both.

EXERCISES.

5. What is the interest of £371 195. 7^d. for one

year, at it;3 15^. per cent. .' Ans. £13 185. W^d.
6. What is the interest of £84 lis. lO^d. for one

jrear, at £4 ds. per cent. ? Ans. £3 lis. lO^d.

7. AVhat is the^ interest of £91 05. S}d. for one year,

At £6 125. 9d. per cent. .- A?is. £6 Os. I0\d.

8. What is the interest of £968 ds. for one year, at

£5 145. 6d. per cent. .' Ans. £od 8s. Sd.

5. To find the interest of any snm, for several

years

—

Rule.—Multiply the interest of one year by the num-
ber of years.

Example.—What is the interest of £32 145. 2d. for 7

years, at 5 per cent. }

£ s. d.

20)32 14 2

1 12 8.i^ is the interest for one year, at 5 per cent.

r
And 11 8 11^- is the interest for 7 years, at 5 per cent.

This rule requires no explanation.

EXERCISES.

9. What is the interest of £14 25. for 3 j'ears, at 6

per cent. .- {Ans. £2 lOs. 9d.

10. What is the interest of £72 for 13 years, at £6
105, per cent. ? Ans. £60 I65. 9U-

11. What is the interest of £853 O5. G^d. for 11

years, at £4 125. per cent. ? Atis. £431 125. 7^d.

6. To find the interest of a given sum for years,

months, &:c.

—

KuLE.—Having found the interest for the years, as

already directed [2, &c.], take parts of the interest

of one year, for that of the months, &c. ; and then add

the results.
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Example.—What is the interest of £8G 8s-. Ad. for 7 years
and 5 months, at 5 per cent. 1

£ s. d.

20)80 8 4

4 G 5 is the interest for 1 year, at 5 per cent.

£ s. d. 30 4 11 is the interest for 7 years.

4 G 5 -7-3= 1 8 \)} is the interest for 4 months.
1 8 y^-i-4= 7 2.^ is the interest for 1 month.

And 32 11| is the required interest.

EXERCISES.

12. What is the interest of £211 55. for 1 year and
6 months, at 6 per cent. ? Ans. £\'d Os. 3d.

13. What is the interest of i£514 for 1 year and 7^
months, at 8 per cent. ? Ans. £6Q I6s. AUL

14. What is the interest of £1090 for 1 year and 5
months, at 6 per cent. } Ans. £92 13^.

15. What is the interest of £175 105. 6^Z. for 1 year

and 7 months, at 6 per cent. } Ans. £16 135. b^^^d.

16. What is the interest of £571 155^ for 4 years

and 8 months, at 6 per cent. } Ans. £100^ l5. ^d.
17. AVhat is the interest of £500 for 2- years and 10

months, at 7 per cent. } Ans. £99 35. Ad.

18. What is the interest of £93 175. Ad. for 7 years

and 11 months, at 6 per cent. } Ans. £44 ll5. l\d.

19. What is the interest of £84 95. 2d. for 8 years

and 8 months, at 5 per cent. } Ans. £36 ll5. \\\d.

7. To find the interest of any sum, for any time, at

5, or 6, &c., per cent.

At 5 per cent.

—

lliJLE.—Consider the years as shillings, and the

mouths as ponce ; and find what ali;piot part or parts

of a pound these are. Then take the same part or parts

of the pi iijcipal.

To find the interest at G per cent., find the interest

at 5 per cent., and to it add its fifth part, &c.

The interest at 4 per cent, will be the interest af

t per cent., miniis its fifth part, &c.
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8. IvVAMPLF. 1.—What is the interest of X427 5s. Od. for

C years ami 4 months, at 5 per cent. ?

years jinJ 4 months are represented hv C>\ 4 /. : but
Go. 4J.=.3o.-fJ..-f-4t/.=]+5^ ^^' 'I pound + the i of th2 ^V-

£ s. d.

4)427_ 5_y_
5)100 lij Or is the \ of principal.

3)21 7 31^ is the ^^V (,-, <>f i) of principal.

7.2 5' is the ^'^ (] ^^f 1,7) of principal.

And 13-3 1^ is the required interest.

The interest of £1 for 1 vear, at 5 per cent., would be l.«.

f<ir 1 nioinli 1/7. ; for an^- number of years, the s.inie number
of sliilliiijxs ; for any number of luontlis, tliC same number of
pence; an 1 for years mvl months, a corresponding number of
sliillings nul pence. Diit wlwitever p»rt. or parts, these sliil-

Ings. and pence are of a pounl. the interest of any other sum,
lor the same time an 1 rate, umst be the same p.irt or parts of
th:it oilier sum

—

since the interest of any sum is proportional
to tlie interest of £1.

ExAMPLK 2.—What is the interest of X14 2o. 2./. for G
rears and S months, at per coat. ?

G.y. 8 /. is the ] of a pound.
£ s. d.

3)14_2_2_
5)4 14 OMs the interest, at o pi>r cent.

IS 9^i is the interest, at 1 per cent.

5 12 10} is the interest, at G (5-|-l) per cent.

EXERCISES.

23. Find the interest of £1090 17.>\ C^Z. for 1 year
and S months, at 5 p^r cent. .' Ana. igOO IS.?. \^d.

21. Find the interest of £976 14.5. Id. for 2 years
and 6 months, at 5 per cent. .' An.<i. £V22 Is. ^\d.

22.. Find the interest of £7S0 17.5. CV/. for 3 3-ears

and 4 months, at p?r cent. .' Ans. £156 2s. fid.

23. Wl;at is the interest of £197 1 15. for 2 years
and 6 montlis, at 5 por C3nt. .' Ans. £24 13*. IC^d.

24. What is the interest of £279 1 Is. for 7^ months,
at 4 per cont. .- Ans. £6 195. 9y\f/.

25. What is the interest of ii790 1^5. for 6 ycai

and S months, at 5 per cent. .' Ar^. £263 I2s.
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26. What is the interest of £124 2s. Qd. for 3 jearg

and 3 months, at 5 per cent, f Ans. £20 3s. o^d.

27. What is the interest of £1837 45. 2d. for 3 years

and 10 months, at 8 per cent, f Ans. £563 S^. 2d.

9. When the r^/e, or number of years, or both of

them, are expressed by a mixed number

—

Rule.—Find the interest for 1 ^''ear, at 1 per cent.,

and multiply this by the number of pounds and the frac-

tion of a pound (if there is one) per cent. ; the sum of

these products, or one of them, if there is but one, will

give the interest for one year. Multiply this by the

number of years, and by the fraction of a year (if there

is one) ; and the sum of these products, or one of them,
if there is but one, will be the required interest.

Example 1.—Find the interest of £21 2s. Gd. for 3^ years
at 5 per cent. "?

£21 2y. 6i.-^ 100=45. 2,^^/. Therefore

£ s. d.

4 2-^ is the interest for 1 year, at 1 per cent.

5

1 1 1| is the interest for 1 year, at 5 per cent.

o

3 3 5 f is the interest for 3 years, at do.

15 10| is the interest for ^i of a year (£1 Is. l^-^/.x^-), atdo.

3 19 3^ is the interest for 3| years, at do.

EXAMPLE 2.—What is the interest of £300 for 5| years,

at 3 1 per cent. \

£ s. d.

£300h-100=3 is the interest for 1 year, at 1 per cent.

o

is tlie interest for 1 year, at 3 per cent.

2 5 is the interest for 1 year,' at £;' ( £3 x 4

)

11 5 is the interest for 1 year, at 3| per cent,

5

5G 5 is the intere.stfor5 years, at ojpercenl
5 12 G is the interest for 1 year (£11 5s.-f-2)

2 10 3 is the do. fur | year (£5 12.5. (Jjd.-i-^)

And 04 13 is the interest for 5;^ years, at Z} do.
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EXERCISES.

28. What is the interest of £379 2^. ^d. for 4^ years,

at 5f per cent. .' Ans. £91 55. bd.

29. What is the interest of £640 10s. Qd. for 2\
years, at A^ per cent. } Ans. £72 Is. 2^\d.

30. What is the interest of £600 10^. 6d. for 3^

years, at 5f per cent. ? Ans. £115 2s. O^^d.

31. What is the interest of £21? S*-. \\d. for 6|
years, at 5f per cent. } Ans. £81 85. b^d.

10. To find the interest for 6?^?^.?, at 5 per cent.

—

Rule.—Multiply the principal by the number of days,

and divide the product by 73J0.

Example.—What is the interst of £26 4?. 2i. for 8 days *

£ .s. d.

26 4 2
8

209 13 4.

20

4103

^12^

43800

6520
The required interest is 6|^|^, or 7c?.—since the remainder

is greater than half the divisor.

The interest of £1 for 1 year is &^^, and for 1 day J--i-36o=

2jYrT^jj^=7oOO ; that is, the ToOOth part of the principal.

Therefore the interest of any otlier sum for one day, is the
7300th p'trt of that sum ; \\n\ for any number of d.tys. it is

that nuiahor, multiplied by tiie 730')tli part of the principal

—

or, which is the same thing, the principal multiplied by the
number of days, and divided by 7300.

EXERCISES.

32. Find the interest of £140 10s. for 76 days, at 6
per cent. Am. £1 95. 3^j\d.

33. Find the interest of £300 for 91 days, at 5 per
cent. Am. £3 1 4s. 9^d.

34. What is the interest of £800 for 61 daySj at 6
per cent. .? A^is. £6 13s. 8^f^.
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11. To find the interest for daijs^ at any other rate

—

Rule.—Find the interest at 5 per cent., and take

parts of this for the remainder.

E\AMPi,K.—What is the interest of X3324 Gs. 2d. for 11

Jays, at £G 10.n\ per cent. ?

X3324 6s-. 2 /. X 11^7303=£5 Ov. 2] J. Therefore

5)5 2|- is the interest for 11 days, at 5 per cent.

2)1 Oi is the interest for 11 days, at 1 per cent.

10 0^ is the interest fur 11 days, at 10.>. per cent.

And G 10 21 is the interest for 11 days, at £G 10.-. (£5-f
£1+105.)

This rule requirea n© explanation.

EXERCISKS.

35. What is the interest of £230 from the 7th May
to the 26th September, at 8 per cent. } Ans. £6 45.

36. What is the interest of £150 155. 6d. for 53
days, at 7 per cent. ? Ans. £1 IGs. l^d.

37. What is the interest of £371 for 1 year and 213
days, at 6 per cent. > Ans. £35 bs. Qd,

38. What is the interest of £240 for 1 year and 135

days, at 7 per cent. .? A^is. £23 05. S^^d.

Sometimes the number of days is the alicjuot part of

a year ; in which case the process is rendered more easy.

Example.—What is the interest of £175 for 1 year and
73 days, at 8 per cent. ?

1 year and 73 days=l^year. Hence the required interest

is the interest for 1 year+its fifth part. But the interest of

£175 for 1 year, at the given rate is £14. Therefore its

interest for the given time is £144-£ V=£14-}-£2 lG6-.=

£1G lOx.

12. To find the interest for mmifhs^ at 6 per cent

—

I^ULE.—If the number expres.siug the months is erm.^

multiply the principal by half the nvmler of months

and divide by 100. But if it is odd, multiply by the

half of one less than the numher of months ; divide the

result by 100 ; and add to the quotient what will be

obtained if we divide it by one less than the number of

months.
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Example 1.

—

months, at G per

72
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EK'E'RCISE?.

39. What is the interest of £230 175. Gel. for 8

months, at G per cent. .- Ans. £10 0^. S^d.

40. AVhat is the interest oc £571 155. for S months,

at 6 per cent, r Ans. £,22 lis. 4irZ.

41. What is the interest of £840 for 6 mouths, at 6

per cent. } Ans. £25 45.

42. What is the interest of £3790 for 4 months, at

6 per cent. } Ans. £,lb I65.

43. What is the interest of £900 for 10 months, at

6 per cent, r Ans. £45.
44. What is the interest of £43 25. 2d. for 9 months,

at 6 percent. } Ans. £1 IS5. 9^^/.

13. To find the interest of money, left after one or

mors paym jnts

—

Rule.—If the interest is paid hy days, multiply the

sum by the number of days which have elapsed before

any piyment was made. Subtract the first payment,
an;l multiply the remainder by the number of days

wliich passdd between the fii-st and second payments.

Subtract the second payment, and multiply this remain-

der by the number of days which passed between the

second and third payments. Subtract the third pay-

m'jnt, fcc. Add all the products together, and find the

interest of their sum, for 1 day.

If the interest is to be paid by the weel^ or month

,

substitute weeJiS or vwnths for days., in the above rule.

ExAMPLK.—A person borrows £117 for 94 da3's. at 8 per
cent., promising the principal in parts at his convenience,

and interest corresponding to the money left unpaid, up
to the different periods. In G days he pays £17 ; in /

days more £20 ; in 15 more £32 ; and at the end of the 04
days, all the money then due. What does the interest

coaie to ?

£ days. £ day.

llTx 0=: 702xn
lOOX 7== 700x1 1 -rTTrt
80x15=1200x1 f—

*'^^'^-

48x00=3108x1 J

The interest on 5770 for 1 day, at 5 per xseot., is 15*. OJJ.
Therjefore
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£ S. d.

5)0 15 9'/ is the interest, at 5 pel cent,

3 2 is the interest, at 1 per cent.

'6)0 18 11^^ is the interest, at G per cent.

43 4 is the interest, at 2 per cent.

And 1 5 3J- is the interest, at 8 per cent., for th-» given
sums and times.

If the entire sum were 6 days unpaid, the interest would be
the same as that of 6 times as much, for 1 day. Next, .£100

due for 7 days, should produce as much as £700, for 1 day,
&c. And all the sums due for the different periods should
produce as much as the sum of their equivalents, in 1 day.

EXERCISES.

45. A mGrchant borrows i2250 at S per cent, for 2
years, with condiiiou to pay before that time as much
of the principal as he pleases. At the expiration of 9

months he pays <£'S0, and 6 months after £70—leaving

the remainder for the entire term of 2 years. How
much interest and principal has he to pay, at the end
of that time f Jbis. £127 16^.

46. I borrow £300 at 6 per cent, for 18 months,
with condition to pa^^ as much of the principal before

the time as I please. In 3 months I pay £60 ; 4 months
after £100 ; and 5 months after that £75. How much
principal and interest am I to pay, at the end of 18
months .'' Ans. £79 15^.

47. A gives to B at interest on the 1st November,
1804, £6000, at 4^ per cent. B is to repay him with

interest, at the expiration of 2 years—having liberty to

pay before that time as much of the principal as he
pleases. Now B pays

The ICth December. 1804,
Tlie 11th March, 1805,
The 3i)tli March,
The 17th August,
The 12th February, 1806,

£
900

1200
GOO
800

1048

[low much principal and interest is he to pay on th#

ist November, 1806 .- Ans. £1642 9^. 2|fi|^/.

48. Lent at interest £600 the 13th May, 1833, for
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1 year, at 5 per cent.—with condition that the receive^

may discharge as much of the principal before the ihnrt

as hd pleases. Now he pays the 9th July £200 ; and
tlie 17th September i;150. How much principal and
interest is he to pay at the expiration of the year ?

Ans. £266 135. D-,;^.^d.

14. It is hoped that the pupil, from what he has
learned of the properties of proportion, will easily un-
derstand the modes in which the following rules are

proved to be correct.

Of the principal, amount, time, and rate—given any
three, to find the fourth.

Given the amount, rate of interest, and time ; to find

the principal

—

Rule.—Say as £100, plus the interest of it, for the

given time, and at the given rata, is to £100 ; so is the

given amount to the principal sought.

Example.—What will produce X8G2 in 8 years, at 5 per
cent. ?

£40 (=£5x8) is the interest for £100 in 8 years at the
given rate. Therefore

£140 : £100 : : £802 : 3^^}<J^=J:G13 Us.V.d.
140

When the time and rate arc given

—

£100 : any other sum : : interest of £100 : interest of
that other sum.

By alteration [Sec. V. 20]. this becomes—
£100 : interest of £10'/ : : any other sum : interest of

that sum.

And. saving " the first 4- the second : the second," &:c.

[Sec. V.
21)

J we have—
£100 4- its interest : £100 : : any other sum -j- its in-

terest : that sum—which is exactly the rule.

EXERCISES.

49. What principal put to interest for 5 years will

amount to £402 lOs., at 3 per cent, per annum ? Ans.

£350.
50. AVhat principal put to interest for 9 years, at 4

p^r cent., will amount to £734 Ss. } Ails. £540.
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51. The amount of a certain principal, bearing inter-

est for 7 years, at 5 per cent., is i:'3'34 \Gs. What is

the principal .' Aiis. jt248.

15. Given the time, rate of interest, and principal

—

to find the amount

—

KuLE.—Say, as iJlOO is to £100 plus its interest for

the given time, and at the given rate, so is the given

sum to the amount required.

Example.—What will £272 come to, in 5 years, at 5 per

cent. ?

£125 (=£1004-£5xo) is the principal and interest of

£100 fjr 5 years : then

—

£100 : £125 : : £272 :

"'"^^^""^=£340, the required

amount.

We found by the last rule that

£100-}-its interest : £100 : : any other sum-f-its interest

:

that sum.

Inversion [Sec. V. 20] changes this into,

£100 : £100-f-its interest : : any other sum : that other
6am-|-its intei'est—which is the pjv;sent rule.

EXERCISE--.

52. What ^vill £350 amount to, in 5 years, at 3 per

cent, per aimum .' Aiis. £402 10^.

53. What will £540 amount to, in 9 years, at 4 per

cent, per annum .' A'us. £734 S.y.

54. What will £24S amount to, in 7 years, at 5 per

cent, per annum ? Ans. £334 I6s.

DO. What will £973 45. 2d. amount to, in 4 years

and 8 months, at 6 per cent. .' Ana. £1245 145. \^d.

56. What will £42 35. H^d. amount to, in 5 years

and 3 months, at 7 per cant. .' A7i;i. £57 135. lC|i/.

16. Given the amount, principal, and rate—to find

the time

—

lluLE.—Say, as the interest of the given sum for 1

year is to the given interest, so is 1 year to the re-

jl^uii'ed time.
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^
*K«AMPLE.—When would £281 IZs. 4d. become £338, at

«> per cent. ?

£14 \s. Sd. (the interest of £281 135. 4(1. for 1 year [21) :

i^oC 05. bd. (the given interest) : : 1 : ^| . n—Q7=='ij the

lequlTevi number of years.

17. Iience briefly, to find the time—^Divide the

interest ol the given principal far 1 year, into the entire

interest, jii;d ihe quotient will be the time.

It is evid.^nt the principal, and rate being given, thfc

interest is prcpo-vional to the time : the longer the time, the
more the interos.t, .vid the reverse. That is

—

The interest for one time : the interest for another : :

the former time ; tl\s latter.

Hence, the interest of the given sum for one year (the
interest for one t'lmci) : the given interest (the interest of
the same sura for another time) : : 1 year (the time which
produced the former) : the tjme sought (that ^vhieh pro-

duced the latter)—w:iich is the rule.

EXERCISES.

57. In Tvhat time would £.300 amount to £372, at 6
per cent. } Ans. 4 years.

58. In what time would £211 55. amount to £23(>
55, 3(^., at 6 per cent. } An^. In 1 year and 6
months.

59. When would £561 155. beeome JG719 05. ^d.y
at 6 per cent. .' Ans. In 4 years and 8 months.

60. When would £500 beeome £599 35. 4fl(., at 7 per

cent. } Ans. In 2 years and 10 months.

61. When will £436 95. Ad. become £571 85. li^.,

at 7 per cent. } Aas. In 4 years and 5 months.

18. Given the amount, principal, and time—to find

the rate

—

Rule.—Say, as the principal is to £100, so is the

given interest, to the interest of £100—which will give

the interest of £100, at the same rate, and for the same
time. Divide this by the time, and the quotient will be

the rate.
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Example.—At what rate will £^50 amount to £402 lOj

in 5 years ?

£350 : £100 : : £52 10s. : ^^^^'^}^=£15Ahem
350

terest of £100 for the same time, and at the same rate

Then '/=3, is the required number of years.

We have seen [14] that the time and rate being the same,

£100 : any other sum : : the interest of £100 : interest

of the other simi.

This becomes, by inversion [Sec. V. 29]

—

Any sum : £100 : : interest of the former : interest of
100 (for same number of years).

But the interest of £100 divided by the number of years
which produced it, «;ives the interest of £100 for 1 year—
or, in other wurds, the rale.

EXERCISES.

62. At what rate will £300 amount in 4 years to

£372 .' Alls. 6 per cent.

63. At what rate will £248 amount in 7 years to

£334 16.5. .' Ans. 5 per cent.

64. At what rate will £976 14^. Id. amount in 2 years

and 6 months to £1098 165. A\d. } Aiis. 5 per cent.

Deducting the 5th part of the interest, will give the in-

terest of £'J7G 14.S. ~d. for 2 years.

65. At what rate will £780 175. 6^. become £937
l5. in 3 years and 4 months .' Ans. 6 per cent.

66. At what rate will £843 55. M. become £1047 l5.

7|J., in 4 years and 10 months .^ Ans. At 5 per cent.
^ 67. At what rate will £43 25. A\d. become £60 75

4-ifl?., in 6 years and 8 months .' Aiis. At 6 per cent.
''^^. At what rate will £473 become £900 135. t\d

in 12 years and 11 months .' Ans. At 7 per cent.

COMPOUND INTEREST.

19. Given the principal, rate, and time—to find the

amount and interest

—

Rule I.—Find the interest due at the first time of

payment, and add it to the principal. Tind the interest
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of that sum, considered as a nevv principal, and add it

to what it would produce at the next pa.jmeut. Con-
sider that new sum as a principal, and proceed a3

befo:-e. Continue this process through all the times of

payment.

Example.—What is the compound interest of £97, fur 4
years, at 4 per cent, half-yearly ?

£ s. d.

\)7

3 fl 7] is the interest, at the end of 1st half-year.

100 17 7
J-
is the amount, at end of 1st half-year,

4 8Hs the interest, at the end of Ist year.

104 18 o i is the amount, at the end of 1st year.

4 3 1 1 [ is the interest, at the end of 3rd half-year.

109 2 3 is the amount, at the end of 3rd half-year.

4 7 3^- is the interest, at the end of 2nd year.

113 9 V is the amount, at the end of 2nd year.

4 10 9} is the interest, at the end of 5th half-year.

118 4 is the amount, at the end of 5th half-year.

4 14 5 is the interest, at the end of 3rd year.

122 14 9 is the amount, at the end of 3rd year.

4 18 2|- is the interest, at the end of 7th hali-year.

127 12 11 f is the amount, at the end of 7th half-year.

5 2 1 r is the interest, at the end of 4th year.

132 15 Oj^ 7S the amount, at tJte end of ^th year.

97 is the principal.

And 35 15 0^^ is the compound interest of £97, in 4 years.

23. This is a tedious mod3 of proc2eding, particularly

when the tini3S of payment are numerous ; it is, there-

fo;'e, better to use the following rules, which will ba
found to p.'odue3 the samj result

—

Rule II.—Find the interest of £>\ for one of the

p^yuunts at the given rate. Fin I the product of so

m iny factors (each of thorn i21-f-its interest for one

piyjnent) as there are ti;u ,'S of payment ; multiply this

p.-oJact by the given principal ; and the result will be

the principal, plus its compound interest for the given
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time. From this subtract the principal, and the remain-

d-jr will be its compound iutirest.

ExAMPi.n 1.—What is the compound interest of £237 fur

3 years, at G per cent. ?

£06 is the interest of £1 fur 1 year, at tlie given rate

;

and there are 3 payments. Therefore £100 (£l-f-£OG) ia

to be taken 3 times to form a product. Hence lOGxlOGx
i0ox£237 is the amount at the end of" three years; and
lOGxlOGxlOox£-37—£237 i.s the compound interest.

The following is the process in full

—

1-OG the amount of £1, in one year.

TOO the multinlier.

1 1230 the amount of £1, in two years
106 the multiplier.

1 I'JIOIG the amount of £1, in three years.

Multiplying bv 237. the principal,

£ s. d.

we find that 282 2707u2=2.s2 5 5 is the amount •

and subtracting 237 0, the principal,

we obtain 45 5 5 as the compound interest.

Example 2.
—

"What arc the amount and compound inte-

rest of £7J for 6 years, at 5 per cent. I

The amount of £1 for 1 year.-at this rate would be £105.
Therefore £105x105x1 05 xl05xl 05x1 05x79 is the

amount. &c. And the process in full will be

—

£
105
105

1 1025 the amount of £1, in two years.

11025

1-21551 the amount of £1, in four years.

1 1025

1-3-1010 the amount of £1, in six years.

1 £ ,. ,/.

£105 80700=105 17 4[ is the required amount.
70

And 26 17 4j is the required interest

M 2
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Example 3.—What are the amount, and compound interest

of £27, for 4 years, at £2 10s. per cent, half-yearly.

The amount of £1 for one payment is £1025. Therefore
£1 025 X 1025 X 1025 x 1025 X 1025 X 1025 x 1025 x
1025 x27 is the amount, Lc. And the process in full will be

£
1025
1-025

1050G3 the amount of £1, in one year.

1-05063

1T0382 the amount of £1, in two years.
1- 10382

1-21842 the amount of £1, in four years.
97

£32-89734=32 17 11 [ is the required amount.
27

And 5 17 11| is the required interest.

21. Rule III.—Find by the interest table (at the end

of the treati.se) the amount of £1 at the given rate, and

for the given number of payments •, multiply this by the

given principal, and the product will be the required

amount. From this product subtract the principal, and
the remainder will be the required compound interest.

Example.—What is the amount and compound interest

of £47 lO^-. for years, at 3 per cent., half-yearly ?

£47 10..-.=£47-5.

We find by the table that

£1-42570 is the amount of £1, for the given time and rate.

47-5 is the multiplier.
£ s. d.

67-7236=67 14 5
J is the required amount.

47 10

And 20 4 5 J is the required interest.

22. Rule I requires no explanation.

Rkason ok Kulp: H.—When the time and rate are the

same, two principals are proportional to their corresponding
amounts. Therefore
£1 (one principal) : £106 (its corresponding amount) :*

£100 (another principal) : £106 X lOti (its corresponding
amount).
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Hence the amount of £1 for two years, is £10Gxl*06

—

or the product of two factors, ^ach of tliem the amount of £1
for one year.

Again, for simihar reasons,

£1 : £1-00 :: £l-O6Xl-0G : £1 'OGXl 'OGxl -OG.

Hence the amount of £1 for three years, is £l-OGxl OtJxl'OG—
or tlie product of three factors, each of them the amount of
£1 for one ye;ir.

Tiie same reasoning would answer for any number of pay-
ments.
The amount of any principal will be as much greater tlian

the amount of £1, at tlie same rate, and for tlie same time, as

tlie principal itself is greater tli.in £1. Hence we multiply
the amount of £1, by tlie given principal.

Rule III. reqiiires no explanation.

23. When the decimals become numerous, we may
proceed as already directed [Sec. II. oS].

We may also .shorten the process, in many ca.ses. if

we remember that the product of two of the factors

multiplit'd by itself, is equal to the product of four of

them ; that the product of four multiplied by the pro-

duct of two is equal to the product of six ; and that the

product of four multiplied by the product of four, is

equal to the product of eight, &c. Thus, in example 2,

11025 (=105x105) xM025=105xl 05x105x105.

EXERCISES.

1. What are the amount and compound interest of

£91 for 7 years, at 5 per cent, per annum .' Aiis. £]2S
05. lid. is the amount; and £o7 Gs. lid., the com-
pound interest.

2. What are the amount and compound interest of

i£142 for 8 years, at 3 per cent, half-yearly.- Ans.
j£227 175. 4Ul. is the amount ; and £Sd 17s. 4^d.j the

compound interest.

3. What are the amount and compound interest of

JE63 55. for 9 years, at 4 per cent, per annum .' Ans.

j£90 05. 5jd. is the amount; and £26 Ids. 5f^., tho

compound interest.

4. What are the amount and compound interest of

j£44 ds. Qd. for 1 1 years, at 6 per cent, per annum ?
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Ans. £84 \s. od. is the amount; and £39 15^, 8^.,

the compound interest.

5. What are the amount and compound interest of

£32 45. ^d. for 3 years, at £2 \Gs. per cent, half-

yearly.' Ans. £37 Is. S\d. is the amount; and £5
25. IC'irZ., the compound interest.

6. What are the amount and compound interest of

£971 Qs. 2\d. for 13 years, at 4 per cent, per annum }

Ans. £1616 155. 11 fr/. is the amount; and £645 15s

9^<'/., the compound interest.

24. Given the amount, tune, and rate

—

to find the

principal ; that is, to find the present worth of any sum
to be due hereafter—a certain rate of mterest being

allowed for the money now paid.

Rule.—Find the product of as many factors as there

are times of payment—each of the factors being the

amount of £1 for a single payment ; and divide this

product into the given amount.

Example.—What sum would produce £834 in 5 years,

at 5 per cent, compdund interest ?

Tli.e amount of £1 for 1 year at the given rate is £105 :

and the product of this taken 5 times as a fav^itor 105x
lOoxlOaxl 05x105. which (^according to the table) is

1-27G2S. 'ihen

£834-M-27G28=£G53 95. 2'ld... the required principal.

25. Reason ok the Rule.—We have seen [21] that the

amount of any sum is equ:il to the amount of £1 yfur the same
time, and at the same rate) multipiied by the principal ; that is,

The amount of the giveu principal=the given priucipalX
the amount of £1.

If we divide eacli of these equal quantities hy the same
nunil;er [Sec. V. G], the quotients will be equal. Therefore

—

The amount of the given principal -f-the amount of £l=the
ffiven princip-dxthe amount of £1 -f-the amount of £1. That
IS, the amount of the given princip;d (the given amount)
divided by the amount of £1, is equal to the principal, or

quantity required—which is the rule.

EXERCISES.

7. What ready money ought to be paid for a debt of

£629 175. \^\d., to be due 3 years hence, allowing

8 per oeaU compound interest ? Aiis. £^QQ,
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8. What principal, put to interest for 6 years, would
amount to i-268 0^. 4^d.j at 5 per cent, per annum .'

Ans. ^£200.

9. "What sura would produce £742 I9s. l\y. in 14

years, at 6 per cent, per annum f Aiis. £32S 12.?. 7d.

10. What is i^'495 19^. llf^/., to be due in IS years,

at 3 per cent, half-yearly, worth at present. Ans.

iei71 2i-. S^d.

26. Given the principal, rate, and amount—to find

the time

—

KuLE I.—Divide the amount by the principal; and

into the quotient divide the amount of £\ for one pay-

ment (at the given rate) as often as po.ssible—the number
of times the amount of £1 has been used as a divisor,

will be the requu-ed number of payments.

Ex.AMPLn.-^In what time will £02 amount to £100 13s.

Old., at 3 per cent, half-yearly ?

£106 I3s. 0;7/.-f-£:)2=l- 15027. The amount of £1 for

one pavment is £103. But 115027 -^ 103 = 112:35;

1 1255 V 103 = 100272 : 100272 -^ 1-03 = lOGOO : and
l•OGOO-^l 03-=103; 103^103=1. We have used 103
as a divisor 5 times; therefore the time is 5 payments, oi

2^ years. Sometimes there will be a remainder after divid-

ing \)y 103, &c., as often as pos.sil^le.

In e.\ plaining the method of finding the powers and roots

of a given fjuantity, we shall, hereafter, notice a shorter

method of a.scertaiiiing how often the amount of one pound
can be used as a divisor.

27. KuLE II.—Divide the given principal by the

given ar.iount, and ascertain by the interest table in how
many payments £1 would be equal to a (juantity nearest

to the (j'loiiant—considered as pounds : this will be the

required time.

E.XAMPi.E.—In what time will £50 become £100, at C
per cent, per annum compound interest ?

£100-^50=2.

We find by the tables that in 11 years £1 will bccnmo
£1S0J<3. wiiich is le.ss : and in 12 years that it will l^ocome

£20 122. which is greater than 2. The answer nearest to

the truth, therefore, id 12 yeor^.
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28. Rkason of Rule I.—The given amount is [20] equal
to the given principal, multiplied by a product which contains
as iiiMuy factors as there are times of payment— each factor
being the amount of £1, for one payment. Hence it is evi-

dent, that if we divide the given amount by the given prin-
cipal, we must have the product of these factors ; and that, if

we divide this ^jroduct, and the successive quotients by one
of the factors, we shall ascertain their number.

Reason of Rule II.—We can find the required number
of factors (each the amount of £1), by ascertaining how often
the amount of £1 may be considered as a factor, without
forming a product much greater or less than the quotient
obtained when we divide the given amount by the given
principal. Instead, however, of calculating for ourse^vet, we
may have recourse to tables constructed by those who have
already made the necessary multiplications—which saves much
trouble.

29. AVlien the quotient [27J is greater than any
amount of i31, at the given rate, in the table, divide it

by the greatest found in the table ; and, if necessary,

divide the resulting quotient in the same way. Continue
the process until the quotient obtained is not greater

than the largest nnwunt in the table. Ascertain what
number of payments corresponds to the last quotient,

and add to it so many times the largest member of pay'
incuts ia the table, as the largest anwwnt in the table

has been used for a divisor

Example.—When would £22 become £535 12$. O^J.,

at 3 per cent, per annum ?

£535 12s>. 0,V.-^22==24-345G0, which is greater than any
annumt of £1. at the given rate, contained in the tanle.

24 34560-f-4o831) (the greatest amount of £1. at 3 per cent.,

found in the tuble)=5-55339 : but this latter, also, is greater
than any amount of £1 at the given rate in the taMe-s.

5-55o3'Jh-4-383<J=1-2GG77. which is foimd to be the amount
of £1. at 3 per cent, per payment, in 8 payments. We
have divided by the highest amount for £1 in the taJdes. or

that corresponding to fifty payments, twice. Therefore, the
required time, is 50-|-50-f-^ payments, or 108 years.

EXERCISES.

11. "When would ^14 65. Sd. amount to £18 2s. S^d,

at 4 per cent, per annum, compound interest .' A/ls.

In e years.
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12. When would £54 2s. Sd. amount to £76 35. 5^.,

at 5 per cent, per annum, compound interest ? Atis.

In 7 years.

13. In wliat time would £793 0^. 2\d. become £1034
13s. 10^^/., at 3 per cent, half-yearly, compound interest ?

/Iwjf. In '1^ years.

14. When would £100 become £1639 7^. 96?., at 6

per ojnt. half-yearly, compound interest ? Aiis. In 24
years.

QUESTIONS.

1. "^Tiat is interest ? [1].

2. What is the difference between simple and com-
pound interest } [1].

3. What are the principal, rate, and amount .^ [1].

4. How is the simple interest of any sum, for 1 year,

found.' [2 &c.].

5. How is the simple interest of any sum, for several

years, found .' [5]

.

6. How is the interest found, when the rate consists

of more than one denomination .' [4]

.

7. How is the simple interest of any sum, for years,

months, &c., found .' [6].

8. How is the simple interest of any sum, for any
time, at 5 or 6, &:c. per cent, found .' [7].

9. How is the simple interest found, when the rate,

number of years, or both are expressed by a mixed
number } [9]

.

10. How is the simple interest for days, at 5 per cent.,

found.' [10].

1 1

.

How is the simple interest for days, at any other

rate, found i [11].

12. How is the simple interest of any sum, for months
at 6 per cent., found .' [12].

13. How is the interest of money, left after one or

more payments, found .' [13].
14. How is the principal found, when the amount,

i*ate, and time are given .- [14].

15. How is the amount found, when the time, rate,

and principal are given .' [15].
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16. How ig the time found, when the amount, prin

eipal, and rate are given r [10].

17. How is the rate found, when the amount, prinei

pal, and time are given ? [18].

IS. How are the amount, and compound interest found,

when the principal, rate, and time are given .' [1^)].

19. How is the present worth of any sum, at com-
pound interest for any time, at any rate, found .- [24].

23. How is the time found, when the principal, rate

of compound interest, and amount are given .- [26]

.

DISCOUNT.

30. Discount is money allowed for a sum paid before

it is due, and should be such as would be p.oduced by
what is paid, were it put to interest from the time the

payment is, until the time it ought to be made.

Tlie present worth of any sum, is that which
would, at the rate allowed as discount, produce it, if

put to interest until the sum becomes due.

31. A bill is not payable until three days after the

time mentioned in it ; these are called days of grace.

Thus, if the time expires on the 11th of the month, the

bill will not be payable until the 14th—except the latter

falls on a Sunday, in which case it becomes payable on

the preceding Saturday. A bill at 91 days will not be

due until the 94th day after date.

32. When goods are purchased, a certain discount h
often allowed for prompt (immediate) payment.

The discount generally taken is larger than is sup-

posed. Thus, let what is allowed for paying money
one year before it is due be 5 per cent. ; in ordinary

circumstances i£95 would be the payment for £100.
But £95 would not in one year, at 5 per cent., produce

more than £99 l-o.?., which is less than £100 ; the error,

however, is inconsiderable when the time or sum is small

llence to find the discount and present worth at any

rate, we may gcncrallu use the following

—



DISCOUNT. feSl

33. Rule.—Find the interest for the sura to be paid,

at the disc>junt allowed ; consider this as discount, and
deduct it from what is due ; the leuiaiuder will be the

required presunt worth.

Example.—£G2 will be 'lue in 3 months : what shouH be

allowed on immediate payment, the discount being at the

rate of C per cent, per annum T

The intere.st on £02 for 1 year at G per cent, per annum
is <£3 14.!). 4^(1. : and for 3 mouths it is iSs. lid. Therefore

£G2 minus I85. 7^(/.=£Gl Is. 4|J., is the required present

worth.

34. To find the present worth a^r.urcJely—
KuLE.—Say, as £100 plus its mter?sL for the given

time, is to £100, so is the given sum tu the required

present worth.

Example.—What would, at present, paj a v5e>t -^f .£142

to be due in 6 months, 5 per cent, per annum discov'ri*. being

allowed '?

£, £ s. £ £ i,)Q Y 14^ ^ ''• ^•

102-5 (100+2 10) : 100 : : 142 : -
-^^^.^. .

^^

=138 10 8

This is merely a question in a rule already given [14].

EXERCISES.

1. "What is the present worth of £850 15^., payable in

one year, at 6 per cent, discount ? Ans. £802 1 1.9. IQ^d
2. What is the present worth of £240 IO5., payable

in one year, at 4 per cent, discount } A71S. £231 5.?.

3. What is the present worth of £550 IO5., payable

in 5 years and 9 months, at 6 per cent, per an. discount >

Ans. £409 55. lOifZ.

4. A debt of £1090 will be due in 1 year and 5
months, what is its present worth, allowing 6 per cent,

per an. discount.' Ans. £1004 12.9. 2d.

5. What sum will discharge a debt of £250 175. 6^.,

to be due in 8 months, allowing 6 per cent, per an.

discount ? Ans. £241 4.9. G^d.

6. What sum will discharge a debt of £840, to be
due in 6 months, allowing 6 per cent, per an. discount ?

Ans. £815 IO5. 8^^
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7. What ready money now will pay a debt of £200,
to be due 127 days heuco, discounting at 6 per cent,

per an. ? A71S. £195 ISs. 2^d.

8. What ready money now will pay for £1000, to be
due in 133 days, allowing 6 per cent, per an. discount ?

Ans. £979 Is. Id.

9. A bill of £150 IO5. will become due in 70 days,

what ready money will now pay it, allowing 5 per cent.

per an. discount ? Ans. £149 Is. bd.

10. A bill of £140 10s. will be due in 76 days, what
ready money will now pay it, allowing 5 per cent, per

an. discount r Ans. £139 Is. Q\d.

11. A bill of £300 will be due in 91 day.?, what will

now pay it, allowing 5 per cent, per an. discount .'' Aiis.

£296 65. \^d.

12. A bill of £39 55. will become due on the first

of September, what ready money will pay it on the

preceding 3rd of July, allowing 6 per cent, per an. .''

Ans. £38 185. l\d.

13. A bill of £218 35. S\d. is dra\Yn of the 14th

August at 4 months, and discounted on the 3rd of Oct.
;

what is then its worth, allowing 4 per cent, per an.

discount.^ ^7i5. £216 Qs. Ud.
14. A bill of £486 IS5. Sd. is drawn of the 25th

March at 10 months, and discounted on the 19th June,

what then is its worth, allowing 5 per cent, per an.

discount.? J.?i5. £472 95. ll^r/.

15. What is the present worth of £700, to be due in

9 months, discount being 5 per cent, per an. } Aiis.

£674 135. lli^.

16. What is the present worth of £315 125. 4}^/.,

payable in 4 years, at 6 per cent, per an. discount }

Alls. £254 IO5. l\d.

17. What is the present worth and discount of £550
IO5. for 9 months, at 5 per cent, per an. } Ans. £530
125. 0\d. is the present worth; and £19 175. ll\d.

s the discount.

18. Bought goods to the value of £35 135. S^. to be

Daid in 294 days ; what ready money are they now
ff-orth, 6 per cent, per an. discount being allowed }

Alls. £34 05. Q^d.
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19. If a legacy of £600 is left to me on the 3rd of

May, to be paid on Christmas day following, what must

I receive as present payment, allowing 5 per cent, per

an. discount .' Ans. ioSl 4s. 2\d.

20. AVhat is the discount of ii756, the one half pay-

able in 6, and the remainder in 12 months, 7 per cent.

per an. being allowed } Ans. £37 14.?. 2\d.

21. A merchant owes £110, payable in 20 months,

and £224, payable in 24 months ; the first he pays in 5

montlis, and the second in one month after that. AVhat

did he pay, allowing 8 per cent, per an. i Ans. £300.

QUESTIONS FOR THE PUPIL.

1. "What is discount.? [30].

2. AVhat is the prtsenl: worth of any sum } [30].

3. AYhat are days of grace 1 [31].

4. How is discount ordinarily calculated } [33]
5. How is it accurately calculated } [34]

.

COMMISSIOX, &c

35. Covimission is an allowance per cent, made to a

person called an agent., who is employed to sell goods.

Imnrance is so much per cent, paid to a person who
undertakes that if certain goods are injured or destroyed,

he will give a stated sum of money to the owner.

Brokerage is a small allowance, made to a kind of

agent called 'a broker ^ for assisting in the disposal of

goods, negotiating bills, &c.

36. To compute commission, &c.

—

Rule.—Say, as £100 is to the rate of commission, so

is the given sum to the corresponding commission.

Example.—What will be the commission on goods worth
£437 5s. 2cl., at 4 per cent. 1

£100 : £4 :
: £437 5s. 2d. :

^^^"^ioq^'"

^^' = ^1' 9.?.

5ld., the required commission.

37. To find what insurance must be paid so that, if

the goods are lost, both their value and the iusuranco

>(^ may be racovered—
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Rule.—Say, as £100 minus the rate per cent, is to

£100, so is the value of the goods insured, to the

required insurance.

Example.—What sum must I insure that if goods worth
£400 aie lost, I may receive both their value and th6 in-

surance paid, the latter being at the rate of 5 per cent. 1

£95 : £100 :: £400 :
^^M>ii!^= £421 Is. O^d.

If £100 were insured, only £95 would be actually received,

since £5 was paid for the £100. In the example, £421 Is. Ohd.

are received; but deducting £21 Is. 0|(/., the insurance, £400
remains.

EXERCISES.

1. What premium must be paid for insuring goods

to the amount of £900 155., at 2^ per cent. ? Ans.

£22 105. 4U.
2. What premium must be paid for insuring goods

to the amount of £7000, at 5 per cent. ? Ans. £350.
3. What is the brokerage on £976 175. 6^., at 55.

per cent. ? Ans. £2 8s. I0}d.

4. What is the premium of insurance on goods worth

£2000, at 71 per cent. ? A71S. £150.

5. What is the commission on £767 145. 7^., at 2i

per cent. ? Ans. £19 35. lOf^.

6. How much is the commission on goods worth

£971 145. 7d., at 55. per cent. ? Ans. £2 85. 7j\d.

7. What is the brokerage on £3000, at 25. 6^. per

cent. } A71S. £3 155.

8 How much is to be insured at 5 per cent, on goods

worth £900, so that, in case of loss, not only the value

of the goods, but the premium of insurance also, may be

repaid ? Ans. £947 75. 4-^^^.

9. Shipped off for Trinidad goods worth £2000, how
much must be insured on them at 10 per cent., that in

case of loss the premium of insurance, as well as their

value, may be recovered ? Ans. £2222 45. 5^^.

QUESTIONS FOR THE PUPIL.

1

.

What is commission } [35]

.

2. What is insurance .'' [35].

a. What id brokerage ? [35J
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4. IIow are commission, insurance, &.C., calculated?

[36].
5. How is insurance calculated, so tliat both the in-

surance and value of the goods may be received, if tho

latter are lost r [37]

.

PURCHASE OF STOCK.

3S. Stock is money borrowed by Government from

individuals, or contributed by merchants, &c., for the

purpose of trade, and bearing interest at a fixed, or

variable rate. It is transferable either entirely, or in

part, according to the pleasure of the owner.

If the price per cent, is more than <£100, the stock in

question is said to be aboce, if less than j£100, beloio " par.'*

Sometimes the shares of trading companies are only

gradually paid up ; and in many cases the whole price

of the share is not demanded at all—they may be £50,
42109, &c., shares, while only i£5, £10, &c., may have
been paid on each. One person may have many shares

When the intesest per cent, on the money paid is con-
siderable, stock often sells for more than what it origi-

nally cost ; on the other hand, when money becomes
more valuable, or the trade for which the stock was
contributed is not prosperous, it sells for less.

39. To find the value of any amount of stock, at any
rate per cent.

—

Rule.—Multiply the amount by the value per cent.,

and divide the product by 100.

Example.—When £69 1 will purchase £100 of stock, what
will purchase £642 1

£642x69^
jQQ-^=£443 155. 7id.

It is evident that £100 of stock is to any other amount of
it, as the price of the former is to that of the latter. Thus

£100 : £612 : : £69^ :
^642x69^

100

EXERCISES.

1. What must be given for £750 16*. in the 3 per
cent, annuities, when £64| will purchase £100 ? Ans,
4^1 Si. O^d.
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2. TVTiat must be given for £1756 75. Qd. India stock,

when <£]96i will purchase iilOO .' Aiis. £3446 175. ^d.
3. What is the purchase of £9757 bank stock, at

£125| per cent. .? Ans. £12257 45. l^d.

QUESTIONS.

1. What is stock .> [38].

2. When is it ahovt^ and when Idow ^' par" } [38].

3. How is the value of any amount of stock, at an;y

rate per cent., found ? [39].

EQUATION OF PAYMENTS.

40. This is a process by which we discover a time,

when several debts to be due at different periods may be
paid, at once^ without loss either to debtor or creditor.

Rule.—3Iultiply each payment by the time which
should elapse before it would become due ; then, add
the products together, and divide their sum by the sum
of the debts.

Example 1.—A person owes another £20, payable in 6
months ; £50, payable in 8 months ; and £90, payable in

12 months. At what time may all be paid together, without
loss or gain to either party ?

£ £
20x 6= 120
50X 8= 400

90x12=1080

160 160) 1600(10 the required number of months.
160

Example 2.—A debt of £450 is to be paid thus : £100
immediately, £300 in four, and the rest in six months. When
should it be paid altogether 1

£ £
100 X 0=
300 X 4=1200
50 X 6= 300

450 450)1500(31 months.
1350

Iso—H
450
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41. "VVe have (according to a principle formerly used

[13]) reduced each debt to a sum -which would bring the
same interest, in one month. For 6 times £20, to be due
in 1 raontli, should evidently produce the same as £20, to

be due in G months— and so of the other debts. And the
interest of £1600 for the smaller time, will just be equal to

the interest of the smaller sum for the larger time.

EXERCISES.

1

.

A owes B £600, of which ^£200 is payable in 3

months, £150 in 4 months, and the rest in 6 months
;

but it is agreed that the whole sum shall be paid at

once. When should the payment be made ? Ans. In

4^ months.

2. A debt is to be discharged in the following man-
ner : \ at present, and ^ every three months after until

all is paid. What is the equated time .'' Ans. 4^
months.

3. A debt of £120 will be due as follows : £50 in

2 months, £40 in 5, and the rest in 7 months. When
may the whole be paid together ? Ans. In 4^- months.

4. A owes B £110, of which £50 is to be paid at

the end of 2 years, £40 at the end of 3^, and £20 at

the end of 4^ years. When should B receive all at

once } Ans. In 3 years.

5. A debt is to be discharged by paying ^ in 3 months,
•i- in 5 mcmths, and the rest in 6 months. What is the

equated time for the whole ? Ans. 4} months.

QUESTIONS.

1. What is meant by the equation of payments }

2. What is the rule for discovering when money, to

be due at different times, may be paid at once } [40j.
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SECTION VIII.

EXCHANGE, &c.

1. Exchange enables us to find what amount of the

looney of one country is equal to a given amount of the

money of another.

Money is of two kinds, real—or coin, and imaginary—
or money of exchange, for which there is no coin ; as,

for example " one pound sterling."

The par of exchange is that amount of the money
of one country actually equal to a given sum of the

money of another ; taldng into account the value of

the metals they contain. The course of exchange is

that sum which, in point of fact, would be allowed

for it.

2. When the course of exchange with any place is

above " par," the balance of trade is against that place.

Thus if Hamburgh receives merchandise from London
to the amount of £100,000, and ships off, in return, goods
to the amount of but £50,000, it can pay only half what
it owes by bills of exchange, and for the remainder must
obtain bills of exchange from some place else, giving

for them a premium—which is so much lo^^-t. But the

exchange cannot be much above par, since, if the pre-

mium to be paid for bills of exchange is high, the

merchant will export goods at less profit ; or he will

pay the expense of transmitting a)>d insuring coin, or

bullion.

3. The nominal value of commodities in these countries

was from four to fourteen times less formerly than at

present ; that is, the same aivount of money would then

buy much more than now. We may estimate the value

of money, at any particular period, from the amount of

corn it would purchase at that time. The value of

money fluctuates from the nature of the crops, the state

of trade, &lc.
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In exchange, a variable is given for a fixed sura ; thus

London receives diftlireat values for £\ from different

countries.

Agio is the diSerence which there is in some places

bit'tveen the ac'-ent or cask money, and the exchange

or banx mniiey—which is finer.

The foliowinnr tables of forei^rn coins are to be made
familiar to the pupil.

FOREIGN MONEY.

MONEY OF AMSTERDAM.

Flemish Momy.

make 1 grote or penny.

, , 1 stiver.

. 1 florin or guilder

16 or



Derniers

12
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DANISH MONEY.
Pfennings

12

192 or

^killings

I marts

1152 |96 or
I

6 Danisht=3 Hamburgh marks.

VENETIAF MONEY.
Denari (the plural of denaro)

12 . . . . make 1 soldo.

271

make 1 skilling.

1 mark.

1 riidoUar

240 or

1488
1920

Pfennings

4

soldi

20

I

lire soldi

6 4
8

240 or

860

Grains

10

AUSTRIAN MONEY.

creutzer3

60 .

I florins

90or| U .

NEAPOLITAN MONEY.

carlins

100 or I 10

1 lira.

1 ducat current.

1 ducat effective

make 1 creutzer

1 florin.

1 rixdollar.

make 1 carlin.

1 ducat Ti.yAO

MONEY OF GENOA.
Lire soldi

4 and 12 make 1 scudo di cambio, cv crown of exchange.
10 and 14 1 scudo d'oro, or gol I crown.

Denari di pezza
12

OF GENOA AND LEGHORN.

make 1 soldo di pezza.

soldi di pezza

240 or
I

20
Denari di lira

12
.

soldi di lira

20

1 pezza of 8 reals,

make 1 soldo di lira.

240 or
^

1380 115 or 1 51

SWEDISH MONEY.
Fennings, or oers

_12 ....
Iskillings

48 ...

1 lira.

1 pezza of 8 reals

make 1 skilling.

1 rixdoUai
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RUSSIAN MONEY.
Copecs
100 . . . mako 1 ruble.

EAST INDIAN MONEY.
Cowries
2560 . . . make 1 rupee.
En pees

100.000 ... 1 lac.

10.000,000 . . 1 crore.

The cowrie is a small shell found at the Maldives, and near
Angol.i : in Africa about 5000 of them pass for a pound.

Tlie rupee has different values : at Calcutta it is Is. ll^rl.

the Sicca rupee is 2^. O^d. ; and the current rupee 2*.—if wo
divide any number of these by 10, v>e change them to pounds
of our money; the Bombay rupee is 2.«. Sd., &c. A sum of

Indian money is expressed as follows; 5*38220, which means
5 lacs and 38220 rupees.

4. To reduce bank to current money

—

RrLE.—Say, as £100 is to £100 + the agio, so is

the given amount of bank to the required amount of

current money.

Example.—How many guilders, current money, are equal

to 403 guilders, 3 stivers, and IS^^i pennings banco, agio

being 4^ ?

100 : 104f :: 463 g. 3st. 13f|p. : ?

7 7 20

700 733 92G3 stivers.

65 16

45500 148221 pennings.

Multiplying by 65; and adding 64 to the

will give 9034429 P"^^^^^'

Multiplying by 733

and dividing by 45500 )7002030457

will give 155209 pennings.

16)155209

20)9700 9

And 485 g. st. 9||f|^ p. is the amount sought.

5. We multiply the first and second terms by 7, and add tha

numerator of the fraction to one of the products. This is th©

same thing as reducing these terms to fractions having 7 for

their denominator, and then multiplying them by 7 [Sec. V. 29].

For the same reason, and in the same way, we multiply the

first and third terms by 65, to banish the fraction, without

destroying the proportion.
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The remainder of the process is according to the rule of
proportion [Sec. V. 31]. We reduce the answer lo pcnuings,
stivers, and guilders.

EXERCISES.

1. Ptcdiice 374 guilders, 12 stivers, bank monoj, to

cuiTcut njonoy, agio being 44 per cent. .' Aiis. 3\J2 g.,

5 St., 3yVS p.

2. Reduce 437S guilders, *5 stivers, bank money, to

current money, agio being 4f per cent. .' Ans. 4577 g.,

17 St., 3/3V P-

3. Reduce 873 guilders, 11 stivers, bank money, to

current money, agio being 4| per cent. .' Ans. 916 g.,

2 St., lUf p.

4. Reduce 1642 guilders, bank money, to current

money, agio being 41^ per cent, f Ans. 1722 g., 14st.,

10^ p.

6. To reduce current to bank money

—

Rule.—Say, as £100+ the agio is to £100, so is tbe

given amount of current to the requii-ed amount of

bank money.

Example.—Hovr much bank money is there in 485 guil-

ders and 9|j-^|^ pennings. agio being 4^ 1

104^-

733
45500
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EXERCISES.

5. Reduce 58734 guilders, 9 stivers, 1 1 pennings,

current money, to bank money, agio being 4^ per cent. ?

Ans. 56026 g., 10 st., H^H P-

6. Pteduce 4326 guildiu's, 15 ponnings, current money,
to bank money, agio being 4-| per cent. ? Ans. 4125 g.,

13st.,2i||p.
7. Keduce 11S6 guilders, 4 stivers, 8 pennings, cur-

rent, to bank money, agio being 4f per cent. ? Ans
1136 g., 10 St., 0|ff p/

8. Reduce 8560 guilders, 8 stivers, 10 pennings,

current, to bank money, agio being 4f per cent. .

Ans. 8183 g., 19 St., 5|if p.

7. To reduce foreign money to British, &c.

—

KuLE.—Put the amount of British money considered

in the rate of exchange as third term of the proportion,

its value in foreign money as first, and the foreign

money to be reduced us second term.

Example 1.

—

Flemish Mmteij.—How much British money
is equal to 1054 j>uilders. 7 itivers, the exchange being '6'6s.

4d. Flemish to £ L British 1

33..-. 4./. : 1054 g. 7 st. : : £1 : '^

12 20

400 pence. 21087 stivers.

400)42174 Flemish pence.

£lo:V435 = £105 8.s. ^d.
£1. the amount of British money considered in the rate,

IS put in the third term ; 33s. M., its value in foreign money,

in the first ; and 1054 g. 7 st., the money to be reduced,

in the second.

9. How many pounds sterling in 1680 guilders, at

33.S. 3d. Flemish per pound steding .' Aiis. £168 8^.

5jl^d.
i 10. Pieduce 6048 guilders, to British money, at 335.

n^. Fhnuish per pound British.^ Ans. i-594 7s.

11|t7-^^-
11.' Reduce 2048 guilders, 15 stivers, to British

money, at 34.f . 5fi. Flemish per pound sterling f Ans

£198 85. 6l\^d.
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Va, How many pounds sterling in 1000 guilders, 10

stivers, exchange being at 335. 4d. per pound sterling ?

Afis. £100 Is.

Example 2.— Hamburgh Money. — How much British

money is equivalent to 47G marks. 9 skillings, the exchange
being ZZs. bd. Flemish per pound British ?

s. d. m. s.

33 6 : 47G 9f : : XI : ?

12 32 2

402 grotes. 15232-f19i=15251i grotes.

402)152511

i:37-9386=£37 I85. M.
Multiplying the schillings by 2, and the marks by 32,

reduces both to pence.

13. How much British money is equivalent to 3083
marks, 12| schillings Hambro', at 325. 4d. Flemish per

pound sterling .' Aiis. £254 65. Sd.

14. How much English money is equal to 5127 marks,

5 schillings, Hambro' exchange, at 36^. 2d. Flemish
per pound sterling : Aiis. £378 \s.

15. How many pounds sterling in 2443 marks, 9|-

schillings, Hambro', at 32^. Qd. Flemish per pound ster-

ling .^ ^Am. £200 105.

16. Reduce 7S54 marks, 7 schillings Hambro', to

British money, exchange at 345. Wd. Flemish per

pound sterling, and agio at 21 per cent. ? Ans. £495
155. Q^d.

Example 3.

—

French Money.—Reduce 8654 francs, 42
centimes, to British money, the exchange being 23f., 50c.

,

per £1 British.

f. c. f. c. 8G54-42
23 50 : 8054 42 : : 1 : ^^..^^=£368 55. 51^.

42 centimes are 042 of a franc, since 100 centimes make
1 franc.

17. Reduce 17969 francs, 85 centimes, to British

money, at 23 francs, 49 centimes per pound sterling ?

Ans. £765.
18. Reduce 7672 francs, 50 centimes, to British

money, at 23 francs, 25 centimes per pound sterling ?

Alls. £330.
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19. Reduce 15647 francs, 36 centimes, to British

money, at 23 francs, 15 centimes per pound sterling?

Ans. £67o 18s. 2^d.

20. Reduce 450 francs, 58^- centimes, to British

money, at 25 francs, 5 centimes per pound sterling ?

Ans. ^176 14s.

Example 4.

—

Portuguese Moneij.—How much British

money is equal to 540 mih-ees, 420 rees, exchange being at

5s. Cc/. per miiree T

m. m. r. s. d.

1 : 540-420 : : 5 G : 540-420x5s. GfZ.=£148 12s. Z^d.

In this case the British money is the variable quantity,

and 5s. 6(i. is that amount of it which is considered in the

rate.

The rees are changed into the decimal of a miiree by
putting them to the riglit hand side of the decimal point,

since one ree is the thousandth of a mikee.

21. In 850 milrees, 500 rees, how mnch British

money, at 5s. Ad. per miiree } Ans. i£226 16s.

22. Reduce 2060 milrees, 380 roes, to English money,

at 5s. Q^d. per miiree ? Ans. £573 Os. 10^-^.

23. In 1785 milrees, 581 rees, how many pounds

sterling, exchange at 64i per miiree i Ans. £479
17s. Qd.

24. In 2000 milrees, at 5s. 8^^. per miiree, how
many pounds sterling.? Ans. £blO 16s. Sd.

Example 5,

—

Spanish Money.—Reduce 84 piastres, 6 reals,

19 maravedi, to British money, the exchange being 49c/. the

piastre.

p. p. r. m. d.

1 : 84 6 19 : : 49 : 1

8 8

8 678 reals.

34 34 '

272 23052 maravedi.
49

272)1129548

4152-7, &c.=£17 %s. Old.
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EXERCISES.

25. Reduce 2448 piastres to British money, exchange
at 50^. sterling per piastre .' Ans. £d\0.

26. Reduce 30000 piastres to British money, at 40d.
per piastre ? Aiis. £5000.

27. Reduce 1025 piastres, 6 reals, 22|-|-f maravedi, to

British money, at i^d^d. per piastre } Ans. i£167 15s. 4d.

Example C.—American Money.—Reduce 37G5 dollars to
British money, at 45. per dollar. 4.s.==£|; therefore
5 )3765 dol. dol. s. £

753 is the required sum. Or 1 : 3765 : : 4 : 753

28. Reduce ^£292 3*?. 2^d. American, to British money,
at QQ per cent. } A7i^\ ^£176.

29. Reduce 5611 dollars, 42 cents., to British money,
at 45. D^d. per dollar ? Ans. £1250 175. 7d.

30. Reduce 274<t dollars, 30 cents., to British money,
at 45. S^d. per dollar } Ans. £589 65. 2^d.

From these examples the pupil will very easily under-
stand how any other kind of foreign, may be changed
to British money.

8. To reduce British to foreign money

—

Rule.—Put that amount of foreign money wh^h is

considered in the rati^ of exchange as the third term,

its value in British money as the first, and the British

money to be reduced as the second term.

Example 1.

—

Flemis'i 3Ioney.—E.o'^ many guilders, &e.,

in £236 14.S. 2d. British, the exchange being 34s. 2d. Flemish
to £1 British 1

£ £ s. d. s. d.

1 : 236 U 2 :: 34 2 : t

20 20 12

20 4734 410 pence.
12 12

240 56810d.
410

240)23202100

12)970504, &c.

20) 8087 6

£404 7 61 Flenish.

N 2



278 EXCHANGE.

We might take parts for the o4.s. 2.1.—

£ £ s. d.

£1=1 236 14 2
10s.= i 118 7 1

4.s.= X 47 6 10

£404 7 ^ Flemish.

EXERCISES.

31. In £100 l5., how much Flemish money, exchange

at 335. 4d. per pound sterling.^ Ans, 1000 guilders,

10 stivers.

32. Keduce £168 S.?. Oj^^d. British into Flemish,

exchange being 335. 3d. Flemish per pound sterling .''

Ans. 1680 guilders.

33. In £199 ll5. 10y\2_^. British, how much Flemish

money, exchange 345. 9flj. per pound sterling } Ans.

20S0 guilders, 15 stivers.

34. Keduce £198 Ss. ^^d. British to Flemish

money, exchange being 345. Dd. Flemish per pound
sterliusi; .' Ans. 2048 o-uilders, 15 stivers.

E-^MPLE 2.

—

Hamburgh Jlloneij.—How many marks, &c.,

in £24 Os. British, exchange being 335. 2d. per £1 British ?

£1 : £24 6s. : : 33?. 2d. : 1

20 20 12

20 486 398 grotes.

398

20)193428

2)9071 8 pence.

16)4835 schillings, 1 penny.

302 marks, 3 schillings, 1 penny.

35. Keduce £254 Qs. Sd. English to Hamburgh
money, at 325. 4d. per pound sterling ? Ans. 3083
marks, 12| stivers.

36. Keduce £378 l5. to Hamburg money, at 36*

2d. Flemish per pound sterling .? Atis. 5127 marks^

5 schillings.

37. Keduce £536 to Hamburgh money, at 36s. 4d.

per pound sterling } Am. 7303 marks.
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38. Reduce £495 155. O^d. to Hamburg currency,

at 345. 11^. per pound stealing ; agio at 21 per cent. ?

Ans. 7854 marks 7 schillings.

Example 8.

—

French Money.—How much French money
is equal in value to £83 2s. 2d., exchange being 23 francs
25 centimes per £1 British ?-

£
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43. Reduce £226 16s. to milrees, &e., at 55. 4d. per
milree ? Ans. 850 milrees 500 rees.

44. Reduce £479 175. 6d. to milrees, &c., at 64^d.

l^.Y milree r Ans. 1785 milrees 58 1 rees.

45. Reduce £570 I65. 8^. to milrees, &c., at 55. S^d.
per milree ? Ans. 2000 milrees.

46. Reduce £715 to milrees, &c., at 55. 8^. per mil-
ree ? A71S. 2523 milrees 529y\ rees.

Example 5.

—

Spanish Money.—How many piastres, &c.,
in £62 British, exchange being 50c/. per piastre ?

d. £
50 : 62 : : 1 : ?

20

1240 p. r. m.
12 297 32^1, is the required sum.

50)14880

2'J7-6 piastres.

48 reals.

34

•50)1632

32^1 maravedls.

-i'/. How many piastres, &c., shall I receive for £510
sterling, exchange at 506? . sterling per piastre ? Ans.

2448 piastres.

48. Reduce £5000 to piastres, at 40^. per piastre ?

Ans. 30000 piastres.

49. Reduce £167 155. 4d. to piastres, &c., at 39i^.

per piastre ? Ans. 1025 piastres, 6 reals, 22||-f mara-

vedis. .

50. Reduce £809 95 Sd. to piastres, &c., at 40^d. per

piastre ? A71S. 4767 piastres, 4 reals, 2j\"^ maravedis.

Example 6.

—

Amei-ican Money.—Reduce £176 British to

American currency, at 66 per cent.

£ £ £
100 : 176 : : 166 : ;

166

100)29216

£292 3s. 2\d.^ is the required sum;
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EXERCISES.

51. Reduce £753 to dollars, at 45. per dollar ? Ans.

3765 duUars.

52. lledace £532 4^. Sd. British to American money,

at 64 per cent. ? Ans. £S72 lis. 3d.

53. Reduce £1250 175. 7d. sterling to dollars, at

45. o^d. per dollar ? Ans. 5611 dollars 42 cents.

54? Reduce £589 65. 2j%d. to dollars, at 45. 3^d.

per dollar .' Ans. 2746 dollars 33 cents.

55. Reduce £437 British to American money, at 78

per cent. ? Ans. £777 175. 2^d.

9. To reduce florins, S:c., to pounds, fcc, Flemish

—

Rule.—Divide the florins by 6 for pounds, and

—

addinp: the remainder (reduced to stivers) to the stivers

— divide the sum by 6, for skillings, and double the

remainder, for grotes.

Example.—How many pounds, skillings, and grotes, in

165 florins 19 stivers I

f. St.

6) 165 19

£27 IZs. 27., the required sum.
6 -will 0:0 into 165, 27 times—leaving 3 florins, or 60 stivers,

Tvhich, with 19, make 79 stivers ; 6 will go into 79, 13 times

—

leaving 1 ; twice 1 are 2.

10. Reason- of the Rule.—There are 6 times as many
florins as pounds ; for we find by the table that 240 grotes
make £l, and that 40 ("o-") grotes make I florin. There are

6 times as many stivers as skillings ; since 96 pennings make
1 skilling, and 16 {^f?) pfennings make one stiver. Also, since

2 grotes make one stiver, the remaining stivers are equal to

twice as many grotes.

Multiplying by 20 and 2 would reduce the florins to grotes ;

and dividing the grotes by 12 and 20 would reduce them to

pounds. Tikius, using the same example

—

f. St.

165 19
20

12)6638

20)553 o.

£27 133. 2d., as before, is the result.
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EXERCISES.

56. In 142 florins 17 stivers, how many pounds, &c.,

Ajis. £23 Ws. 2d.

bl. In 72 florins 14 stivers, how many pounds, &c.,

Ans. £12 2s. 4d.

bS. In ISO florins, how many pounds, &c. ? Ans. £30
11. To reduce pounds, &c., to florins, &c.— ,

Rule.—Multiply the stivers by 6 ; add to the product

half the number of grotes, then for every 20 contained

in the sum carry 1, and set down what remains above
the twenties as stivers. Multiply the pounds by 6, and,

adding to the product what is to be carried from the

stivers, consider the sum as florins.

Example.—How many florins and stivers in 27 pounds,
13 skillings, and 2 grotes ?

£ s. d.

27 13 2
6

165fl. 19st.. the required sura.

6 times 13 are 78, which, with half the numl>er (t) of

grotes. make 79 stivei-s—or 3 florins and 19 stivers (^3 twentie.s,

and 19) : putting down 19 we carry 3. 6 times 27 are 102.

and the 3 to be carried are 165 florins.

This rule is merely the converse of the last. It is evident
that multiplying by 20 anl 12, nnd dividing the product by 2
and 20, would give the same result. Thus

£ s. d.

27 13 2
20

553
12

2)6038

20)3379

IGoli. 19st.. the same result as before.

EXERCISES.

.59. How many florins and stivers in 30 pounds, 12

skillings, and 1 grote } Ans. 183 fl., 12 St., 1 g.

60. How many florins, &,c., in 129 pounds, 7 skil-

lings } Ans. 776 fl. 2 st.

61. In 97 pounds, 8 skillings, 2 grotes, how many
florins, &e. i Ans. 584 fl. 9 st.
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QUESTIONS.

1. What is exchange ? [1].

2. What is the difference between real and imagin-

ary money ? [1].

3. What are the ^ar and course of exchange } [1].
- 4. What is agio ? [3]

.

5. What is the difference between current or cash

aaoney and exchange or bank money ? [3].

6. How is bank reduced to current money ? [4].

7. How is current reduced to bank money ? [6].

8. How is foreign reduced to British money ? [7].

9. How is British reduced to foreign money ? [8].

10. How are florins, ScC, reduced to pounds Flemish,

&c. ? [9].

11. How are pounds Flemish, &,c., reduced to florins,

fee? [11].

ARBITRATION OF EXCHANGES.

12. In the rule of exchange only two places are con-

cerned ; it may sometimes, however, be more beneficial

to the merchant to draw through one or more other

places. The mode of estimating the value of the money
of any place, not drawn directly, but through one or

more other places, is called the arbitration of exchanges,

and is either simple o compound. It is " simple "

when there is only o^ne intermediate place, " compound "

when there are more than one.

All questions in this rule may be solved by one or

more proportions.

13. Simple Arbitration of Exchanges.—Given the

course of exchange between each of two places and
a thhd, to find the par of exchange between the

former.

Rule.—3Iake the given sums of money belonging to

the third place the first and second terms of the propor-

tion ; and put, as third term, the equivalent of what is

in the first. The fourth proportional will be the value

of what is in the second term, in the kind of money
contained in the third term.
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Example.—If London exchanges Tvith Paris at lOd. per
franc, and with Amsterdam at 34s. 8d. per £1 sterling, what
oaght to be the course of exchange, between Paris and
Amsterdam, that a merchant may without loss remit from
London to Amsterdam through Paris ?

£1 : lOd. : : 34.s. 8:/. (the equivalent, in Flemish money,
of £1) : ? the equivalent of lOd. British (or of a franc) in
Flemish money.

Or 240 : 10 : : 34s. Sd. : ^^^^-^—^=17^., the re-

quired value of lOi. British, or of a franc, in Flemish money.
£1 and lOJ. are the two given sums of English money, or

that which belongs to the third place; and o4iS. Sd. is the
given equivalent of £L

It is evident that, 17^^/. (Flemish) being the value of lO^/.,

the equivalent in British money of a franc, when 7nort than
Hid. Flemish is given for a franc, the merchant will gain if

he remits througli Paris, since he will thus indirectly receive
more thau Hid. for lOd. sterling—that is, more than its equi-
valent, iu Flemish money, at the given course of exchange
between London and Amsterdam. On the other hand, if less

than 17 id. Flemish is allowed for a franc, he will lose by
remitting though Paris ; since he will receive a franc for lOd.
(British) ; but he will not receive Hid. for the franc :—while,
had he remitted lOd., the value of the franc, to Amsterdam
directly, he would have been allowed Hid.

EXERCISES.

1. If the exchange between London and Amsterdam
is 33s. 9d. per pound sterling and the exchange be-
tween London and Paris 9^d. per franc, what is the

par of exchange between Amsterdam and Paris ? 'Ans.

Nearly 16^. Flemish per franc.

2. London is indebted to Petcrsburgh 5000 rubles
;

while the exchange between Petersburgh and London
is at oOd. per ruble, but between Petersburgh and
Holland it is at 90d. Flemish per ruble, and Holland
and England at 365. 4d. Flemish per pound sterling.

Which will be the more advantageous method for Lon-
don to be drawn upon—the direct or the indirect .' Ans.
London will gain £9 lis. lj%\d. if it makes payments
by way of Holland.

5000 rubles=:£1041 13s. 4d. British, or £1875 Flemish

;

but £1875 Flemish=£1032 2s. 2^%d. British.
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14. Compound Arbitration of Exchanges—To find

what should bo the course of exchange between two
places, through two or more others, that it may be on a

par with the course of exchange between the same two
places, directly—

Rule.—Having reduced monies of the same kind to

the same denomination, consider each course of exchange
as a ratio ; set down the di^orent ratios in a vertical

column, so that the antecedent of the second shall be

of the same kind as tho consequent of the first, and the

antecedent of the third, of the same kind as the conse-

quent of the second—putting down a note of interroga-

tion for the unknown term of the imporfect ratio. Then
divide the product of the consequents bj; the product of

the antecedents, and the quotient will be tho value of the

given sum if remitted through the interm.^diate places.

Compare with this its value as remitted by ihe direct

exchange.

15. Example.—£824 Flemish being due to me at Am-
sterdam, it is remitted to France at 16a. Flemish por franc

;

from France to Venice at 300 francs per 00 ducats : from
Venice to Hamburgh at lOOJ. per ducat : from Hamburgh
to Li.sbon at 50J. per 400 rees ; and from Lisbon to England
at 5i. 8.7. sterling per milree. Shall I gain or lose, and how
much, the exchange between England and Amstoidam being
34s. 4J. per £1 sterling ?

15c?. : 1 franc.

300 francs : 60 ducats.

1 ducat : 100 pence Flemish.
50 pence Flemish : 400 rees.

1000 rees : 68 pence British.

? : £824 Flemish.

;x60xl00x400x68xS24 ,.^

16x300x1x50x1000
=^'^ ^^ ^^^^^^ '^' ''''^'

[Scc.V.47])
^'^.^""^=£560 6s. ^jd.

But the exchano;:e between England and Amsterdam fci

£824 Flemish is £480 sterling.

Since 345. 4d. : £824 : : £1 : _^^_£480.
o4.'s\ 4a.

I gain therefore by the circular exchange £560 65. 4|a,

minus £480=£80 65. 4|^.



286 ARBITRATION OF EXCHANGES.

If commission is charged in any of the places, it must
be deducted from the value of the sum which can be

obtained in that place.

The process given for the compound arbitration of ex-

change may be proved to be correct, by putting down the

different proportions, and solving them in succession. Thus,
if IQd. are equal to 1 franc, what will 300 francs (=60
ducats) be worth. If the quantity last found is the value of

60 ducats, what will be that of one ducat (=100(i.), &.c. 1

EXERCISES.

3. If London would remit £1000 sterling to Spain,

the direct exchange being 42^d. per piastre of 272
maravedis ; it is asked whether it will be more profit-

able to remit directly, or to remit first to Holland at

355. per pound ; thence to France at IQ^d. per franc
;

thence to Venice at 300 francs per 60 ducats ; and
thence to Spain at 360 maravedis per ducat ? Ans.

The circular exchange is more advantageous by 103
piastres, 3 reals, 19|| maravedis.

4. A merchant at London has credit for 680 piastres

at Leghorn, for which he can draw directly at 50d. per

piastre ; but choosing to try the circular way, they are

by his orders remitted first to Venice at 94 piastres per

100 ducats; thence to Cadiz at 320 maravedis per

ducat ; thence to Lisbon at 630 rees per piastre of 272
maravedis ; thence to Amsterdam at 5 ^d. per crusade

of 400 rees ; thence to Paris at 18|J. per franc ; and

thence to London at lO^^d. per franc ; how much is the

circular remittance better than the direct draft, reckon-

ing I per cent, for commission ? Ans. .£14 12^. 7ld

16. To estimate the gain or loss per cent.

—

KuLE.—Say, as the par of exchange is to the course

of exchange, so is £100 to a fourth proportional. From
this subtract £100.

Example.—The par of exchange is found to be ISld.

Flemish, but the course of exchange is lOd. per franc
;

what is the gain per cent. ?

I8ld. : 19^. : : £100 : ^^^^^"==£104 7^. lid.

i
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Thus the gain per cent.=X104 7^. lid. minus £100=
£4 Is. lid. if the merchant remits through Paris.

If in renutting through Paris commission must be
paid, it is to be deducted from the gain,

EXERCISES.

5. The par of exchange is found to be 185^. Flemish,

but the course of exchange is 19i(/., what is the gain per

cent. ? Ans. £4 ISs. 2ld.
6. The par of exchange is '\7^d. Flemish, but the

course is lt>|^., what is the gain per cent, t Ans. £4
6s. IJiJ.

7. The par of exchange is 184-^. Flemish, but the

course of exchange is ll%^d.^ what is the loss per cent. .?

Ans. £1 165. 2d.

QUESTIONS.

1. "What is meant by arbitration of exchanges r [12].

2. What is the difference between simple and com-
pound arbitration ? [12].

3. What is the rule for simple arbitration .? [13].

4. What is the rule for compound arbitration } [14].

5. How are we to act if commission is charged in

any place } [15].

6. How is the gain or loss per cent, estimated } [16].

PROFIT AND LOSS.

17. This rule enables us to discover how much we
gain or lose in mercantile transactions, when we sell at

certain prices.

Given the prime cost and selling price, to find the

gain or loss in a certain quantity.

PvULE.—Find the price of the goods at prime cost

and at the selling price ; the difference will be the gain

or loss on a given quantity

Example.—What do I gain, if I buy 460 lb of butter at

CtZ., and sell it at Id. per lb ?

The total prime cost is 460J.x6=2760(/.
The total selling price is 460,.'. x 7=3220./.

The total gain is 32206^. minus 27o0J.=460^.=£l I85. 4d.
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EXERCISES.

1. Bought 140 ft) of butter, at 10^. per ft), and sold

it at I4d. per fti ; what was gained ? Avs. £2 6.s. Sd.

2. Bought 5 cwt., 3 qrs., 14 lb of oheese, at £2 I2s.

per cwt., and sold it for i22 185. per cwt. What was
the gain upon the whole ? Ans. £1 lbs. 3d.

3. Bought 5 cwt., 3 qrs., 14 ft) of bacon, at 34s. per
cwt.. and sold it at 365. 4d. per cwt. "What was the

gain on the whole .' Ans. 13s. 8^d.

4. If a chest of tea, containing 144 ft) is bought
for 6s. Sd. per ft), what is the gain, the price received
for the whole being ^57 105. ? Aiis. £9 10s.

18. To find the gain or loss per cent.

—

Rule.—Saj, as the c-ost is to the selling price, so is

£100 to the required sum. The foui'th proportional

minus £100 will be the gain per cent.

Example 1.—What do I gain per cent, if 1 buy 1460 lb

of beef at 3cZ., and sell it at Z^d. per lb
'^

orf.xl4G0=4380c/., is the cost nrice.

And 3^/.xl460=5110£/., is the selling T)rice.

Then 4380 : 5110 :: 100 : ^3^i^=Xllo 135. 4d.

Ans. £116 135. 4c/. minus £100 (=£16 135. 4d.) is the gain
per cent.

Reason of the Rule.—The price is to the price plus the
gain in one case, as the price (£100) is to the price plus the
gain (£100-pthe gain on £100) in another.

Or, the price is to the price plus the gain, as any multiple
or part of the former (£100 for instance) is to an equimultiple
of the latter (£l00-f :he gain on £100).

Example 2.—A person sells a horse for £40, and loses 9

per cent., while he should have made 20 per cent. What is

his entire loss '?

£100 minus the loss, per cent., is to £100 as £40 (what
the horse cost, minu; what he lost by it) is to what it cost.

100x40
91 : 100 : : 40 :—^j—=£43 19*. 1^., what the horse cost.

But the person should have gained 20 per cent., or |
of the price : therefore his profit should have been
£43 105. Ud.

c — =£8 15s. 9M, And
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£ s. d.

3 19 1| is the difference between cost and selling price.

8 15 9^- is what he should have received above cost.

12 1-1 11} is his total loss.

EXERCISES.

5. Bought beef at Qd. per lb, and sold it at 8i.

What what was the gain per cent. ? Ans. 33^.

6. Bought tea for 5^. per lb, and sold it for 35.

What was the loss per cent. } Ans. 40.

7. If a pound of tea is bought for 65. 6c?., and sold

for Is. 46?., what is the gain per cent. } Ans. 12||.
8. If 5 cwt., 3 qrs., 26 tb, are bought for £9 85.

,

and sold for £11 I85. lie?., how much is gained per

cent. } Ans. 21j^^^.

9. When wine is bought at 175. Qd. per gallon, and
sold for 21s. 6^Z., what is the gain per cent. } Ans. bl\.

10. Bought a quantity of goods for .£60, and sold

them for AjId ; what was the gain per cent. } Ans. 25.

11. Bought a tun of wine for j£50, ready money, and
sold it for £'54 IO5., payable in 8 months. How much
per cent, per annum is gained by that rate .'' Ans. 13i.

12. Having sold 2 yards of cloth for 11 5. 6ri., I

gained at the rate of 15 per cent. AYhat would I have
gained if I had sold it for 125. } Ans. 20 per cent.

13. If when I sell cloth at 75. per yard, I gain 10
per cent. ; what will I gain per cent, when it is sold for

65. ^d. ? Ans. £33 II5. o^d.

Is. : 8s. 6d. •: £110 : £133 lis. 5ld. And £133 II5.

bhl.—£100=£33 ll-. 5k?., is the required gain.

19. Given the cost price and gain, to find the selling

price

—

BuLE.—Say, as £100 is to £100 plus the gain per

cent., so is the cost price to the required selling price.

Example.—At what price per yard must I sell 427 yards
of cloth which I bought for 195. per yard, so that I may
gain 8 per cent. 1

100 : 108 : : 19s. : —^^—=£1 O5. CiJ.

Thia result may bo proved by the last rule.
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EXERCISES.

14. Bouglit velvet at 4s. Sd. per yard ; at W'hat price

must I sell it, so as to gain 12^- per cent, r Ans. At
6^. 3d.

15. Bought muslin at 55. per yard ; how must it be

sold, that I may lose 10 per cent, r Ans. At 45. 6d.

16. If a tun of brandy costs £40, Low must it be

sold, to gain 6\ per cent, f Ans. For £42 105,

17. Bought hops at £4 165. per cwt. ; at what rate

must they be sold, to lose 15 per cent. } Ans. For £4'

l5. l\d.

IS. A merchant receives 180 casks of raisins, which

stand him in I65. each, and trucks them against other

merchandize at 285. per cwt,, by which he finds he has

gained 25 per cent. ; for what, on an average, did he sell

each cask } Ans. 80 lb, nearly.

20. Given the gain, or loss per cent., and the selling

price, to fiud the cost price

—

Rule.—Say, as £100 plus the gain (or as £100 minus

the loss) is to £100, so is the selling to the cost price.

Example 1.—If I sell 72 It) of tea at 65. per lb, and gain

9 per cent., what did it cost per lb ?

109 : 100 : : 6 : —^^^=65. M.

What produces £109 cost £100 ; therefore what pro-

duces 65. must, at the same rate, cost 5s. Qd.

Example 2.—A merchant buys 97 casks of butter at 305.

each, and selling the butter at £4 per cwt., makes 20 per
cent. ; for how much did he buy it per cwt. '?

30.s\x97=2910s., is the total price.

2910b' V 129
Then 100 : 120 : : 2910 : '^^ == 3492s., the

3492s./ 3492s.\ ,„,..,
selling price. And -gQ7-( =—^^

^=43-6o, is the number

of cwt. ; and -gy-=50|-|i ft), is the uverage weight of each

cask.

lb lb 5. -,-,()
' o

Then 50] |4 : 112 : : 30 : ii0^=66,. 8J. = £3 65.

StZ., the required cost price, per cwt.
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EXERCISES,

19. Having sold 12 yards of cloth at 20s. per yard,

and lost 10 per cent., what was the prime cost.-* Ans.

22s. 2ld.
20. Having sold 12 yards of cloth at 20^. per yard,

and gained 10 per cent,, what was the prime cost } Ans.

185, 2fjd.
21. Having sold 12 yards of cloth for £b 145., and

gained S per cent,, what was the prime cost per yard,'*

Ans. Ss. 9f (?,

22. For what did I buy 3 cwt, of sugar, which I

sold for X6 35., and lost 4 per cent, .' Ans. For £6
85. \\d.

23. For what did I buy 53 yards of cloth, which I

sold for £25, and gained £5 105. per cent. } Ans, For

£23 135, 111^.

QUESTIONS.

1. What is the object of the rule .' [17].

2. Given the prime cost and selling price, how is

the profit or loss found r [17],

3. How do we find the profit or loss per cent ,' [18].

4. Given the prime cost and gain, how is the selling

price found .' [19].

5. Given the gain or loss per cent, and selling price,

how do we find the cost price .' [20]

.

FELLOWSHIP.

21. This rule enables us, when two or more persons

are joined in partnership, to estimate the amount of

profit or loss which belongs to the share of each.

Fellowship is either single (simple) or douhk. (com-
pound). It is single, or simple fellowship, when the

different stocks have been in trade for the same time.

It is double, or compound fellowship, when the different

stocks have been employed for different times.

This rule also enables us to estimate how much of a

bankrupt's stock is to be given to each creditor.
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22. Single Felloivship.—Rule.—Say, as the whole
stock is to the who^ gain or loss, so is each person's

contribution to the gain or loss which belongs to him.

Example.—A put £720 into trade, B £340, and C
£9G0 ; and they gained X47 by the traffic. What is B"&

share of it 1

£
720
340
960

£47x340 -^.g _,,
2020 : £47 :: £340 :

—2020
ios. J,-cf.

Each person's gain or loss must evidently be proportional

to his contribution.

EXERCISES.

1. B and C buy certain merchandizes, amounting
to £80, of which B pays £30, and C £50 ; and they

gain £20. How is it to be divided.? Ans. B £7 IO5.,

and C £12 Ws.
2. B and C gain by trade £182 ; B put in £300,

and £400. What is the gain of each ? Ans. B £78,
and C £104.

3. 2 persons are to share £100 in the proportions

of 2 to B and 1 to C. What is the share of each ?

Ans. B £6%, C £33|-.

4. A merchant failing, owes to B £500, and to C
£900; but has only £^1 100 to meet these demands.

How much should each creditor receive .' Ans. B £392-^,

and C £707i.

5. Three merchants load a ship with butter ; B
gives 200 casks, C 300, and D 400 ; but when they are

at sea it is found necessary to throw 180 casks over-

board. How much of this loss should fall to the share

of each merchant } Ans. B should lose 40 casks, C
60, and D 80.

6. Three persons are to pay a tax of £100 accord-

ing to their estates. B's yearly property is £800, C's

£600, and D's £400. How much is each person's share .''

Ans. B's is £44f , C's £33^, and D's £22|.
7. Divide 120 into three such parts as shall be to

each other as 1,2, and 3 ? Ans. 20, 40, and 60.
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•i. A ship worth £900 is entirely lost
; | of it be-

Imiged to B, i to C, and the rest to D. What should

be the loss of each, £540 being received as insurance ?

Ans. B £45, C £90, and D £-225.

9. Three persons have gained £1320 ; if B were to

take £6, C ought to take £4, and D £2. What is each
person's share? Ans. B's £660, C's £440, and D's
£220.

10. B and C have gained £600 ; of this B is to

have 10 per cent, more than C. How much will each
receive ? Aiis. B £314f , and C £2854.

11. Three merchants form a company; B puts in

£150, and C £260 ; D's share of £62, which they gained,

comes to £16. How much of the gain belongs to B,
and how much to C ; and what is D's share of the stock ?

Ans. B's profit is £16 I65. 7j''jd., C's £29 35. 4^^d.
;

and D put in £142 12.?. 2^^d.

12. Three persons join; B and C put in a certain

stock, and D puts in £1090 ; they gain £110, of which
B takes £35, and C £29. How much did B and C put

in ; and what is D's share of the gain .^ Ans. B put
in £829 6s. U^^d., C £687 3^. o^^d. ; and D's part of

the profit is £46.
13. Three farmers hold a farm in common ; one pays

£97 for his portion, another £79, and the third £100.
The county cess on the farm amounts to £34 ; what is

each person's share of it f Ans. £11 I85. ll^^d. ; £9
145. 7^^d. ; and £12 6s. 4^%d.

23. Compound Fellowship.—Rule.—Multiply each

person's stock by the time during which it has been in

trade ; and say, as the sum of the products is to the whole

gain or loss, so is each person's product to his share of

the gain or loss.

Example.—A contributes £30 for 6 months, B £84 for

11 months, and C £96 for 8 months; and they lose £14,
What is C's share of this loss T

30 X 6=180 for one month. )

84x11=024 for one month. [ =£1872 for one month.
96 X 8=768 for one month.

)

1872 : £14 : : £768 :

'^^'^^"^^ =£6 Is. 4\d., C's bhare
1872

^
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24. Reason of the Hule.—It is clear that £30 contributed
for 6 months are, as far as the gain or the loss to be derived
from it is concerned, the same us times £30— or £180 con-
tributed for 1 month. Hence A"s contribution may be taken
as £180 for 1 month ; and, for the same reason, B's as £924
for the same time; and C"s as £7G8 also for the same time
This reduces the question to one in simple fellowship [22].

EXERCISES.

14. Three mercliants enter into partnership ; B puts

in £89 55. for 5 months, C £92 los. for 7 months, anu
D £38 105. for 11 mouths; and they gain £86 165.

What should be each person's share of it } Ans. B's

£25 105., C's £37 2s., and D's £24 45.

15. B, C, and D pay £40 as the year's rent of a farm.

B puts 40 cows on it for 6 months, C 30 for 5 months,

and D 50 for the rest of the time. How much of the

rent should each person pay ? Ans. B £21y\, C £13y\,
and D £4yV-

16. Three dealers, A, B, and C, enter into partnership,

and in a certain time make £291 135. 4d. A's stock,

£150, was in trade 6 months ; B's, £200, 3 months ; and

C's, £125, 16 months. What is each person's share of

the gain .? Ans. A's is £75, B's £50, and C's £166
135. 4d.

17. Three persons have received £665 interest ; B
had put in £4000 for 12 months, C £3000 for 15 months,

and D £5000 for 8 months ; how much is each person's

part of the interest.^ Ans. B's £240, C's £225, and

B's £200.
18. X, Y, and Z form a company. X's stock is in

trade 3 months, and he claims J^ of the gain ; Y's

stock is 9 months in trade ; and Z advanced £756 for

4 months, and claims half the profit. How much did

X and Y contribute ? Ans. X £168, and Y £280.

It follows that Y's gain was y\. Then | : yV • • ^"56x4

:

504=X"s product, which, being divided by his number of

months, will give £108, as his contribution. Ys share of

the stock may be found in the same way.

19. Three troops of horse rent a field, for which they

pay £80 ; the first sent into it 56 horses for 12 days, the
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second 64 for 15 days, and tlie third SO for 18 days.

What mast each pay .' Ans. The first must pay J^ll

105., the second £-^o, and the third £37 105.

20. Three merchants are concerned in a steam vessel

;

the first, xV, puts in £240 for 6 months ; the second, B,
a sum unknown for 12 months ; and the third, C, £160,
for a time not known when the accounts were settled, A
received £300 for his stock and profit, B £600 for his,

and £260 for his ; what was B's stock, and C's time ?

Ans. B's stock was £400 ; and C's time was 15 months.

If £300 arise from £240 in 6 months, £600 (B's stock and
profit) will be found to arise from £400 (^B's stock) in 12
months.
Then £400 : £160 :: £200 (the profit on £400 in 12

months) : £80 (the profit on £160 in 12 months). And £l60-f-
80 (£160 with its profit for 12 months) : £260 (£160 with
its profit for some other time) : : 12 (the number of months

260x12
in the one case) : ^ (the number of months in the other

J oU-J-bU ,

case)=13, the number of months required to produce the
diiference between £160, C's stock, and the £260, which he
received.

21. In the foregoing question A's gain was £60
during 6 months, B's £200 during 12 months, and C's

£100 during 13 months; and the sum of the products

of their stocks and times is 8320. What were their

stocks f Ans. A's was-£240, B's £400, r^nd C's £160.
22. In the same question the sum of the stocks is

£800 ; A's stock was m trade 6 months, B's 12 months,
and C's 15 months ; and at the settling of accounts,

A is paid £60 of the gain, B £200, and C £100.
AYhat was each person's stock .? Atis. A's was £240,
B's £400, and C's £160.

QUESTIONS.

1. What is fellowship .^ [21].
2. What is the diflference between single and double

fellowship ; and are these ever called by any other

names.' [21].

3. What are the rules for single, and double fellow-

ship r [22 and 23]

,
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BARTER.

25. Barter enables the merchant to exchange one

commodity for another, without either loss or gain.

Rule.—Find the price of the given quantity of one

kind of merchandise to be bartered ; and then ascertain

how much of the other kind this price ought to pur-

chase.

Example 1.—How much tea, at 8.s. per lb, ought to be
given for 3 cwt. of tallow, at £1 16s. Sd. per cwt. 1

£ s. d.

1 16 8

3

5 10 is the price of 3 cwt. of tallow.

And £5 105.-f-8.s.=13g, is the number of pounds of tea

which £5 IO5., the price of the tallow, would purchase.

There must be so many pounds of tea, as will be equal to

the number of times that 8s. is contained in the price of the
tallow.

Example 2.—I desire to barter 96 ib of sugar, which
cost me Sd. per It), but which I sell at IM., giving 9
months" credit, for calico which another merchant sells for

17d. per yard. gi\'ing 6 months' credit. How much calico

ought I to receive 1

I first find at what price I could §ell my sugar, were I to

give the same credit as he does

—

If 9 months give me 5d. profit, what ought 6 months to

give 1

9:6::5:^J?=3l^.
9 9 '

Hence, were I to give 6 months' credit, I should charge
llirf. per lb. Next—
As my selling price is to my buying price, so ought his

selling to be to his buying price, both giving the same credit.

Ill : 8 : : 17 :?^^12i.

The price of my sugar, therefore, is 96x8d., or 768(f.

;

ind of his calico, I2d. per yard.

Hence 1{^=»64, is the required number of yard*.
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EXERCISES.

1. A merchant has 1200 stones of tallo-w, at 2s. 3\d.

the stone ; 13 has 110 tanned hides, weight 3994 tb, at

b^d. the lb ; and they baiter at these rates. How much
money is A to receive of B, along with the hides } Ans.

£40 ll5. 2^d.

2. A has silk at 145. per ib ; B has cloth at 125. ed.

which cost only 105. the yard. How much must A charge

for his silk, to make his profit equal to that of B .'' Aas.

17s. 6d.

3. A has coffee which he barters at 10^. the lb more

than it cost him, against tea which stands B in 105.,

but which he rates at 125. 6^. per lb. How much did

the coffee cost at first ? Ans. 3s. Ad.

4. K and L barter. K has cloth worth 85. the yard,

which he barters at 95. 3d. with L, for linen cloth at

3.^. per yard, which is worth only 25. Id. Who has the

advantage ; and how much linen does L give to K, for

70 yards of his cloth .' Ans. L gives K 215f yards
;

and L has the advantage.

5. B has five tons of butter, at £2b 105. per ton, and

lOi tons of tallow, at £33 155. per ton, which he barters

with C ; agreeing to receive £150 l5. Qd. in ready

money, and the rest in beef, at 21 5. per barrel. How
many barrels is he to receive .'* Ans. 316.

6. I have cloth at Sd. the yard, and in barter charge

for it at 13(i., and give 9 months' time for payment
;

another merchant has goods which cost him \2d. per

ft), and with which he gives 6 months' time for payment.

How high must he charge his goods to make an equal

barter .=* Ans. At lid.

7. I barter goods which cost Sd. per !b, but for

which I charge 13^., giving 9 months' time, for goods

which are charged at 17^., and with which 6 months'

time are given. Required the cost of what I receive ^

Ans. \2d.

8. Two persons barter ; A has sugar at Sd. per ft),

charges it at 13^., and gives 9 months time ; B has

at 12^?. per tb, and charges it at \ld. per ft). How
time must B give, to make the barter equal ?

6 months.
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QUESTIONS.

1. What is barter ? [25].

2. What is the rule for barter } [25].

ALLIGATION.

26. This rule enables us to find what mixture will be

produced by the union of certain ingredients—and then

it is called allisration medial ; or what incredients will

be required to produce a certain mixture—when it is

termed alligation alternate ; further division of the

subject is unnecessary :—it is evident that any change

in the amount of one ingredient of a given mixture

must produce a proportional change in the amounts
of the others, and of the entire quantity.

27. Alligation Medial.—Griven the rates or kinds

and quantities of certain ingredients, to find the mixture

they will produce

—

Rule.—^Multiply the rate or kind of each ingredient

by its amount ; divide the sum of the products by the

number of the lowest denomination contained in the

whole quantity, and the quotient will be the rate or

kind of that denomination of the mixture. From this

may be found the rate or kind of any other denomination.

Example 1.—What ought to be the price per R), of a

mixture containing 98 lb of sugar at ^d. per lb, 87 lb at

OJ., and 34 lb at M.
d. d.

9x98 = 882

5x87 = 435

6x34 = 204

219 219)1521

Ans. Id. per lb, nearly.

The price of each fugar, is the number of pence per pound
nmltiplied by the number df pounds ; and the price of the

whole is the sum of the prices. But if 219 lb of sugar have
cost lo21d., one lb, or the 219th part of this, must cost the

219th part of 1521c?., or 'gW^- =7 J., nearly.
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Example 2.—What will he the price per ft) of a mixture

containing 9 lb 6 oz. of tea at os. 6 /. per lb, 18 tb at G*.

per lb: and 46 lb 3 oz. at 95. 4^Z. per lb i

lb oz. 5. d. Jj s. d.

9 6 at 5 6 perlb= 2 11 G|

18 6 per lb= 5 8

46 3 9 4iperlb=21 13

73 9 1177)29 12 63

16 Ans. 6d. per oz. nearly.

1177 ounces.

And 6(i.xl6=8.s., is the price per pound.

In this case, the lowest denomination being ounces, we
reduce the whole to ounces ; and having found the price of aa
ounce, we muitiply it by 16, to find that of a pound.

Example 3.—A goldsmith has 3 lb of gold 22 carats fine,

and 2 lb 21 carats fine. What will be the fineness of tha

mixture ]

In this case the value of each kind of ingredient is repre-

sented by a number of carats—
lbs

3x22 = 66

2x21 = 42

5 5 ) 108

The mixture is 21j carats fine.

EXERCISES.

1. A vintner mixed 2 gallons of wine, at 14;?. per

gallon, with 1 gallon at 125., 2 gallons at 95., and 4
gallons at 85. What is one gallon of the mixture worth ?

Ans. lOs.

2. 17 gallons of ale, at 9d. per gallon, 14 at 7^6?., 5
at Qic?., and 21 at 4^d., are mixed together. How
much per gallon is the mixture worth .' Ans. 7j\d.

3. Having melted together 7 oz. of gold 22 carats

fine, 12^ oz. 21 carats fine, and 17 oz. 19 carats fine, I

wish to know the fineness of each ounce of the mixture ?

Ans. 2041 carats.

28. Alligation Alternate.—Given the nature of the

mixture, and of the ingredients, to find the relative

amounts of the latter

—

E.ULE.—Put down the quantities greater than the

given mean (each of them connected with the diflference
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between it and the mean, by the sign — ) in one column

;

put the differences between the remaining quantities

and the mean (connected with the quantities to which
they belong, by the sign + ) in a column to the right

hand of the former. Unite, by a line, each plies with some
minus difference ; and then each difference will express

how much of the quantity, with whose difference it is

connected, should be taken to form the required mixture.

If any difference is connected with more, than one

other difference, it is to be considered as repeated for

each of the differences with which it is connected ; and
the sum of the differences with which it is connected is

to be taken as the required amount of the quantity

whose difference it is.

Example 1.—How many pounds of tea, at 5s. and 85. per
ft), would form a mixture worth 75. per lb 1

Price. Differences. Price.

S. S. S. S.

The mean=8— 1 2-f-5=the mean.

1 IS connected with 2s., the difference between the mean
and 5.S. ; hence there must be 1 It) at 5s. 2 is connected
with 1, the difference betAveen 85. and the mean ; hence there

must be 2 lb at 8s. Then 1 lb of tea at 5s. and 2 lb at 85.

per Id. will form a mixture worth 7s. per lb—as may be
proved by the last rule.

It is evident that any equimultiples of these quantities

would answer equally well ; hence a great number of answers
may be given to such a question.

Example 2.—How much sugar at 9f?., 7d., 5J., and lOd ,

will produce sugar at 8d. per lb }

Prices. Differences. Prices.

d. d. ^~d. d.

The mean=
J
iQ~g 3T5 I

=the mean.

1 is connected with 1, the difference between Id. and the

mean ; hence there is to be 1 lb of sugar at Id. per lb. 2 is

connected with 3. the difference between 5d. and the mean
;

he-f^.'te there is to be 2 lb at 5,/. 1 is connected with L the

diPference between ^d. and the mean ; hence there is to be

1 Yd at 9d. And 3 is connected with 2, the difference between
lOd. and the mean; hence there are to be 3 ft) at lOd.

per B5.
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Consequently "vre are to take 1 !b at 7c?., and 2 Tb at 5J.,

1 ib at 9c/., and 3 ft at 10c/. If we examine what mixture
these will give [27], we shall find it to be the given mean. •

Example 3.—What quantities of tea at 45., 6s., 8s., and
9j\ per It), will produce a mixture worth os. T

Prices. Differences. Prices.

:the me«n.

3, 1. and 4 are connected with Is., the differece between
4n-. and the mean ; therefore we are to take 3 lb -f- 1 lb -j- 4
Ib of tea. at 4s. per lb. 1 is connected with 3s.. Is., and 4s.,

the differences between 8s., 6s. ^ and 9s., and the mean;
therefore Ave are to take 1 lb of tea at 8s., 1 lb of tea at Gs.,

and 1 lb of tea at 9s. per lb.

We find in this example that 8s.. 6s., and 9s. are all con-

nected with the same 1 ; this shows that 1 lb of each will

be required. 4s. is connected with 3, 1, and 4; there must
be, therefore, 3-{-l-f-4 lb of tea at 4s.

Exa.mple 4.—How much of anything, at 3s., 4s., 5s., 7s.,

8s., 9s., lis., and 12s. per ib, would form a mixture worth
6s. per ib 1

Prices. Differences. Prices.

S. S. S. S.

7-1 3+3
8—2 2-f.49-3——i^^l-fo
11-5'
12-6-

1 R) at 3s., 2 ft) at 4s., 3 lb at 7s., 2 R) at 8s., 34-5-1-6 (14)
fb at os.^ 1 ib at 9s., 1 lb at lis., and 1 ib at 12s. per lb, will

form the required mixture.

29. Reasox of the Rule.—The excess of one ingredient
above tlie mean is made to counterbalance what the other
wants of being equal to the mean. Thus in example 1, 1 tb

at OS. per lb gives a deficiency of 2s, : but this is corrected by
2s. excess in the 2 lb at 8s. per lb.

In example 2, 1 lb at Id. gives a deficiency of Id., 1 lb at 9d.
gives an excess of Id. : but the excess of Id. and the deficiency

of Id. exactly neutralize each other.

Again, it is evident that 2 lb at od. and 3 ft) at lOd. are
worth just as much as 5 lb at Sd.—that is, Sd. will be tha
average price if we mix 2 lb at od. with 3 lb at lOd,

S
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EXERCISES.

« 4. How mucli wine at 8s. 6d. and 95. per gallon will

make a mixture worth Ss. IGd. per gallon f Ans. 2
gallons at S5. 6d.y and 4 gallons at 95. per gallon.

5. How much tea at 65. and at 35. Sd. per ft), will

make a mixture worth 45. 4d. per ft) } Aiis. 8 ft) at

65., and 20 ib at 35. 8d. per lb.

6. A md!-chant has sugar at 5d., lOd., and 12d. per

ft). How much of each kind, mixed together, will bo

worth 8^. per Bd ? Ans. 6 lb at 6c?., 3 lb at 10^., and
3 ft) at I2d.

7. A merchant has sugar at 5^., lOd.^ 12d., and 16^
per lb. How many ft) of each will form a mixture worth

lid. per lb ? A71S. 5 ft) at 5^., 1 ft) at lOd., 1 ft) at

12d., and 6 ft) at 16d.

8. A grocer has sugar at 5d.y 7c?., 12d., and I3d.

per ft). How much of each kind will form a mixture

worth lOd. per ft) .? J.715. 3 lb at 5^., 2 ft) at 7d^., 3 ft)

at 12^., and 5 ft) at 13d.

30. When a ^ii-eri amount of the mixture is required,

to find the corresponding amounts of the ingredients

—

Rule.—Find the amount of each ingredient by the

last rule. Then add the amounts together, and say, as

their sum is to the amount of any one of them, so is the

required quantity of the mixtui'e to the corresponding

amount of that one.

Example 1.—What must be the amount of tea at 45. per

R), in 736 lb of a mixture worth 55. per ft), and containing

tea at 6s., 8s., and 95. per lb '?

To produce a mixture worth 5s. per ih, we require 8 !b

at 4s., 1 at 8s., 1 at 6s., and 1 at 9s. per lb. [28]. But all

of these, added together, will make 11 ft), in wnich there

are 8 lb at 45. Therefore

lb lb ft) 8x736 ^° ^^
11 : 8 :: 736 : -^jj-=526 4^^, the required quantity

of tea'at 4s.

That is, in 736 ft) of the mixture there will be 536 lb 4-^j

oz. at 45. per lb. The amount of each of the other ingre-

dients may be foimd in the same way.
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Example 2.—Hiero. king of Sjracuse, gave a certain

quantity of gold to form a crown : but when he received it,

suspecting that the goldsmith had taken some of the gold,

and supplied its place "hj a baser metal, he commissioned
ArchimedoS; the celebrated mathematician of iSyracuse. to

ascertain if his suspicion was well founded, and to what
extent. Archimedes was for some time unsuccessful in his

researches, until one day, going into a bath, he remarked
that he displaced a quantity of water equal to his own bulk.

Seeing at once that the same weight of different bodies

would, if immersed in water, displace very different quan-
tities of the fluid, he exclaimed with delight that he had
found the desired solution of the problem. Taking a mass
of gold equal in weight to what was given to the goldsmith,

he found that it displaced less Avater than the crown : which,
therefore, was made of a lighter, because a more bulky
metal—and, consequently, was an alloy of gold.

Now supposing copper to have been the substance with
•which the crown was adulterated, to find its amount

—

Let the gold given by Hiero have weighed 1 lb. this

would displace about -052 lb of water ; 1 lb of copper would
displace about 1124 lb of water; but let the crown have
displaced only 072 lb. Then

Gold differs from -072. the mean, by— -020.

Copper differs from it by . . -|-0404.

Copper. Diflerences. G»ld.

Hence, the mean=T124--0404 •020-f--052=the mean.

Therefore -020 ib of copper and -0404 ib of gold would
produce the alloy in the crown.
But the crown was supposed to weigh 1 ib ; therefore

•0604 ib (•020+-0404) : -0404 ib : : 1 ib : :2i2i±l_5^ ^
-0604

=•669 ib, the quantity of gold. And 1—•669=-331 ib is

the quantity of copper.

EXERCISES.

9. A druggist is desirous of producing, from medicine
at 55., 6s. J Ss., and 95. per ib, l^ cwt. of a mixture
worth 75. per ft). How much of each kind must he
use for the purpose ? Ans. 28 ib at 55., 56 ft) at 65.,

56 ft) at 85., and 28 ft) at 95. per Ib.

10. 27 ft) of a mixture worth 45. 4d. per ft) are re-

qwred. It is to contain tea at 55. and at 85. 6d. per
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fe. How mucTi of each must be used ? Ans. 15 !b at

55., and 12 ib at 3^. Qd.

11. How much sugar, at 4^., Qd.^ and 8c?. per ft,

must there be in 1 cwt. of a mixture worth 7c?. per ft ^

Ans. 18| ft at 4c?., 1S|- ft at 6^., and 74| ft at 8^.

per ft.

12. How much brandy at 125., 135., 145., and 145.

6^. per gallon, must there be in one hogshead of a mix-
ture worth 135. Qd. per gallon .? Ans. 18 gals, at 125.,

9 gals, at 135., 9 gals, at 145., and 27 gals, at 145. Qd.

per gallon.

31. When the amount of one ingredient is given, to

find that of any other

—

Rule.—Say, as the amount of one ingredient (found

by the rule) is to the given amount of the same ingredient,

so is the amount of any other ingredient (found by the

rule) to the required quantity of that other.

Example 1.—29 lb of tea at 45. per lb is to be mixed with
teas at 65., 85., and 9.s. per lb, so as to produce what will be
"Vorth 5.s\ per lb. What quantities must be used?

8 2b of tea at 4s., and 1 ib at 65., 1 lb at 8s., and 1 lb at

9s., will make a mixture worth 5s. per lb [27]. Therefore
8 lb (the quantity of tea at 45. per lb, as found by the rule) .

29 lb (the given quantity of the same tea) : : 1 lb (the

quantity of tea at 65. per lb, as found by the rule) :

8

(the quantity of tea at 6s., which corresponds with 29 lb at

45. per lb)^3 1 lb.

We may in the same manner find what quantities of tea at

8s. and 9s. per lb correspond with 29 lb—or \hQ given amount
of tea at 45. per lb.

Example 2.—A refiner has 10 oz. of gold 20 carats fine

and melts it with 16 oz. 18 carats fine. What must be

added to make the mixture 22 carats fine 1

10 oz. of 20 carats fine=10x20 = 200 carats.

16 oz. of 18 carats fine=16xl8 = 288

26 : 1 : : 488 : 18}f carats, the
fineness of the mixture.

24— 22=2 carats baser metal, in a mixture 22 carats fine.

24— 18||=5y\ carats baser metal, in a mixture 18|^
carats fine.

Then 2 carats : 22 carats : : 5y^j : bl-^^ carats of pure
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p;old—required to change Sf'j carats baser metal, into a

niixture 22 carats fine. But tlic-re are already in the mixture

18 f-

J carats gold; therefore 57y"^—1S[!^=o8|^ carats gold

are to be added to every ounce. There are 2G oz. : therefore

20x38 1^=1008 carats of gold are Avanting. There are

24 carats (page 5) in every oz. : therefore ^^P carats=42
oz. of gold must be added. There will then be a mixture

containing

oz. car. car.

10x20 = 200

10x18 = 288

42x24 =- 1008

68 : 1 oz. : : 1496 : 22 carats, the required fineness.

EXERCISES.

13. How much tea at 6s. per ft) must be mixed with

12 lb at 35. 8^. per ft), so that the mixture may be

worth 4s. Ad. per ft) .' Ans. 44 lb.

14. How much brass, at 14^. per ft), and pewter, at

\Old. per ft), must I melt with 50 ft) of copper, at \Qd.

per ft), so as to make the mixture worth \s. per ib ?

Alls. 50 ft) of brass, and 200 ft) of pewter.

15. How much gold of 21 and 23 carats fine must
be mixed with 30 oz. of 20 carats fine, so that the mix-

ture may be 22 carats fine } Ans. 30 of 21, and 90
of 23.

16. How much wine at 75. 5^^., at -55. 2^., and at

45." 2d. per gallon, must be mixed with 20 gallons at

6s. Sd. per gallon, to make the mixture worth 65. per

gallon .' Ans. 44 gallons at 75. 5^/., 16 gallons at os..

2d. J and 34 gallons at 45. 2d.

QUESTIONS..

1. "What is alligation medial .? [26].

2. What is the rule for alligation medial } [27].

3. What is alligation alternate r [26].

4. What is the rule for alligatMn alternate f [28].

5. What is the rule, when a certain amount of tL^

mixture is required .- [30]

.

6. What is the rule, when the amount of one or moro
of the ingredients is giv^n ? [31].
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SECTION IX.

INVOLUTION AND EVOLUTION, &c.

1

.

Involution.—A quantity which is the product of

two or more factors, each of them the same number, is

termed a 'poicer of that number ; and the number, mul-

tiplied by itself, is said to be involved. Thus 5 X 5 X -^

(r=125) is a " power of 5 ;" and 125, is 5 " involved."

A power obtains its denomination from the number of

times the root (or quantity involved) is taken as a factor.

Thus 25 (r=5x5) is the second power of 5.—The
second power of any number is also called its square ;

because a square surface, one of whose sides is expressed

by the given number, will liave its area indicated by the

second power of that number ; thus a square, 5 inches

every way, will contain 25 (the square of 5) square

inches ; a square 5 feet every way, will contain 25
square feet, &c. 216 (6x6x6) is the third power of

6.—The third power of any number is also termed its

uihe ; because a cube, the length of one of whose sides

is expressed by the given number, will have its solid

contents indicated by the third power ©f that number.

Thus a cube 5 inches every way, will contain 125 (the

cube of 5) cubic, or solid inches ; a cube 5 feet every

way, will contain 125 cubic feet, &c.

2. In place of setting down all the factors, we put

down only one of them, and mark how often they are

supposed to be set down by a small figure, which, since

it points out the number of the factors, is called the

indei:^ or exponent. Thus 5^ is the abbreviation for

5 X 5 :—and 2 is the index. 5^ means 5 X 5 X 5 X 5 X 5,

or 5 in the fifth power. 3^ means 3X3X3X3, or 3 in

the fourth power. 8"^ means 8X8X8X8X8X8X8,
or 8 in the seventh power, &:c.

3. Sometimes the vinculum [Sec. II. 5] is used in con-

junction with the index ; thus 5+ 8^ means that the sum
of 5 and 8 is to be raised to the second power—this
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is very different from o^+S^, which means the sum of

the squares of 5 and S : o+ S- being 169 ;
while 5- +8*

Is only 89.

4. In multiplication the multiplier may be considered

as a species of index. Thus in 187X5, 5 points out

how,often 187 should be set down as an addend ; and

187X5 is merely an abbreviation for 187+ 187 -j- 187+
187+187 [Sec. 11.41]. In 187^, 5 points out how
often 187 should be set down as a factor ; and 187^ is

an abbreviation for 187X 187X 1S7X 187X 187 :—that

is, the " multiplier" tells the number of the addends^ and

the " index" or " exponent," the number of iha factors.

5. To raise a number to any power

—

liULE.—Find the product of so many factors as the

index of the proposed power contains units—each of the

factors being the number which is to be involved.

Example 1.—What is the 5th power of 7 '?

7^=7x7x7xTx 7=10807.

Example 2.—What is the amount of XI at compouni
interest, for years, allowing per cent, per annum"?

The amount of £1 for 6 vears. at 6 per cent, is

—

l-O0xlOGxl-OGxl-06xl06xl06 [Sec. VII. 20], or

r06'=l-41852.

We, as already mentioned [Sec. VII. 23]. may abridge

<he process, In* using one or more of the products, ah-eady

obtained, as factors. -

EXERCISES.

1. 3'=243.

2. 20'"= 10240000000000,

3. S'=2]87.

4. 105' =1340095640625.

o. 105^=1 -340095640625.

6. To raise a fraction to any power

—

Rule.—Raise both numerator and denominator to

that power.

Example.—(3) 3=1X IX |=4t-
To involve a fraction is to multiply it by itself. But to

multiply it by itself any number of times, we must multiply

its numerator by itself, and also its denominator by itself, that

number of times [Sec. IV. 39],
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EXKRCISFS
'-'• K^J — 81-

« / :i\7 2 187
^- u; — rWsCT-
C) /.3<5_JUJ5,
- • V / 3 ii 4 '.)

•

7. To raise a mixed number to any power

—

Rule.—lledace it to an improper fraction [See. IT
24] ; and then proceed as directed by the last rule.

Example.— (2i)4=r(|)4=«-2/.

EXERCISES.
10. (llf)3= 18y^93,

n/;^L'\5 643. "343

19 ('y'S^ 22H43P1J29
TQ ( 4.o\' 426 1044:^07 7

8. JSvoluiion is a process exactly opposite to mvolution
;

since, by means of it, we find what number, raised to a

given power, would produce a given quantity—the num-
ber so found is termed a root. Thus we "evolve " 25
when we take, for instance, its square root ; that is, wben
we find what number, multiplied by itself, will produce
25. Roots, also, are expressed by exponents—but as these

exponents are fractions, the roots are called '-'•fractional

powers." Thus 4^ means the square root of 4 ;
4^ the

cube root of 4 ; and 4^ the seventh root of the fifth power
of 4. Roots are also expressed by ^, called the radical

sign. When used alone, it means the square root—thus

;^3, is the square root of 3 ; but other roots are indicated

by a small figure placed within it—thus ^5 ; which

means the cube root of 5. ^7^^ {'^^)j is the cube root

of the square of 7.

9. The fractional exponent, and radical sign are some-
times used in conjunction with the vinculum. Thus

4—3% is the square root of the difference between 4

and 3 ; /,3/5+ 7, or 5+ 7^, is the cube root of the sum
of 5 and 7.

10. To find the square root of any number

—

Rule—I. Point off the digits in pairs, by dots
;
put-

ting one dot over the units' place, and then another dot

over every second digit both to the right and left of

the units' place—^if there are digits at bol/i sides of the

decimal point.
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n. Find the highest number the square of which
will not exceed the amount of the highest period, or

that which is at the extreme left—this number will be
the fii'st digit in the required square root. Subtract its

square from the highest period, and to the remainder,
considered as hundreds, add the next period.

III. Find the highest digit, which being multiplied

into twice the part of the root already found (consi-

dered as so many tens), and into itself, the sum of the

products will not exceed the sum of the last remainder
and the period added to it. Put this digit in the root

after the one last found, and subtract the former siun

from the latter.

IV. To the remainder, last obtained, bring down
another period, and proceed as before. Continue this

process until the exact square root, or a sufficiently

near approximation to it is obtained.

11. Example.—What is the square root of 22420225 }

22420225(4735, is the required root.

16

87)642
609

943)3302
2829

9465)47325
47325

22 is the highest period ; and 4- is the highest square which
does not exceed it—we put 4 in the root, and subtract 4^,

or 16 from 22. This leaves 6, which, along with 42. the next
period, makes 642.

We subtract 87 (twice 4 tens-|-7. the highest digit which
we can now put in the root) X 7 from 642. This leaves

33, which, along with 02, the next period, makes 3302.
We subtract U43 (twice 47 tens -f-3. the next digit of the

root) x3 from 3302. This leaves 473. which, along with
25, the only remaining period, makes 47325.
We subtract 9465 (twice 473 tens -^5, the next digit of

the root) x5. This leaves no remainder.
The given number, therefore, is exactly s. square ; and

its square root is 4735.

12. Reason or I.—We point off the digits of the given
equare in pairs, and consider the number of dota as indicating
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the number of digits in the root, since neither one nor t-vro

digits in the square can give more or lo:ss than one in the root

;

neither three nor four digits in tlie square can give more or
less than two in the root, &c.—which the pupil may easily
ascertain by experinu-nt. Thus 1, the smallest single digit,

Tvill give one digit as its square root; and 99, the largest pair
of digits, can give only one—since 81, or the square of 9, is

the greatest square wliicli does not exceed 99.

Pointing off the digits iu pairs shows how many should be
brought down successively, to obtain the successive digits of
the root—since it will be necessary to bring down one period
for each new digit; but more than one will not be required.

TREASON OF II.—We subtract from the highest period of the
given number the highest square which does not exceed it,

and consider the root of this square as the first or highest
digit of the required root; because, if we separate any number
into the parts indicated by its digits (SGo, for instance, into

500, GO, and 3), its square Avill be found to contain the square
of each of its parts.

Reason of III.—We divide twice the quantity already in
the root (considered as expresi-ing tens of the next denomina-
tion) into what is left after tlie preceding subtraction, &c., to

obtain a new digit of the root; because the square of any
quantity contains (besides the square of each of its parts)

twice the product of each part multiplied by each of the other
parts. Thus if 14 is divided into 1 ten and 4 units, its square
will contain not only 10^ and 4-, but also twice the product
of 10 and 4.—We subtract the square of the digit last put in

the root, at the same time that we subtract twice the product
obtained on multiplying it by the part of the root which pre-

cedes it. Thus in the example which illustrates the rule,

when we subtract 87X7, we really subtract 2x40x"-|-' ^•

It will be easily to show, that the square of any quantity
contains the sqiiares of the parts, along with twice the pro-

duct of every two parts. Thus

224-2C-225=4735^=4000+700-f-30-i-6^.

40UO ^=16000000

2X 4000 x700-fTOO-

330-225

2X40COX30-|-2XTCOx30-}-30-= 28-.';t00

47325

2X4000X5-^2x700X54-2X30X5+52=47325

Keason- of IV.—Dividing twice the quantity already in

the root (considered as expressing tens of the next denomi-
nation) into the remainder of the given number, &c., gives

the next digit; because the square contains the sum of

twice the products (or, what is the same thing, the product
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of twice the sum) of the parts of tlje root already found,
multiplied by the new digit. Thus 22420225, the squ.ire of

4735, contains 4000--f700--{-30--|-52 : and o/.<5o twice 4000X
700 -j- twice 4C00 X SO -f- twice 4Cl0x5

;
plus twice 700x30-}-

twioe 700x5; plus twice £0x5:—that is. the square of each
of its p.arts, Willi the sum of twice the product of every two of
them (which is the same as ejich of them multiplied by twice
the sum of all the rest). This would, on examination, be
found the case with the square of any other number.

If we examine the example given, we shall find that it will

not be necessary to bring down more than one period at a
time, nor to add cyphers to the quantities subtracted.

13. Wbon the given square contains decimals

—

If any of the periods consist of decimals, the digits

in the root obtained on bringing down these, periods to

the remainders will also be decimals. Thus, taking the

example just pven. but altering the decimal point, we
shall have ^2242u2-25=473-5 ;

^2242-0225 =47-35
;

^ 22-420225 = 4-735
; V '22420225 = -4735

; and

^-0022420225= -04735, &c. : this is obvious. If there

is an odd number of decimal places in the power, it

must be made tven by the addition of a cypher. Using

the same figures, ^2242022-5= 1497-338, &c.

2242022 -56 (1497-338, &c
]

24)124
90

289:2820
2601

2987)21'.>22

20909

29943)101350
89829

299463)1152100
898389

2994668)25371100
23957344

1413756

In this case the highest period consists but of a single digit'

and the given number is not a perfect square.
There must be an even number of decimal places ; since n(

number of decimals in the root will produce an odd numbe>
• in tJ)^ square [Sec. II. 48]—as may be proved by experiment
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EXERCISES.

U. ^1135304=142
15. ^328329=573
16. y -0676= -20

17. <y87^-65=9 -3622

18. y861=29 -3428

19. ^984664=992

20. ^5=2- 23607

21. ^ •5=-707106
22. ^91 •9681=9-59

23. ^238144=488
24. ^32 -3761=5 -69

25. y-331776=-576

1 4. To extract the square root of a fraction

—

IluLE.—Having reduced the fraction to its lowest

terms, make the square root of its numerator the nume-
rator, and the square root of its denominator the deno-

minator of the required root.

Example.—yi=f.

15. Reason- of the Rule.—The square root of any quan-
tity must be such a number as, multiplied by itself, will pro-
duce that quantity. Therefore | is the square root of |; for

j X i=^- The same might be shown by any other example.
Besides, to square a fraction, we must multiply its numera-

tor by itself, and its denominator by itself [6] ; therefore, to

take its square root—that is, to bring back both numerator
and denominator to what they were before—we must take the
square root of each.

16. Or, when the numerator and denominator are

not squares

—

E,ULE.—Multiply the numerator and denominator
to«;ether ; then make the square root of the product the

numerator of the require! root, and the given denomi-
nator its denominator ; or make the square root of the

pi-oduct the denominator of the required root, and the

given numerator its numerator.

Example.—What is the square root of ^ T (|)J =s

*^-?- or ^^^-=^=4 -472136-^5= -894427.
^ 5X4

17. We, in this case, only multiply the numerator and
denominator by the same Aumber, and then extract the square

44x5 4x4 /4\i
root of each product. For 7= ^—r, or ;:

—
-. Therefore ( =)^ 5 5x-J 5x4 \6/5Xo 5X4

bXdy 5 '"' \oX4/ ^5x4'~~V5Xo/ — ~5~' V5X4/ -
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18. Or, lastly—

Xit'LE.—Reduce the given fraction to a decimal

[Sec IV. 63], and extract its square root [13]

EXERCISES.

6 /22\| 28- 5303851

(if 87

27 /U\^ U
\ltj/ U-9t36o2y5

28. /3 \4__6;2U998
Vl37

—
13

29.

(I)^=-
745355

30. (^^)i=.8aS02.3i

31. /o \i
(f)^= 8451542

19. To extract the square root of a mixed number—
It u I.E.—-Reduce it to an improper fraction, and then

proceed as already directed [14, Lc]

Example.—^2j=yl=]=l^.

EIER.CISES.

32. y5nj=7i
I

35. ^l7^=41683
33. V^V=5i 36. y_Gi=2 5298

34. yl8-»,=I01858
I

37. ^131=36332

20. To find the cube root of any number

—

Rule—I. Point off the digits in threes, by dots

—

putting the first dot over the units' place^ and then

proceeding both to the right and left hand, if there are

digits at both sides of the decimal point.

II. Find the highest digit whose cube will not ex-

ceed the highest period, or that which is to the left hand

side—this will be the highest digit of the required root

;

subtract its cube, and bring down the next period to

the remainder.

III. Find the highest digit, which, being multiplied

by 300 times the square of that part of the root,

already found—being squared and then multiplied by

30 times the part of the root already found—and being

multiplied by its own square—the sicm of all the pro-

ducts will not exceed the siun of the last remainder and

the period brought down to it.-Put this digit in the

root after what is already there, and subtract the former

turn from the latter.

IV. To what now remains, brins: down the next
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period, and proceed as before. Continue this process

until tlie exact cube root, or a sufficiently near approxi-

mation to it, is obtained.

Example.—What is the cube root of 1795970G9288 1

179597069288(5642, the required root.

125

300x5'x6 > 54597

30x5x6* V = 50616

6*X6 ) •

300x56^x4 ) 3981069

30x50x4' [== 3790144

300x564^X2 "l90925288

30x564x2' }= 190925288

2^X2
We find (by trial) that 5 is the fii-st, 6 the second, 4 the

third, and 2 the last digit of the root. And the given
number is exactly a cube.

21. Reason of I.—We point oiF the digits in threes, for a
reason similar to that which caused us to point them off in
twos, when extracting the square root [12].

Reason^ of II.—Each cube will be found to contain the
eiibe of each pai-t of its cube root.

Reason of III.—TliC eube of a number divided into any
two parts, will be found to contain, besides the sum of the
cubes of its pxrts, the sum of 3 times the product of «acb
part by the other part, and 3 times the product of each vart
by the square of the other part. This will appear fron the
following :

—

179597069288
5000^=125000000000

54597069288

t X5000 - X 600+3 X 5000 X 60O'4-60O'= 6061 6000000

3981069283

SX5S00'x404-3x5600x4/-f40'= 3790144000

190925288

3 X 5640 X 2-1-3 X 5640 x2''+2= 190925288

Hence, to find the second digit of the root, we must find' b\

trial some number which—being multiplied by 3 times the
square of the part of the root already found—its square being



EVOLUTION". 31^

multiplicfl by 3 times the part of the root already found—and
being multiplied by the pquare of itself—the sum of the pro-

ducts will not excecil what remains of the given number.
Instead of considering the part of the root already found as

so many ten^ [12] of the denomination next following (as it

really is), which would add one cypher to it, and two cyphers

to its square, we consider it as so many units, and multiply

it, not by 3, but by 30, and its square, not by 3, but by 300.

For 300 X o' X 6 -j- 30 X 5 X 6' -|- 6'xO is the same thing as

3x5O'xB-j-3Xj0x0--|-O-X6; since Ave only change the po^i-

tinii of the factors 100 and 10, which does not alter the product

[Sect. II. 35].

It is evidently imnecessary to bring down more than one

period at a time ; or to add cyphers to the subtrahends.

Rkason^ of IV.—The portion of the root already found may-

be treated as if it were a single digit. Since into whatever
two parts we divide any number, its cube root will contain

the cube of each part, with 3 times the square^ of each multi-

plied into the other.

22. When there arc decimals in the given cube

—

If any of the periods con.sist of decimals, it is evident

that the dirrits found on bringing down these periods

must be decimals. Thus ^17959?-0692S8= 56-42, &c.

When the decimals do not form complete periods, the

/periods are to be completed by the addition of cyphers.

Example.—What is the cube root of "3 ?

6-306(-G69, &c.

216

300X6-X6 ) 84000

30X6X0- (=71496
6X6^
300X66^X9 )

l--50-i000

30X6-5X9^ =11922309

. 9X9' ) 581691, &c.

^•3="669, &c. And -3 is not exactly a cube.

It is necessary, in this case, to add cyphers : since one decimal

in the root will give 3 decimal places in the cube; two decimal

'^laces in the root will give six in the cube, >S:c. [Sec. II. 48.]

EXERCISES.

38. ^.^=3-207534
39. ^39=3 -391 211

40. ^212=5^27-31
41. ^123505992=498

42. ^190109375=575

43. ^45831401 1=771

44. ^483 -736625=7 -85

45. y-636056= -86

46. a/999='^ 996666

47. y-979146657=-903
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23. To extract the cube root of a fraction

—

Rule.—Having reduced the given fraction to ita

lowest terms, make the cube root of its numerator the

numerator of the required fraction, and the cube root

of its denominator, the denominator.— -yS ^

24. Reason of the Rule.—The cube root of any number
must be such as that, taken three times as a ftictor, it will

produce that number. Therefore f is the cube root of yl-;
^^ I X I X f = yf3.—The same tiling might be shown by any
other exaiHple.

Besides, to cube a fraction, we must cube both numerator and
denominiitor; therefore, to take its cube root—that is to reduce
it to what it was before—we must take the cube root of both.

25. Or, when the numerator and denominator are

not cubes

—

Rule.—Multiply the numerator by the square of the

denominator ; and then divide the cube root of the pro-

duct by the given denominator ; or divide the given

numerator by the cube root of the product of the given

denominator multiplied by the square of the given

numerator.

ExAiMPLE.—What is the cube root of f ?

(3^^ = ^^><I. or -^^= 5-277C32 -^ 7 = -753947.

This rule depends on a principle already explained [16].

26. Or, lastly

—

Rule.—Reduce the given fraction to a decimal

[Sec. IV. G3] , and extract its cube root [22]

.

EXERCISES

48. /8\t 8-653497

V9/ "" 9
49. /4\i_ 4

\liy ~"o -004079
50. /7 \i 7-651725

ay-

(^
|-y==-941036

('j^y=- 560907

27. To find the cube root of a mixed number

—

Rule.—Reduce it to an improper fraction ; and then

proceed as already directed [23, &c.]

Example.—^3fj=y^=lo4.
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EXERCISES.

54. (28|) '=3-0035

55. (74^=1-93098
5G. (9^)^=20928

57. (71J)i=41553
58. (32/^)i=31987

59. (54>-=l-7592

2S. To extract any root whatever

—

KuLE.—Whsn the index of the root is some power

of 2, extract the square root, when it is some power of 3,

extract the cube root of the given number so many times,

successively, as that power of 2, or 3 contains unity.

Example 1.—The 8th root of 6553G=V -v/-v/G5536=4
Since 8 i3 the third power of 2, we are to extract the

square root three times, successively.

Example 2.-134217728^=^^134217723=8.
Since 9 is the second power of 3, we are to extract tho

cube root twice, successively.

• 29. In other cases we may use the followuig (Hutton

Mathemat. Diet. vol. i. p. 135).

Rule.—Find, by trial, some number which, raised

to the power indicated by the index of the given root,

will not be far from the given number. Then say,

as one less than the index of the root, multiplied by the

given number—plus one more than the index of the root,

multiplied by the assumed number raised to the power

expressed by the index of the root : one more than the

index of the root, multiplied by the given number

—

plus one less than the index of the root, multiplied by

the assumed number raised to the power indicated by
the index of the root, : : the assumed root : a still

nearer approximation. Treat the fourth proportional

thus obtained in the same way as the assumed number
was treated, and a stili nearer approximation will be

found. Proceed thus until an approximation as near as

dciiirable is discovered.

Example.—What is the 13th root of 923 '?

_

Let 2 be the assumed root, and the proportion will be

12x923-1-14x2^3 . I4x923-f12x2^^ :: 2 : a nearer

approximation. Substituting this nearer approximation for

2. in the above proportion, we get another approximation,

which we may treat in the same way.

p



318 EVOLUTION

EXERCISES.

GO. (9GG98)c-=6-7749

CI. (GG457)TT=2-7442

G2. (23G5) 9=31-585

63. (8742G)- =5084-20

G4. (8-9G5)7=l-3G8

G5. (-075426) T4=-C46988

30. To find the squares and cubes, the square and

cube roots of numbers, by means of the table at the end

*)f the treatise

—

This table contains the squares and cubes, the square

and cube roots of all numbers which do not exceed 1000

but it will be found of considerable utility even when very

high numbers are concerned—provided the pupil bears

in mind that [12] the square of any number is equal to

the sum of the squares of its parts (which may be found

by the table) plus twice the product of each part by the

sura of all the others; and that [21] the cube of a

number divided into any two parts is equal to the sum
of the cubes of its parts (which may be found by the

table) plus three times the product of each part multi-

plied by the square (found by means of the table) of

the other. One or two illustrations will render this

sufficiently clear.

Example 1.—Find the square of 873456.

873456 maybe divided into two parts, 873 (thousand) and

456 (units") . But we fiud by the table that 873^=762120 and

45G"=207936.

Therefore 762129000000=873000'

796176000=873000 xtwice 456

207936=456'

,
And 762025383936=873456-

Example 2.—Find the cube of 864379. Dividing this into

864 (thousand) and 379 (units), Ve find 864'=C44972544

3G4 =746496, 379 =54439939, and 379 =143641

Therefore 644972544000000000=864006'

848765052000000=3X 864000"X^7D
3723 17472000=3 x 864000 x 379'

And 045821682323911939=
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31 In finding the square anl cube roots of larger numbers,
T^e obtain their three highest digits at once, if we look in tiie

table for tlie higliest cuoe or squire, the higliest period of

which (the required cyphers being added' does not exceed the

highe.st period of the given number. The remainder of the

process, also, may of:eu be gredtiy abbreviated by means of

tlie table.

QUESTIONS.

1. What are involution and evolution .' [1].

2. What are a power, index, and exponent.' [1 & 2].

3. What is the meaning of square and cube, of tho

square and cube roots .' [1 and SJ.

4. What is the diffarence between an integral and a

fractional index .' [i and bl

.

5. How Ls a number raisid to any power ? [5].

6. What is the rule for finding the square root .'* [10].
7. What is the rule for finding the cube root .' [20].

8. How is the square or cube root of a fraction or

of a mixed number found .- [14, &c., 19, 23, Sec, 27].

9. How is any root found .' [2S and 29].

10. How are the squares and cubes, the square roots

and cube roots, of numbers found, by the table } [30].

LOGARTIHMS.

32. Logarithms are a set of ariificial numbers, which

represent the ordinary or nalnral numbers. Taken
along with what is called the hase of the system to

which they belong, they are the cyiuUs of the corres-

ponding natural numbers, but without it, they are

merely their represeiUalivp^. Since the base is un-

changeable, it is not written along with tlie logarithm.

The logarithm of any number is that power of the base

which is equal to it. Thus 10- is efpuil to 100 ; 10 is

the base^ 2 (the index) is the logarilhni, and 100 is the

corresponding natural number.—Logarithms, therefore,

are merely the indices which designate certain powers
of some base.

33. Logarithms afford peculiar facilities for calcu-

lation. For, as we shall S3e presently, the multiplica-

tion of numbers is performed by the addition of their
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logarithms ; one number is divided by another if we
subtiact the logarithm of the divisor from that of the

dividend ; numbers are involved if we multiply their

logarithms by the index of the proposed power ; and
evolved if we divide their logarithms by the index of

the proposed root.—But it is evident that addition and
subtraction are much easier than multiplication and
division ; and that multiplication and division (particu-

larly when the multipliers and divisors are very small)

are much easier than involution and evolution.

34. To use the properties of logarithms, they must be
exponents of the same base—that is, tTie quantities raised

to those powers which they indicate must be the so.inz.

Thus 104 X 123 is neither 10^ nor 12', the fonner being

too small, the latter too great. If, therefore, we desire

to multiply 10* and 12^ by means of indices^ we must
find some power of 10 which will be equal to 12 3, or

some power of 12 which will be equal to 10*, or finally,

tNVO powers of some other number which will be equal

respectively to 10* and 12^, and then, adding these

powers of the same number, we shall have that power
of it which will represent the product of 10* and 12^.

This explains the necessity for a fable of logarithms

—

we are obliged to find the powers of some ojie base which
will be either equal to all possible numbers, or so nearly

equal that the inaccuracy is not deserving of notice. The
base of the ordinary system is 10 ; but it is clear that

there may be as many diflferent systems of logarithms

as there are different bases, that is, as there are different

numbers.

35. In the ordinary system—which has been calcu-

lated with great care, and with enormous labour, 1 is

the logarithm of 10 ; 2 that of 100 ; 3 that of 1000, &c.

And, since to divide numbers by means of these loga-

rithms (as we shall find presently), we are to subtract

the logarithm of the divisor from that of the dividend,

is the logarithm of 1, for l= L°=10»-'=10o
;
-1 Ls

10

the logarithm of "l, for •1=1='^"=10'»—'=10-'
; and

10 io>

for the same reason, —2 is the logarithm of "01
j —3

that of -001, &c.



LOGARITHMS. 351

36. The logarithms of numbers leticeen 1 and 10,

must be more than and less than 1 ; that is, must bo

some decimal. The logarithms of numbers between 10

and 100 must be more than 1, and less than 2; that

is, unity with some decimal, &:c. ; and the logarithms of

numbers between '1 and '01 must be —1 and some deci-

mal ; between 01 and '001, —2 and some decimal, &c.

The decimal part of a logarithm is always positive.

37. As the integral part or characteristic of a posi-

tive logarithm is so easily found—being [35] one less

than the number of integers in its corresponding num-
ber, and of a negative logarithm one more than the

number of cyphers prcjixed in its natural number,

it is not set down in the tables. Thus the logarithm

corresponding to the digits 9872 (that is, its decimal

part) is 994405 ; hence, the logarithm of 9872 is 3

•994405 ; that of 987-2 is 2-994405 ; that of 9-872 is

0-994405 ; that of -9872 is- 1-994405 (since there is no

integer, nor prefixed cypher) ; of -009872—3-994405,

&c. :—The same digits, whatever may be their value,

have the same decimals in their logarithms ; since it

is the integral part, only, which changes. Thus the

logarithm of 57864000 is 7-762408
; that of 57864, is

4-762408 ; and that of -0000057864, is~6-762408.
38. To find the logarithm of a given number, by tho

table—
The integral part, or characteristic, of the logarithm

may be found at once, from what has been just said [37]—
When the number is not greater than 100, it will be

found in the column at the top of which is N, and the

decimal part of its logarithm immediately opposite to it

in the next column to the right hand.

If the number is greater than 100, and less than

1000, it will also be found in the column marked N,
and the decimal part of its logarithm opposite to it, in

the column at the top of which is 0.

K the number contains 4 digits, the first three of

them will be found in the column under N, and the

fourth at the top of the page ; and then its logarithm

in ».he same horizontal line as the three first digits of

the given number, and in the same column as its fourth
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If the number contains more than 4 digits, find the

logarithni of its first four, and also the ditifercnce be-

tween that and the logarithm of the next higher num-
ber, in the table ; multiply this difference by the remain-
ing digits, and cutting oif from the product so many
digits as were in the multiplier (but at the same time

adding unity if the highest cut off is not less than 5), add
it to the logarithm corresponding to the four first digits.

Example 1.—The logarithm of 59 is 1-770852 (the charac-
teristic being positive, and 0)te less than the number of integers)

.

Example 2.—The logarithm of 338 is 2-528917.

Example 3.—The logarithm of -0004587 is —4 601529
(the characteristic being negative, and one more than the
number of prefixed cyphers)

.

Example 4.—The logarithm of _28434 is •1-453838.

For, the difference between 453*77 the logarithm of 2843,
the four first digits of the given number, and 453930 the
logarithm of 2844, the next number, is 153

; which, multi-
plied l)y 4, the remaining digit of the given number, pro-

duces 012: then cutting off one digit from this (since we
have multiplied by only one digit) it becomes 01, which being
added to 453777 (the logarithm of 2844) makes 453838. and,

with the characteristic, 4-453838, the required logarithm.

Example 5.—The logarithm of 873457 is 5-941242.

For, the difference between the logarithms of 8734 and
8735 is 50, which, being multiplied by. 57, the remaining
digits of the given number, makes 2850 ; from this we cut

off two digits to the right (since we have multiplied by two
digits), when it becomes 28; but as the highest digit cut

off is 5, Ave add unity, which makes 29. Then 5-941213 (the

logarithm of 8734)4-29=5-941242, is the required logarithm.

39. Except when the logarithms increase very ra-

pidly—that is, at the commencement of the table—the

differences may be taken from the right hand column

(and opposite the three first digits of the given number)
where the mean differences will be found.

Instead of multiplying the mean difference by thes

remaining digits (the fifth, &c., to the right) of the given

number, and cutting off so many places from the product

as are equal to the number of digits in the multiplier,

to obtain the pryporlioncU part—or what is to be added
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to the logarithm of the first fonr digits, we may take

the proportional part corresponding to each of the re-

maining digits from that part of the column at the left

hand side of the page, which is in the same horizontal

division as that in which the fii'st three digits of the

given number have been found.

Example.—What is the logarithm of 839785 ?-

The (decimal part of the) logarithm of 839700 is 924124.

Opposite to 8, in the same horizontal division of the page,

we find 42. or rather, (since it is 80) 420. and opposite to

5. 26. Hence the required logarithm's 924124-|-420-f20=
924570: and, with the characteristic, 5-924570.

40. The method given for finding the proportioJial part—or

what is to be added to the next lower logarithm, in the table

—

arises from the difference of numbers being proportional to the

difference of their logarithms. Hence, usins the last example,

100 : 85 : : 52 (92417H, the logarithm of 839800—924124,

the logarithm T)f 8397(M3) : "Vao~ > or the difference (the mean

difference may generally be used)Xby the remainins; digits of

the given number -r- 100 (the division being performed by cut-

ting off two digits to the right). It is evident that the number
of digits to be" cut off depends on the number of digits in the

multiplier. The logarithm found is not exactly correct, be-

cause numbers are not exactly proportional to the differences

of their logarithms.
The priijiorfioiial parts s«t do^vn in the left hand column,

have been calculated by making the necessary multiplica-

tions and divisions.

41 . To find the logarithim of a fraction

—

Rule.—Find the logarithms of both numerator and
denominator, and then subtract the former from the

latter ; this will give the logarithm of the quotient.

Example.—Log. f^ is l-672"098 - 1748187= - 1-923910.

We find that 2 is to be subtracted from 1 (the character-

istic of the numerator) : but 2 from 1 leaves 1 still to be
sulitracted, or [Se«t. II. 15 j — 1, the characteristic of the
quotient.

We shall find presently that to divide one quantity by
another, we have merely to subtract the loo;arithm of the latter

frum that of the former.

42. To find the logarithm of a mixed number

—

Rule.—Reduce it to an improper fraction, and pro-

ceed as directed bj the last rule.
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43. To find the number wliicli corresponds to a given

logarithm

—

If the logarithm itself is found in the table

—

SuLE.—Take fiom the table the number which cor-

responds to it, and place the decimal point so that there

may be the requisite number of integral, or decimal

places—according to the characteristic [37].

Example.—What number corresponds to the logarithm
4-214314 ?

We find 21 opposite the natural number 1G3 ; and look-

ing along the horizontnl line, we find the rest of the logarithm
under the figure 8 at the top of the page: therefore the digits

of the required number are 1G38. But as the characteristic

is 4, there must in it be 5 places of integers. Hence the

required number is 1G380.

44. If the given logarithm is not found in the table

—

KuLE.—Find that logarithm in the table which ib

next lower than the given one, and its digits will be

the highest digits of the required number ; find the

difference between this logarithm and the given one,

annex to it a cypher, and then divide it by that differ-

ence in the table, which corresponds to the four highest

digits of the required number—the quotient will be the

next digit ; add another cypher, divide again by the

tabular difference, and the quotient will be the next

digit. Continue this process as long as necessary.

Example.—What number corresponds to the logarithm
5-654329 I

054273, which corresponds with the natural number 4511,

is the logarithm next less than the given one ; therefcu-e the

first four digits of the required number are 4511. Adding
a cypher to 56, the difference between 654273 and the given

logarithm, it becomes 560. which, being divided by 96, the

iah'ilar difference eorrcsponding; with 4511, gives 5 as quo-

tient, and 80 as remainder, Therefore, the first five digits

of the required number are 45115. Adding a cypher to 80,

it becomes 800 ; and. dividing this by 96. Ave obtain 8 as

the next digit of the required number, and 32 as remainder.

The iiitci-ers of the required number (one more than 5. the

characteristic) are, therefore, 451158. We may obtain the

decimals, by continuing the addition of cyphers to the re-

mainders, and the division by 96.
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45. "We arrive at the same lesult, by subtracting

from the difference between the given logarithm and

the next less in the table, the highest (which does not

exceed it) of those proportional parts found at the right

hand side of the page and in the same horizontal did-

sion with the first three digits of the given number

—

continuing the process by the addition of cyphers, until

nothing, or almost nothing, remains.

Example.—^Using the last, 4511 is the natural number
corret«ponding to the logarithm 654273, which differs from
the given logarithm by 56. The proportional parts, in the

same horizontal division as 4511. are 10, 19, 20. 38, 48, 58,

67, 77, and 86. The highest of these, contained in b(j, is

48. which we find opposite to, and therefore corresponding

with, the natural number 5 : hence 5 is the next of the

required digits. 48 subtracted from 56, leaves 8 ; this, when
a cypher is added, becomes 80, which contains 77 (corres-

ponding to the natural number 8) ; therefore 8 is the next

of the required digits. 77, subtracted from 80, leaves 3

;

this, when a cypher is added, becomes 30, &c. The inte-

gers, therefore, of the required number, are found to be

451158, the same as those obtained by the other method.

The rules for finding the numbers corresponding to

given logarithms are merely the converse of those used

for finding the logarithms of given numbers.

Use of Logarithms in Arithmetic.

46. To multiply numbers, by means of their loga-

rithms

—

Rule.—Add the logarithms of the factors ; and the

natural number corresponding to the result will be the

required product.

Ex.oiPLK.-87x24=l-939519 (the log. of 87) 4-1-380211

(the log. of 24)=3-319730 ; which is found to correspond

with the natural number, 2088. Therefore 87x24=2088.

Reason- of the Rule.—This mode of multiplicfition arises

from the very nature of indices. Thus 5^Xo*=5XoXoXo
multiplied 5X0X5X0X5x5x5x5 ; and the abbreviation for

this [2] is 5'^ But 12 is equal to the sum of the indices

(logarithms). The rule might, in the same way, be proved
correct by any other example.

p 2
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47. When the characteristics of the logarithms to be

added are both positive, it is eviJeut that their sum will

be positive. When they are both negative, their sum
(diminished by what is to be canied from the sum of

the positive [36 J decimal parts) will be negative. When
one is negative, and the other positive, subtract the less

from the greater, and prefix to the difi'erence the sign

belonging to the greater—bearing in mind what has

been already said [Sec. II. 15] with reference to the

subtraction of a greater from a less quantity.

48. To divide numbers, by means of their logarithms

—

Rule.—Subtract the logarithm of the divisor from

that of the dividend ; and the natural number, corres-

ponding to the result, will be the required quotient.

Example.—1134-^42= 3054013 (the log. of 1134)—
1-G23249 (the log. of 42) = 1431364, which is found to

correspond with the natural number, 27. Therefore 1134-r
42=27.

Reason of the Rule.—This mode of division arises from
the nature of indices. Thus 4'-4-43=[2] 4x4X4X4X4-^4x
^ ^ 4X4X4X4X4 ^ ^ 4x4x4 , ^ , ^^ . .

4X4=—4^-4^1 =4X4X4^4^4=4X4, the abbreviation

for which is 4^ But 2 is equal to the index (logarithm) of

the dividend minus that of the divisor. The rule might, in

the same way, be proved correct by any other example.

49. In subtracting the logarithm of the divisor, if it

is negative, change the sign of its characteristic or inte-

gral part, and then proceed as if this were to be added

to the characteristic of the dividend ; but before making
the characteristic of the divisor positive, subtract what

was borrowed (if any thing), in subtracting its decimal

part. For, since the decimal part of a logarithm is

positive, what is borrowed^ in order to make it possible

to subtract the decimal part of the logarithm of the

divisor from that of the dividend, must be so much
taken away from what is positive, or added to what is

negative in the remainder.

We change the sign of the negative characteristic, and
then add it; for, adding a positive, is the same as taking

away a negative quantity.
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60. To raise a quantity to any power, by means of
it> logarithm

—

Ptu LE.—Multiply the logarithm of the quanity by
tbu index of the power ; and the natural number cor-

re!:.ponding to the result will be the required power.

Example.—Raise 5 to the 5th power.

The logarithm of 5 is 0G98'J7, which, multiplied by 5,

gives 3-494«5, the logarithm of 3125. Therefore, the'5th
power of 5^ is 3125.

kEAsox OF THE RvLE.—TliJs Tule also follows from the
na\are of indices. 5^ raised to the oth power is 5x5 mulriplied
by 5x5 nxultiplied by 5x5 multiplied by 5x5 multiplied
by 5X5, or 5x5x5XoX5x5x5x5x5x5, the abbreviation
f';r which is [2] 5'". But 10 is equal to 2, the index (logarithm)
of the quantity, multiplied by 5, that of the power. The
rnle might, in the same way, be proved correct by any other
example.

51 . It follows from what has been said [47] that when
a negative characteristic is to be multiplied, the product
in negative ; and that what is to be carried from the

multiplication of the decimal part (always positive) is

to be subtracted from this negative result.

52. To evolve any quantity, by means of its loga-

rithm^-

PtULE.—Divide the logarithm of the given quantity

by that number which expresses the root to be taken
;

and the natural number corresponding to the result will

be the requii'cd root.

Example.—Vrhat is the 4th root of 2401.
The logarithm of 2401 is 3 380392, which, divided by 4,

the number expressing the root, give3*845098, the logarithm
of 7. Therefore, the fourth root of 2401 is 7.

IIeason of the Rtjle.—This rule follows, likewise, from
the nature of indices. Thus the 5th root of 16'" is such a
number as, raised to the 5th power—that is, taken 5 times as

% factor—would produce 16^°. But 16 t , taken 5 times as a
factor, would produce 16^°. The rule might be proved correct,
equally well, by any other example.

53. "When a negative characteristic is to be divided

—

KuLE I.—If the characteristic is exactly divisible by
the divisor, divide in the ordinary way, but make the

characteristic of the quotient negative.
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II.—If the negative cliaracteristic is not exactly

divisible, add what will make it so, both to it and to the

decimal part of the logarithm. Then proceed with the

division.

Example.—Divide the logarithm —4-837564 by 5.

4 wants 1 of beinir divisible bv 5 : then —4-837564-^5=
— 5-f-l'837564-v-5=l-367513, the i-equired logarithm.

Reason of I.—The quotient multiplied by the divisor must
give the dividend ; but [51] a negative quotient multiplied by
a positive divisor will give a negative dividend.

r^EAsoN OF H.—In example 2, -n-e have merely added -|-

1

and — 1 to the same quantity—which, of course, does not
alter it.

QUESTIONS.

1. What are logarithms .- [32].

2. How do they facilitate calculation .' [33]

.

3. Why is a table of logarithms necessary .' [34].
4. What is the characteristic of a logarithm ; an(^

how is it found } [37]

.

5. How is the logarithm of a number found, by th<3

table.? [38].

6. How are the " differences," given in the table

used .? [39]

.

7. What is the use of *' proportional parts .'" [39].
8. How is the logarithm ot a fraction found } [41].

9. How do we find the los^arithm of a mixed num-
ber .? [42].

10. How is the number corresponding to a given

logarithm found ? [43].
1 1 . How is a number found when its corresponding

logarithm is not in the table } [44]

.

12. How are multiplication, division, involution and
evolution effected, by means of logarithms } [46, 48,

50, and 52].

13. When negative characteristics are added, what
is the sign of their .sum t [47]

.

14. What is the process for division, when the cha-

racteristic of the divisor is negative .' [49]

.

15. How is a negative characteristic multiplied } [51].

16. How is a negative characteristic divided } [53]
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SECTION X.

PROGRESSION, &c.

1. A progression consists of a number of quantities

iucreasing, or decreasing by a certain law, and forming

what are called cGiitinued j)rc'portionals. When the

terms of the series constantly increase, it is said to

be an ascending^ but when they decrease (increase to

the Icft)^ a descending series.

2. In an equidifferent or arithmetical progression, the

quantities increase, or decrease by a ccinmcn difference.

Thus 5, 7, 9, 11, &:c., is an ascending, and 15, 12, 9, 6,

&c., is a descending arithmetical series or progression.

The common differen cc in the former is 2, and in the

latter 3. A continued proportion may be formed out

of such a series. Thus

—

5 : 7 : : 7 : 9 : : 9 : IL &c. ; and 15 : 12 : : 12 : 9 : :

9 : 6, &:c. Or we may say 5 : 7 : : 9 : 11 : : &:c. ; and
15 : 12 : : 9 : 6 : : &c.

3. In a geometrical or equirational progression, the

quantities increase by a common ratio or multiplier.

Thus 5, 10, 20, 40, &c. ; and 10000, 1000, 100, 10, &c.,

are geometrical series. The common ratio in the former

case is 2, and the quantities increase to the right ; in

the latter it is 10, and the quantities increase to the

left. A continued proportion may be formed out of

such a series. Thus

—

5 : 10 : : 10 : 20 : : 20 : 40. &c. ; and 10000 : 1000 :

:

1000 : 100 : : 100 ;^0, &c. Or we mav say 5 : 10 : : 20 :

40 : : &c. ; and 10000 : 1000 : : 100 : 10 : : &c.

4. The first and last terms of a progression are called

its extremes., and all the intermediate terms its means.

5. Arithmetical Progression.—To find the sum of a

series of terms in arithmetical progression

—

Rule.—Multiply the sum of the extremes by half

the number of terms.
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Example.—What is the sum of a series of 10 terms, the
first being 2, and last 20 ? A.is. 2-J-20x y'=110.

6. Eeasox of the Rule.—This rule can be easily proved.
For this purpose, set down the progression twice over—but
in such a way as that the last term of one shall be under the
first term of the other series.

Then, 24+21-fl8-f 15+12-{- 9=the sura.

9_)-12-f-154-18-j-21-j-24=the sum. And,

adding the equals, 33-}-33-f-33-j-33-f33+33==twice the sum.

That is, twice the sum of the series will be equal to the sum
of as many quantities as there are terms in the series—each
of the quantities being equal to the sura of the extremes.
And the sum of the series itself will be equal to half as much,
or to the sum of the extremes taken half as many times as

there are terms in the series. The rule might be proved
correct by any other example, and, therefore, is general.

EXERCISES.

1. One extreme is 3, the other 15, and the number
of terms is 7. What is the sura of the series > Ans. 63.

2. One extreme is 5, the other 93, and the number
of terms is 49. What. is the sum ? Ans. 2401.

3. One extreme is 147, the other f , and the number
of terms is 97. What is the sum ? Ans. 7165-875.

4. One extreme is 4f , the other 143, and the num
ber of terms is 42. What is the sum ? Ans. 3094*875

7. Given the extremes, and number of terms—to find

the common difference

—

Rule.—Find the difference between the given ex-

tremes, and divide it by one less than the number of

terms. The quotient will be the common difference.

Example.—In an arithmetical series, the extremes are 21

and 3, and the number of terms is 7. What is the common
difference 1

21 — 3-J-7 — 1 = 18-i-6 = 3, the required number.

8. Reasox of the Rule.—The difference between the

greater and lesser extreme arises frcm the common difference

being added to the lesser extreme once for every term, ex-

cept the lowest ; that is, the greater contains the lesser extreme
plus the common difference taken once less than the number
of terms. Therefore, if we subtract the lesser from the greater
extreme, the difference obtained will be equal to the common
diflPerence multiplied by one less than the number of terms.

And if we divide the difference by one less than the number
of terms we will have the common difference.
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EXERCISES.

•5. The extremes of an arithmetical series are 21

and 497, and the number of terms is 41. What is the

common difference ? Ans. 11*9.

6. The extremes of an arithmetical series are 127||.

and 9J-, and the number of terms is 26. What is the

common difference ? Ans. 4f

.

7. The extremes of an arithmetical series are 77|f
and ^, and the number of terms is 84. What is the

common difference ? Ans. \^.

9. To find any numher of arithmetical means between

two given numbers

—

Rule.—Find the common difference [7] ; and, ac-

cordincr as it is an ascendino; or a descendins: series, add
it to, or subtract it from the first, to form the second

term ; add it to, or subtract it from the second, to form
the third. Proceed in the same way with the remain-

ing terms.

We must remember that one less than the number of

terms is one more than the number of means.

Example 1.—Find 4 arithmetical means between 6 and
15

21. 21—6 = 15. -r--r-T=3, the common difference. And

the series is

—

6 . 6+3 . 6+2x3 . 6-1-3x3 . 6-f-4x3 . 6-f-5x3.
Or6 . 9 . 12 . 15 . 18 . 21.

Example 2.—Find 4 arithmetical means between 30 and
20

10. 30 — 10^20. T^=4, the common difference. And

the series is

—

30 . 26 . 22 . 18 . 14 . 10

This rule is eTident.

EXERCISES.

S. Find 11 arithmetical means between 2 and 26
Atis. 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, and 24.

9. Find 7 arithmetical means between 8 and 32
Ans. 11, 14,17,20,23,26, 29.

10 Find 5 arithmetical means between 4^, and 13|.

Ans. 6, 7i, 9, 10^, 12.
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10. Given the extremes, and tlie num"ber of terms^
to find any term of an arithmetical progression—
Rule.—Find the common difference by the last rule,

and if it is an ascending series, the required term will

be the lesser extreme jpliis—if a descending series, the

greater extreme minus the common diflference multiplied

bj one leSl^than the number of the term.

Example 1.—What is the 5th term of a series containing
9 terms, the first beino; 4, and the last 28 1

28-4 .—Q—=3, is the common difierence. And 4-f-3x5 — 1=

16, is the required term.

Example 2.—What is the 7th term of a series of 10 terms,

the extremes being 20 and 2 '?

20-2 _—q~=2, is the common difierence. 20— 2x7—1=8,

is the required term.

11. Reason of the Rule.—In fin ascending series th»

required term is greater than the given lesser extreme to the

amount of all the differences found in it. But the number of

differences it contains is equal only to the number of terms
•which precede it—since the common difference is not found in

i\\e first term.
In a descending series the required term is less than the

given greater extreme, to the amount of the differences sub-

tracted from the greater extreme—but one has been subtracted

from it, for each of the terms which precede the required term.

EXERCISES.

11. In an arithmetical progression the extremes are

14 and 86, and the number of terms is 19. What is

the 11th term } Ans. 54.

12. In an arithmetical series the extremes are 22 and

4, and the number of terms is 7. What is the 4th

term .? Ans. 13.

13. In an arithmetical series 49 and f are the ex-

tremes, and 106 is the number of terms. What is the

94th term } Ans. 6-2643.

12. Given the extremes, and common diS'erence— to

find the number of terms

—

Rule.—Divide the difforence between the given ex-

tremes by the common difference, and the quotient plus

unity will be the number of terms.
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Example.—How many terms in an arithmetical series of
which the extremes are 5 and 20, and the common differ-

ence 3 ?

2u-5
. —o— ="• And 7-j-l=8j is the number of terms.

13. Reason of thk Rule.—The greater differs from the
lesser extreme to the amount of the differences found in all the
terms. But the common difference is found in all the terms
except the lesser extreme. Therefore the difference between
the extremes contains the common difference once less than
will be expressed by the number of terms.

EXERCISES.

14. In an arithmetical series, the extremes are 96
and 12, and the common difference is 6. What is the

number of terms.' A7is. 15.

15. lu an arithmetical series, the extremes are 14
and 32, and the common difference is 3. What is the

number of terms .' Ans. 7.

16. In an arithmetical series, the common difference

is |-, and the extremes are 14| and il. What is the

number of terms .' A7is. 8.

14. Given the sura of the series, the number of terms,

and one extreme—to find the other

—

KuLE.—Divide twice the sum by the number of

terms, and take the given extreme from the quotient

The difference will be the required extreme.

Example.—One extreme of an arithmetical series is 10
the number of terms is G, and the sum of the series is 42
What is the other extreme ?

2x^-2 . .
.—

^
—— 10= 4. is the required extreme.

15. Reason- of the Rule.—We have seen [5] that 2 X the
sum = sum of the extremes X the number of terms. But if we
divide each of these equal quantities by the number of terms,
we shall have

2 X the sum sum of extremes X the number of terms

the num"ber of terms the number of terms

2 X the sum
^^ t"h^T{^~ber of terms =^^°^ °^ ^^'^ extremes. And sub-

trading the same extreme from each of these equals, we shall
have
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X e sum — ^^g extreine=the sum of the extremes
the number of terms

— the same extreme.
twice the sum

^^ the number of terms °^^^' °^® extreme= the other ex-

treme.

EXERCISES.

17. One extreme is 4, the number of terms is 17,

and the sum of the series is 884. What is the other

extreme ? Ans. 100.

18. One extreme is 3, the number of terms is 63,
and the sum of the series is 252. What is the other

extreme } Ans. 5.

19. One extreme is 27, the number of terms is 26,
and the sum of the series is 1924. What is the other

extreme.^ Ans. 121.

16. Geometrical Progression.—Given the extremes
and common ratio—to find the sum of the series

—

Rule.—Subtract the lesser extreme from the product
of the greater and the common ratio ; and divide the

difference by one less than the common ratio.

Example.—In a geometrical progression, 4 and 312 are
the extremes, and the common ratio is 2. What is the sum
of the series.

312x2-4
2 j

= 620, the required number.

17. Reason of the Rule.—The rule may be proved by
setting down the series, and placing over it (but in a reverse
order) the product of each of the terms and the common ratio.

Then

Sum X common raMo= 8 + 16 -f- 32, &c. . -f 312 + 624
Sum= 4_j_8 + 16 + 32, &c. . +312 .

And, subtracting the lower from the upper line, we shall have
Sum X common ratio — Sum= 62-1— 4. Or

Common ratio — 1 X Sum= 624— 4.

And, dividing each of the equal quantities by the common
ratio minus 1

642 (last term X common ratio)— 4 (the first term)
Sum= 7.——^icommon ratio— 1

Which is the rule.
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EXERCISES.

20. The extremes of a geometrical series are 512 and

2, and the common ratio is 4. What is the sum .'

Ans. 6S2.

21. The extremes of a geometrical series are 12 and
175692, and the common ratio is 11. What is the sum ?

Ans. 193260.

22. The extremes of an infinite geometrical series

are y^ and 0, and j\ is the common ratio. What is

the sum ? Ans. i. [Sec. IV , 74.]

Since the series is infinite, the lesser extreme=0.

23. The extremes of a geometrical series are '3 and
9375, and the common ratio is 5. What is the sum ?

Ans. 1171-S75. •

18. Given the extremes, and number of terms in a

geometrical series—to find the common ratio

—

Rule.—Divide the greater of the given extremes

by the lesser ; and take that root of the quotient which
is indicated by the number of terms minus 1 . This will

be the requu-ed number.

Example.— 5 and 80 are the extremes of a geometrical
progression, in which there are 5 terms. What is the com-
mon ratio I

80
-^-=16. And ^16=2, the required common ratio.

19. Rkasox ot the Rulk.—The greater extreme is equal
to the lesser multiplied by a product which has for its factors

the common ratio taken once less than the number of terms

—

since the common ratio is not found in the first term. That
is, the greater extreme contains the common ratio raised to a
power indicated by 1 less than the number of terms, and mul-
tiplied by the lesser extreme. Consequently if, after dividing
by the lesser extreme, we take that root of the quotient, which
is indicated by one less than the number of terms, we shall
obtain the common ratio itself.

V

exercises

24. The extremes of a geometrical series are 49152
and 3, and the number of terms is 8. What is tho

common ratio .' Ans. 4.

25. The extremes of a geometrical series are 1 and
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15625, and the number of terms is 7 "WTiat is the

common ratio ? Ans. 5.

26. The extremes of a geometrical series are

20176S035 and 5, and the number of terms is 10
AYhat is the common ratio ? Ans. 7.

20. To find any nuviler of geometrical means be
twoen two quantities

—

Rule.—Find the common ratio (by the last rule),

and—according as the series is ascending, or descend-

ing—multiply or divide it into the first term to obtain

the second ; multiply or divide it into the second tft

obtain the third ; and so on with the remaining terms.

We must remember that one less than the number
of terms is one 'more than the number of means.

Example 1.—Find 3 geometrical means between 1 and
81.

^—=Z^ the common ratio. And 3, 9, 27, are the re-

quired means.

Example 2.—Find 3 geometrical means between 1250
and 2.

1250 ^ ^ , 1250 1250 1250 - _ _ _4/^-=5. And -5- 5^ 5^^5^,or2o0, 50, 10,

are the required means.

This rule requires no explanation.

EXERCISES.

27. Find 7 geometrical means between 3 and 196S3 .'

Ans. 9, 27, 81, 243, 729, 2187, 6561.

28. Find 8 geometrical means between 4096 and 8 ?

Ans. 2048, 1024, 512, 256, 128, 64, 32, and 16.

29. Find 7 geometrical means between 14 and

23514624.^ Ans. 84, 504, 3024, 18144, 108864,

653184, and 3919104.

21. Given the first and last term, and \he number of

terms—to find any term of a geometrical series

—

PtULE.—If it be an ascending series, multiply, if a

descending series, divide the first term bj that power

of the common ratio which is indicated by the uumoei-

of the term minus 1.
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Example 1.— Find the 3rd term of a geometrical series,

of which the first term is G, the last 1458, and the number
of terms 6.

The common ratio is ^—g— =3. Therefore the required

term is Gx3"=54.

Example 2.—Find the oth term of a series, of which the

extremes are 524288 and 2, and the number of terms is 10.

52-1288 524288
The common ratio ^—9—=4. And —;ji—= 2048,

is the required term.

22. Reason of the Rule.—In an ascending series, any
terra is the product of the first and the common ratio taken
as a factor so many times as there are preceding terms—since

it is not found iu the^/,s^ term.

In a de-cending series, any terra is equal to the first term,
divided by a product contriiuing the common ratio as a fiictor

so many times as there are preceding terms—since every term
but that which is required adds it once to the factors which
constitute the divisor.

EXERCISES.

30. Vv'hat is the 6th term of a series having 3 and

5S59375 as extremes, and containing 10 terms .' Aiis.

9375.

31. Given 39366 and 2 as the extremes of a series

having 10 terras. What is the Sth term .' Ans. 18.

32. Given 1959552 and 7 as the extremes of a series

having 8 terms. "What is the 6th term } Aiis. 252.

23. Given the extremes and common ratio—to find

the number of terms

—

Rule.—Divide the greater by the lesser extreme,

and one more than the number expressing what power

of common ratio is equal to the quotient, will be the

required quantity.

Example.—How many terms in a series of which the
extremes are 2 and 250, and the common ratio is 2 ?

256
-^-=128. But 2'=128. There are, therefore, 8 terms.

The common ratio is found as a factor (in the quotient of

the greater divided by the lesser extreme) once less than the

number of terms.
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EXERCISES.

33. How many terms in a series of wliicli the first is

78732 and the last 12, and the common ratio is 9 }

Ans. 5.

34. How many terms in a series of which the ex-
tremes and common ratio are 4, 470596, and 7 .? Ans. 7.

35. How many terms in a series of which the ex-
tremes and common ratio, are 196608, 6, and 8 ? Ans. 6.

24. Given the common ratio, number of terms, and
one extreme—to find the other

—

Rule.—If the lesser extreme is given, multiply, if

the greater, divide it by the common ratio raised to a
power indicated by one less than the number of terms.

Example 1.—In a geometrical series, the lesser extreme
is 8, the number of terms is 5, and the common ratio is G;

what is the other extreme 1 Ans. 8x6^-'=10oG8.

Example 2.—In a geometrical series, the greater extreme
is 6561, the number of terms is 7, and the common ratio is

3 ; what is the other extreme l Ans. 65Gl-j-3'~'=9.

This rule does not require any explanation.

EXERCISES.

36. The common ration is 3, the number of terms is 7,

and one extreme is 9 ; what is the other r Ans. 6561.

37. The common ratio is 4, the number of terms is

6, and one extreme is 1000 ; what is the other r Ans.

1024000.

38. The common ratio is 8, the number of terms i**

10, and one extreme is 402653184 ; what is the other ?

Ans. 3.

In progression, as in many other rules, the application of

algebra to the reasoning would greatly simplify it.

miscellaneous EXERCISES IN PROGRESSION.

1. The clocks in Venice, and some other places strike

the 24 hours, not beginning again, as ours do, after 12.

How many strokes do they give in a day ? Ans. 300.

2 A butcher bought 100 sheep ; for the first ho

gave Is., and for the last £9 19s. What did he pay for
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all, supposng tlieir prices to form an arithmetical series ?

Ans. JcdOO.

3. A person bought 17 yards of cloth ; for the fii-st

yard he gave 2.?., and for the last 10^. What was the

price of all ? Ans. £b 2s.

4. A person travelling into the country went 3 miles

the first day, S miles the second, 13 the third, and so

on, until he went 58 miles in one day. How many days

did he travel ? Ans. 12.

5. A man being asked how many sons he had, said

that the youngest was 4 years old, and the eldest 32,

and that he had added one to his family every fourth

year. How many had he .' Ans. 8.

6. Find the sum of an infinite series, i, i, ^'^5 ^^^

Ans. \.

7. Of what value is the decimal '463' .' Ans. f ^|.
8. What debt can be discharged in a year by monthly

payments in creometrical progression, the first term
being JCI, and" the last £2^048; and what will be the

common ratio i Ans. The debt will be £4095 ; and
the ratio 2.

9. What will be the price of a horse sold for 1 far-

thing for the first nail in his shoes, 2 farthings for the

second, 4 for the third, &:c., allowing 8 nails in each

shoe } Ans. £4473924 bs. 3f-i.

10. A nobleman dying left 11 sons, to whom he be-

queathed his property as follows ; to the youngest he
gave £1024;" to the next, as much and a half; to the

next, H of the preceding son's share ; and so on. What
was the eldest son's fortune ; and what was the amount
of the nobleman's propeity.' Ans. The eldest son re-

ceived £59049, and the father was worth £175099.

QUESTIONS.

1. What is meant by ascending and descending

series.' [1].

2. What is meant by an arithmetical and geome-
trical progression ; and are they designated by any other

names .- [2 and
3J

.

3. What are the common difference and common
ratio } [2 and 3]

.
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4. Show that a continued proportion may be fonned
from a seii^s of either kind ; [2 and 3].

5. What are means and extremes r [4].

6. How is the sum of an arithmetical or a geome*
trical series found ? [5 and IG].

7. How is the common dilfcrence or common ratio

found r [7 and IS].

8. How is any number of arithmetical or geometrical

means found r [y and 20]

.

9. How is any particular arithmetical or geometrical

mean found : [10 and 21].
10. How is the number of terms in an arithmetical

or geometrical series found .' [12 and 23].

11. How is one extreme of an arithmetical or geome-
trical series found .' [i4 and 24]

.

ANNUITIES.

25. An annuity is an income to be paid at stated

. times, yearly, half-yearly, &c. It is either in possessicuy

that is, entered upon already, or to be entered upon

immediately ; or it is in rexersion^ that is, not to com-

mence until after some period, or after something has

occurred. An annuity is certain when its commence-

ment and termination are assigned to definite periods,

cfynlingent when its beginning, or end, or both are

uncertain; is in arrears when one, or ..more payments

are retained after they have become due. The amovni

of an annuity is the sum of the payments forborne (in

* arrears), and the interest due upon them.

When an annuity is paid off at once, the price given

for it is called its 'present icorf/i, or value—vrhich ought

to be such as would—if left at compound interest until

the annuity ceases—produce a sum equal to what would

be due from the annuity left unpaid until that time.

This value is said to be so many years^ purchase; that

is, so many annual payments of the income as would be

just equivalent to it.

26. To find the amount of a certain number of pay-

IDcuts in arrears, and the iatoiest duo ou them

—
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Rule.—Find the interest due on each payment ; then

the sum of the payments and interest due on them, will

be the required amount.

Example 1.—What will be the amount of XI per annum,
uupuid for G years, 5 per cent, simple interest being allowed?

The last, and preceding payments, with the interest due on
them, f(n-m the arithmetical series Xl-j-£05x5. £l-f-<£05x

4 . £lxX 05 £1. And its sum is £l-t-£l+£05x5x

|=£2-f-£ 25x3=£G-75=£6 15s., the required amount.

Example 2.—If the rent of a farm worth £00 per annum
is unpaid for 19 years, how much does it amount to, at 5

per cent, per an. compound interest ?

In this cafie the series is geometrical ; and the last payn^ent
with its interest is the amount of £1 for 18 (19— 1) yof»rs

multiplied by the given annuity, the preceding payment
with its interest is the amount of £1 for 17 years multiplied

by the given annuity, &c.
The amount of £1 (as we find by the table at the end of

the treatise) for 18 years is £2-40662. Then the sum of

the series is

—

£2-40GG2x 105x60-60
7 Q- _ , [16]=1832-4, the required amount.

The amount of £1 for 18 years multiplied by 105 is the

same as the amount of £1 for 19, or the given number of

years, which is found to be £2527. And 105— 1, the divi-

sor, is equal to the amount of £1 for one payment minus
£1 ; that is, to the interest of £1 for one payment. Hence

£2-527x60— 60
the required sum will be :q^

=£1832-4.

It would evidently be the same thing to consider the
annuity as £1, and then multiply the result by 60. Thus

^"^"J^~

^
X 60= £1832-4. For an annuity of £60 ought

to be 60 times as productive as one of only £1.

Hence, briefly, to find the amount of any number of

payments in arrears, and the covipound interest due on
them

—

Subtract £1 from the amount of £1 for the given

number of payments, and divide the difference by the

interest of i^l for one payment ; then multiply the quo-

tient by the given sum.

Q
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27. Keasots- or thi^ Piulk.—E-Hch pnyment, with its inte-

rest, eviJendy constitute a srpara.'e amuunt : an I tiie sum due
must be the sum of these anioiints—which form a tlerreasing

sci-ies, because of the decreasiiig interest, arising from the

decreasing number of times of payment.
When simple interest is allowed, it is evident that what is

flue will be the sum of an arit.'nueticaf series, one extreme of

which is the first payment plu.s tiie interest due upon it at the

time of rhe last, tlie other the last p:iyinent : and its commoa
diffei-ence the interest on one payment due at the next.

liut when compound interest is allowed, what is due will be

the sum of a geometrica/ series, one extreme of which is the

first payment plus the interest due on it at the last, the other

the list p;iymeut; and its common ratio £1 plus its intere-t

for tlie interviil between two payments. And in each case the

interest due on the first payment at the time of the 1 ist will

be the interest due for one lesa tliau the number of payments,
since interest is not due on the first until the time of the second
payment.

EXERCISES.

1. ^Vhat is the amoiiat of £37 p^r annum unpaid

for 11 years, at 5 per cent, per an. simple interest.'

Alls. £508 15.5.

2. Wliat is the amount of an annuity of £100, to

continue 5 years at 6 per cent, per an. compound inte-

rest r A^ia. £563 145. 2\d.

3. What is the amount of an annuity of £356, to

continue 9 years, at 6 per cent, per an. simple interest }

Ans. £3972 19^. 2\d.

4. What is the amount of £49 per annum unpaid

for 7 years, 6 per cent, compound interest being allowed }

Ans. £411 55. n\d.

28. To find the present value of an annuity

—

Rule.—Find (by the last rule) the amount of the

given annuity if not paid up to the time it will cease.

Then ascertain how often this sum contains the amount

of £1 up to the same time, at the interest allow- '-d..

Example.—What is the present worth of an annuity of'

£.\"1 per annum, to be paid for 18 years, 5 per cent, com-

pound intoreat being allowed 1

An annuity of £12 unpaid for IS years would amoimt to

£2c5-lo238 X 12=Xoo7-5tk5oa.



AXxuiTir.s. 343

But £1 put to interest for 18 years at the same rat9

would fiinount to £240002. Theret'ure

—o.Tn7'7o~=^-'-"^0 OS. bd. IS the required value.

The sum to be paid for the annuity should evidently be such
as would produce the same as the auauity itself, iu the same
time.

EXERCISES.

5. What is the present worth of an annuity of £27,
to be paid for 1.3 years, .5 per cent, compound interest

being allowed ? Aiis. X'2o3 125. 6\d.

6. What is the present worth of an annuity of j£324,

to be paid for 12 years, 5 per cent, compound interest

being allowed .' Aiis. ie2871 135. I0\d.

7. What is the present worth of an annuity of £22,
to be paid for 21 years, 4 per cent, compound interest

beinsr allowed.^ Ans. £308 12^. 10^^.o
29. To find the present value, when the annuity is

in perpetuity

—

KuLE.—Divide the interest which £1 would produce

in perpetuity into £1, and the quotient will be tne sum
required to produce an annuity of £1 per anii'i.m in

perpetuity. Multiply the quotient by the numo^r of

pounds in the given annuity, and the product vvill be

the required present worth.

Example.—What is the value ofan income of £17 for ever ^

Let us suppose that £100 would produce £5 per c< tit pei

an. for ever :—then £1 would produce £-05. Thoi-e'\)re,

to produce £1, we require as many pounds as will bt equal

to the number of times £05 is contained in £1. But -7?^=
£20, therefore £20 would produce an annuity of £1 for

ever. And 17 times as much, or £20xl7=o-10, which
would produce an annuity of £17 for ever, is the required
present value.

EXERCISES.

8. A small estate brings £25 per annum ; wh^ '. is

its present worth, allowing 4 per cent, per annum i»-.te-

rest ^ A^ns. £625.
9. What is the present worth of an income of £34.7
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in perpetuity, allowing 6 per cent, interest } Ans
£'57tt3 (')S. Sd.

10. What is the value of a perpetual annuity of £46,
allowing 5 per cent, interest ? Ans. £920.

30. To find the present value of an annuity in rever-

sion

—

Rule.—Find the amount of the annuity as if it were

forborne until it should cease. Then find what sum,

put to interest now, would at that time produce the

same amount.

Example.—What is the value of an annuity of £\0 per

annum, to continue for G. but not to commence fur 12 years,

5 per cent, compound interest being allowed ?

An annuity of XIO for 6 years if left unpaid, would be

worth £080191 : and £1 Vvould, in 18 years, be worth

£1108959. Therefore

Y,-7^Q^c(^.=£28 53. oJ., is the required present worth.

EXERCISES

11. what is the present worth of £75 per annum,

which is not to commence for 10 years, but will con-

tinue 7 years after, at 6 per cent, compound interest ?

Ans. £155 9s. l^d.

12. The reversion of an annuity of £175 per annum,

to continue 1 1 years, and commence 9 years hence, is to

be sold ; what is its present worth, allowing 6 per cent,

per annum compound interest } Ans. £430 Is. Id.

13. AVhat is the present worth of a rent of £45 per

annum, to commence in 8, and last for 12 years, 6 per

cent, comnound interest, payable half-yearly, being

allowed.^ ^Ans. £117 25. SU.

31 When the annuity is contingent, its value depends

on the probability of the contingent circumstance, or

circumstances.

A lii^j annuity is equal to its amount multiplied by

the value of an annuity of £1 (found by tables) for the

given age. The tables used for the purpose are calcu-

lated on principles derived from the docti-ine of chances,

observations on the duration of life in different cii-cum-

stances, the rates of compound interest, &c.
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QUESTIONS.

1. What is an annuity ? [25].

2. What is an annuity in possession—in reversion

—

certain— contingent—or in arrears r [25].

3. What is meant by the present worth of an an-

nuity .' [25].

4. How is the amount of any number of payments

m arrears found, the interest allowed being simple or

compound .- [26]

.

5. How is the present value of an annuity in posses-

sion found .' [2S].

6. How is the present value of an annuity in per-

petuity found .' [2y].

7. How is the present value of an annuity in rever-

sion found .' [30]

.

POSITION,

32. Position, called also the " rule of false," is a rule

which, by the use of one or more assumed, but false

numbers, enables us to find the true one. By means of

it we can <)btain the answers to certain questions, which

we could not resolve by the ordinaiy direct rules.

AVhen the results ai-e really proportional to the sup-

position—as, for instance, when the number sought is

to be midtip/icd or divided by some proposed number
;

or is to be increased or diminished by itseJf, or by some

given muUijple or ipart of itself—and when the question

contains only one prrpcsition, we use what is called

diigle position, assuming only oie number ; and the

Cjuantity found is exactly that which is required. Other-

wise—as, for instance, when the number sought is to be

increased or diminished by some absolute number, which

is not a known multiple, or part of it—or when two

propositions, neither of which can be banished, are con-

taiuid in the problem, we use dcuhle position, assuming

two numbers. If the number sought is, duiing the

process indicated by the question, to be involved or

evolved, we obtain only an approximation to the quan-

tity required.
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33. Single Position.—Rule. Assume a number, and
perform with it the operations described in the question

;

then say, as the result obtained is to the number usett.^

so is the true or given result to the number required.

Example.—What number is that which, being multiplied
by 5, by 7, and by 9, the sum of the results shall be 23 i

'?

Let us assume 4 as the quantity sought. 4x5-{-4xT-f-

4x0=84. And 84 : 4 :: 231 : 1^5^=11, the required
o4

number.

34. llEAso^f OF THE PtULTc.—It Is evident that two nura-
bera, multiplied or divided by the same, should produce pro-
portionate results.—It is otherwise, however, when the same
q^uantity is added to, or siibtracled from tljem. Thus let the
given question be changed into the following. What number
is that which being multiplied by 5, by 7. and by 9, the sum
of the products, plus 8, shall be equal to 239 .'

A.'?suming 4, the result will be 92. Then we cannot say

92 (844-8) : 4 :: 239 (231+8) : 11.

For though 84 : 4 : : 231 : 11, it does not follow that

84+8 : 4 :: 231+8 : 11. Since, while [Sec. Y. 29] we may
multiply or divide the first and third terms of a geometrical
proportion by tlie same number, we cannot, without destroy-
ing the proportion, add the same number to, or .subtrnct it

from them. The question in this latter form belongs to the
rule of double position.

EXERCISES.

1. A teacher being asked how many pupils he had,

replied, if you add ^, :^, and ^ of the number together,

the sum will be 13 ; what was their number } Ana. 24.

2. What number is it, which, being increased by ^,

^, and \ of itself, shall be 125 } Aiis. 60.

3. A gentleman distributed 78 pence among a num-
ber of poor persons, consisting of men, women, and 'chil-

dren ; to each man he gave 6.^., to each woman. Ad.,

and to each child, 2d. ; there were twice as many
women as men, and three times as many children as

women. IIow many were there of each } Ans. 3 men,

6 women, and IS clnldrcn.

4. A person bought a chaise, horse, and harness, for

£60 ; the horse came to twice the price of the harness,

and the cliaLse to twice the price of the horse and bar-
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uess. TVhat did he give for eacli ? Ans. He gave for

the harness, XG 135. 4.d. ; for the horse, iill3 65. 8^^.
;

and for the chaise, £40.
5. A's age is double that of B's ; B's is treble that

of C's ; and the sum of all theu- ages is 140. What is

the age of each ? uins. A's is 84, B's 42, and C's 14.

6. After paying away ^ of my money, and then 4 of

the remainder, I had 72 guineas left. What had I at

first ? Ans. 120 guineas.

7. A can do a piece of work in 7 days ; B can do the

same in 5 days ; and C in 6 days. In what time will

all of them execute it .' Ans. in 1|^^ days.

8. A and B can do a piece of work in 10 days ; A
by himself can do it in 15 da^'s. In what time will B
do it .' Ans. In 30 days.

9. A cistern has three cocks ; when the first is opened

all the water runs out in one hour ; when the second is

opened, it runs out in two hours ; and when the third is

opened, in three hours. In what time will it run out, if

all the cocks are kept open together .' Ans. In y\ hours,

10. What is that number whose i, ^, and ^ parts,

tiiken together, make 27 } Ans. 42.

11. There are 5 mills; the first grinds 7 bushels of

corn in 1 hour, the second 5 in the same time, the third

4, the fourth 3, and the fifth 1. In what time will the

five grind 500 bushels, if they work together .' Aiis.

In 25 hours.

12. There is a cistern which can be filled by a cock

in 12 hours ; it has another cock in the bottom, by
which it can be emptied in IS houi-s. In what time will

it be filled, if both are left open .' Ans. In 36 hours.

35. Dnuhle Posilion.—Bule I. Assume two con-

venient numbers, and perform upon them the processes

supposed by the question, marking the error derived

fiom each with + or — , according as it is an error of

ircess, er of defect. Multiply each assumed number into

the error which belongs to the other ; and, if the errors

are bolh plus, or both minus, divide the difference of the

products by the diffennoi of the errors. But, if otie is

a plus, and the other is a minus error, divide the sum of
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tli3 products by the sum of the errors. In either case

t\i3 result will be the number sought, or an approxi-

mation to it.

ExA.vPLE 1.—Tf to 4 times the price of my horse £10 is

added, the sum will be £100. ^Vhat did it cost ]

A.'isauiing num1)ors which give two errors o£ excess—
First, let 28 be one of them,

Multiply by 4

TI2
Add 10

From 122. the result obtained,

subtract 100, the result required,

and the remainder, -f-22, is an error of cxr.es.'^.

jMultiply by 31, the other assumed number

and 682 will be the product.

y^Next, let the assumed number be 31
Multiply by 4

124
Add 10

From 134, the result obtained,

subtract 100, the result required,

and the remainder, -\-^-^. is an error of ezce'^s.

JMultiply by 28, the other assumed . lum.

and 952 will be the product.

From this subtract G82, the product found. ibove,

divide by 12)270

and the required quantity is 22-5=£22 IO5.

Difference of errors=34—22=12, the number b;\ which
we have divided.

36. Rraso?? of thk PvUlt:.
—"When in example 1, wc mul-

tiply 28 and 31 by 4, wc multiply the error belongini to each

by 4. Hence 122 and 134 ;ire, respectively, equil to ;he true

result, [ilus 4 times one of t!ie errors. Subtr;icring -GO, the

true result, from each of thein. we obtain 22 (^4 times . «.e error

ia 23) an 1 34 (4 tiuies the error in 81).

But, as numbers are proportion il to their eqnim Itiples,

the error in 28: the error in 31 : : 22 (a multiple of i ae for-

mer) : 34 (an equimultiple of the latter).

Aud from the nature of proportion [Sec. V. 21]

—
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The error in 28x34=the error in SI X-2.
But 6S2=tlie errur in ol^-tlie require'] number X 22.

Ami 952=tUe onor in -Ib-j-tiie required number Xo4.
Or, since to multiply quantities under the vinculum [Sec

[1. o4], we are to multiply e.ich of them

—

C^-=22 times the errui- in ;Jl-f-22 times the required number.
i'o2=o4 times the error in 2S-f-o4 times the required number.

Subtracting the upper from the lower line, we shall have
952—U&2=:i4 times the error in 28—22 times the error in

81-{-:j4 times the required number—22 times the required
nuiuber.

But, as we have seen above, 34 times the error in 28=22
times the error in 31. Therefore, 34 times the error in 28—22
times the error in 31=0; that is, the two quantities cancel
each other, and may be omitted. We shall then have

Uo2—082=84 times the required number—22 times the re-

quired number; or 270=34— 22 (=12) times the required
number. And, [Sec. V. G] dividing both the equal quanti-
ties by 12,

270 ^ 34-22
-rrr (22-5) =

—

Yo
— times (once) the required number.

37. ExA^rPLK 2.—Using the same example, and assuming
numbers which give two errors of defect.

Lot them be 14, and 16—
14 IG
4 4

5G C4
10 10

GO, the result obtained, 74, the result obtained,

100, the result required, 100, the result required,

— 34, an error of defect. — 26, an error of defect.

10 14

5-14
_

3(54

3'J4 Difference of errors = 34— 26= 8.

8^180

22-5 =£22 105., is the required quantity.

In this example 34=four times the error (of defect) in 14;
and 2r>= four times the error (of defect) in 10. And, since
lumbers are proportional to their equimultiples,

The error in 14 : the error in Itj : : 34 : 2-3. Therefore
Tiie er ror in l 4X2o=:he error in 10X34.

But 544=the requii-ed number—the error in 10X34
And304=tLe required number—the error in 14x20

Q 2
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If we subtract the lower from the upper line, we shall have
544—otJ4=^reinoving the vinculum, aud changing the sign
[Sec 11. It)]) 34 times the required number— 2d times tiie

required number—84 times the error in ltJ-{-"6 times the error
in 14.

But we found above that 34 times the error in 16=26 times
the error in 14. Therefore—34 times the error in 16, and-f-26
times the error in 14=0, and may be omitted. We will then
have 544—364=34 times the required number—26 times the
roijuired number ; or 180=8 times the required number; and,
dividing both these equal quantities by 8,

180 8
-Q- {22-5) =- times (once) the required number.

38. Example 3.—Using still the same example^ and as-

suming numbers which will give an error of excess^ and an
error of defect.

Let them be 15, and 23 —
15 23
4 4

60 92
10 10 .

70, the result obtained. 102, the result obtained.

100, the result required. 100, the result required.

— 30, an error of defect. -j-2, an error of excess.

23 15

600 30

ll_ Sum of errors= 30 + 2= 32.

32)720

22- 5 =: £22 lO.s., the required quantity.

In this example 30 is 4 times the error (of defect) in 15;
and 2, 4 times the error (of excess) in 23. And, since numbers
are proportioned to the equimultiples,

The error in 23 : the error in 15 : : 2 : 30. Therefore

The error in 23x30=the error in 15x2.
But 690=:the required number-f-the error in 23x30.
And 30=the required number—the error in 15x2.

If we add these two lines together, we shall have 690-j-30=
(removing the vinculum) 30 times the required number-}-
twice the required number -|- 30 times the error in 23 — twice
tlie error in 15.

But we found above that 30 X the error in 23r=2xthe error
in 15. Therefore 30 X the error in 23~2xthe error in 15=:0,
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anii mny be omitte'^1. We slinll then hnve 090-j-30=tl]e re-

ciuired number X oO -f- the reqiiire'l number X -; or 7-0=o2
times tlie required number. AnJ divi'ling each cf these equal
quantities by 32.

7"0 o2
-^, (22o)=—- times (once) the required number.
o2 b'l

The given questions might be changed into one belonging
to single position, thus

—

Four times the price of my horse is equal to £100 — £10:
or four times the price of my hor-e is equal to £;<0. What did

it cost? This change, however, supposes an etfSirt of the mind
not required when the question is solved by double position.

30. ExA^rPLE 4.—What is that number vrhich is equal to

4 times its square root -|-21 ?

Assimie G4 on^" 81

—

^64=8
4

21

ySl= 9

4

36
21

53. result ohtained.

04, result required.

81

891

57, result obtained

81, result required

G4

1536
801

• 13)045

The first approximation is 40 0154

It is evident that 11 and 24 are not the errors in the assumed
numbers multiplied or divided by the same quantity, and
therefore, as the reason upon which the rule is founded, does

not apply, we obtain only an approximation. Substituting
this, however, for one of the assumed numbers, we obtain a
Btill nearer approximation.

40. KuLE—II. Find the eiTors by the last rule ; then

divide their difference (if they are both of the same
kind), or their sum (if they are of different kinds), into

the product of the difference of the numbers and one of

the errors. The quotient will be the correction of that

error which Ka^ been used as multiplier.



352 POSITION.

Example.—Taking the same as in the last rule, and m
sumin;^ IJ and 23 as the required number.

10 25

4 4

70 - lUO
10 10

So the result obtained. 1 10 the result obtained.

100 the result required. lOJ the result required.

— 14, is error of d:/erf. -h^'^-> is error of e2"ce65.

The errors are of different kinds ; and their sum is 14-}-

ru=24: and the diS'orence of the assumed numbers is 25—
19=0. Therefore

14 one of the errors,

is multiplied by 0, by the ditference of the numbers. Then

divide by 2'4)84

and 3 5 is the correction for 19, the number
vrhich gave an error of 14.

19-j-v.tlie error being one of defect, the correction is to be
added) oo=22 d=£22 10s. is the required quantity.

41. Reasox of the Rule.—The difference of the results

arising from the use of the different assumed numbers (the

differeuce of the errors) : the difference between the result ob-

t.iined by using one of the assumed numbers and that obtained

by using tiie true number (one of the errors) : : the differeuce

between the numbers in the farmer case ,the ditference between
the assumed numbers) : the difference between the numbers
in the hitter case (tlie difference between the true number, and
that assumed number which produced the error placed in the

third term—that is the correction required by that assumed
number).

It is clear that the difference between the numbers used
produces a proportional difference iu the results. For the

results are different, only bee luse the difference between tlie

assumed nuaibers has been multipliel, or divided, or both

—

ill accordance with the conditions of the question. Thus, in

the present inst.ince, 'J) produces a greater result than 19,

because 6, the difference between 19 and 2o, has been multi-

plied by 4. For •2oXd=19X4-f')X4. And it is this CX-t
which makes up 24, the rta/ difference of the errors.— The
difference between a negative and positive result being the

imiu of the differences between each of them and no result.

Thus, if i gain 105., 1 am richer to the amount of 'lis. than if

1 luse H>s*
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EXERCISES.

13. Vv'h.it number is it which, bein;^' multiplied by 3,

the product being increased by 4, and the sum divided

by S, the quuti;u1; will be 32 ' Ans. 84.

14. A son asked his father ho'^v old he was, and re-

ceived the following answer. Your age is now J- of

mine, but 5 years ago it was only 4. What are their

ages .' Ans. 83 and 23
15. A workman was hired for 30 days at 2i 6d. for

every day he worked, but with this condition, that for

every day he did not work, he should forfeit a shilling.

At the end of the time he received <£2- 145., how many
days did- he work ? Ans. 24.

16. Required what number it is from which, if 34
be taken, 3 times the remainder will exceed it by ^ of

itself.^ Ans. 58=-.

17. A and B go out of a town by the same road. A
goes 8 miles each day; B goes 1 mile the first day,

2 the second, 3 the third, &c. "When will .B over-

take A ? /

Suppose
A.
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raake 25 ; but when one is halved and the other doubled,
give equal results : Afis. 2d and 5.

20. Two contractors, A and B, are each to build a
wall of equal dimensions ; A employs as many men as

finish 22-i perches in a day ; B employs the first day a.H

many as finish 6 perches, the second as many as finish

9, the third as many as finish 12, &c. In what time
will they have built an equal number of perches .'

Ans. In 12 days.

21. What is that number whose ^, j, and |, multi-
plied together, make 24 ?

Suppose 12 • Suppose 4

M . 1=1

Product=18 Product=2

81 result obtained. 3 result obtained.

24 result required. 24 result required.

+57 ^
64, the cube of 4. 1728, the cube of 12.

3048, product. 3G288 To this product

,. „, _„ 3048 is added.
57+21=78
57-21=78. 78)39930 is the sum.

And 512 the quotient.

4/512=8, is the required number.

We Timltiply the alternate error by the cube of the supposed

number, because the errors belong to the ^^,th part of tlie cube

of the assumed numbers, and not to the numbers themselves;

for, in reality, it is the cube of some number that is roquii-ed

—since, 8 being assumed, according to the quesiion we liave

2X4X
8 ' °^64^^ •

22. What number is it whose 4-, i, j, and ^, multi-

plied together, will produce 699S| r Jus. 36.

23. A said to B, give me one of your shillings, and

I shall have twice as many as you will have left. B
anijwered, if you give me I5., I shall have as many as

you. IIow many had each f Ail's, A 7, and B 5.
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24. There are two numbers which, when added to-

g.;ther, make 30; but the i, i, and J^, of the greater

are equal to i,
J, and J-, of the lesser. What are thej .''

Ans. 12 aud IS.

25. A gontleman has 2 horses and a saddle worth
j350. The saddle, if set on the back of the first horse,

will make his value double that of the second ; but if

set on the back of the second horse, it will make his

value treble that of the first. What u the value of

each horse .' Ans. £30 and i^O.
26. A gentleman finding several beggars at his door,

gave to each 4d. and had 6d. left, but if he had given

6d. to each, he would have had 12f/. too little. How
Dianj beggars were there .' Ans. 9.

It is so likely that those who are desu-ous of studying

this subject further vrill be acquainted with the method
of treating algebraic equations—which in many case?

affords a so much simpler and easier mode of solving

questions belonging to position—that we do not deem
it necessary to enter further into it.

QUESTIONS.

1

.

What is the difference between single and double
position .' [32]

.

2. In what cases may we expect an exact answer by
^hese rules ? [32]

.

3. What is the rule for single position .' [33].

4. What are the rules for double position .' [35 and
40].

MISCELLANEOUS EXERCISES.

1

.

A father being asked by his son how old he was

;

'•epliod, your age is now i of mine ; but 4 years ago

It was only -i- of what mine is now ; what is the age of

each ? Ans. 70 and 14.

2. Find two numbers, the difference of which is 30,
and the relation between them as 7\ is to 3^ f Arts.

58 and 23.

3. Find two numbers whose sum and product are

equal, neither of them being 2 ' Ans. 10 and 1^.
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4. A person being asked the hour of the day, answered,

It is between 5 and 6, and both the hour and niiniitb

hands are togather. lie(|uii'ed Avhat it was ? Jins.

iiTj^j- minutes past 5.

5. What is the sum of the series ^, i, |, &c. ? Ans. 1.

6. What is the sum of the series f , y'j, j\, 7*3^3, &.c. r

Ans. n.
1 . A person had a salary of £lo a year, and let it

remain unpaid for 17 years. How much had he to

receive at the end of that time, allowing 6 per cent,

per annum compound interest, payable half-yearly r

Ans. ^£204 175. lOi^.

8. Divide 20 into two such parts as that, when the

greater is divided by the less, and the less by the greater,

and the greater quotient is multiplied by 4, and the less

h"^ 64, the products shall be equal? Ans. 4 and 16.

9. Divide 21 into two such parts, as that v/hen the

less is divided by the greater, and the greater by the

lo' s, and the greater quotient is multiplied by 5, and

ti»- less by 125, the products shall be equal } Ans.
31 and 17i.

1'- A, B, and C, can finish a piece of work in 10

days; B and C will do it in 16 days. In what time will

A do it by himselF? Ans. 26 1 days.

1. A can trench a garden in 10 days, B in 12, and

C m 14. In what time will it be done by the three if

they work together.^ A^ns: In 3/ij\ days.

1.2. What number is it which, divided by 16, will

leave 3 ; but which, divided by 9, will leave 4 } Ans.

67

i3. Wliat number is it which, divided by 7, will

leave 4; but divided by 4, will leave 2 } Ans. 18.

14. If J3100, put to interest at a certain rate, wih,

at the end of 3 years, be augmented to £115'7625

(compound interest being allowed), what principal and

interest will be due at the end of the first year } A'ls.

^105.
15. An elderly person in trade, desirous of a little

respite, proposes to admit a sober, and industrious young
person to a share in the business ; and to encourage

him, he offers, that if his circmnstances allow -hiiu to
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advance £100, his salary shall be £40 a year ; that if

he is able to advance i^'200, he shall have £55 ; but

that if he can advance £300, he shall receive £70
annually. In this proposal, what was allowed for his

attendance simply? Atis. £2d a year.

16. If 6 apples and 7 pears cost 33 pence, and 10

apples and S pears 44 pence, what is the price of one

apple and one pear ? Ans. 2d, is the price of an apple,

and 3d. of a pear.

17. Find three such numbers as that the first and ]

the sum of the other two, the second and ^ the sum of

the other two, the third and I the sum of the other

two will make 34 f Ans. 10, 22, 26.

18. Find a number, to which, if you add 1, the sum
will be divisible by 3 ; but if you add 3, the sum will

be divisible by 4 } Ans. 17.

19. A market woman bought a certain number of

eggs, at two a penny, and as many more at 3 a penny
;

and having sold them all at the rate of five for 2d.^ she

found she had lost fourpence. IIow many eggs did she^

buy ? Ans. 240.

20. A person was desirous of giving 3d. a piece to

some beggars, but found he had S^^. too little ; he there-

fore gave each of them 2^., and had then 3^;?. remain-

ing. Required the number of beggars .' Ans. 1 1

.

21. A servant agreed to live with his master for £S
a year, and a suit of clothes. Eut being turned out

at the end of 7 months, he received only £2 135. 4d.

and the suit of clothes ; what was its value .' Ans.

£4 165.

22. There is a number, consisting of two places of

figures, which is equal to four times the sum of its

digits, and if IS be added to it, its digits will be in-

verted. What is the number .' Atis. 24.

23. Divide the number 10 into three such parts, that

if the first is multiplied by 2, the second by :^, and the

third by 4, the three products will be equal .' Ans.
4._3_ "^-l- 9_4_

24. Divide the number 90 into four such parts tnat,

-if the first is increased by 2, the second diminished by

2, the third multiplied by 2, and the fourth divided by
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2, the sum, difference, product, and quotient will be
equal : Aiis. IS, 22, 10, 40.

23. Wliat fraction is that, to the numerator of which,

if ] is aJJ-id, its value will be i
; but if 1 be added to

the der.ominator, its value will be j ? Jbis. jK.

2^). 21 gallons were drawn out of a cask of wine,

which had leaked away a third part, and the cask

beino: then guaged, was found to be half full. How
much did it hold r Ans. 126 gallons.

27. There is a number, i of which, being divided by

6, i of it by 4, and i of it by 3, escch. quotient will

be 9 .' vlns. 108.

2S. Having counted my books, I found that when I

multiplied together i, ^, and | of their number, the

product was 162300. How many had I ? Ans. 120.

23. Find the sum of the series l + |-+ i + |, &c. .''

Ans. 2.

30. A can build a wall in 12 days, by getting 2 days'

assistance from B ; and B can build it in S days, by
getting 4 days' assistance from A. In what time will

both together build it ? Ans. In 6f days.

31. A and B <;an perform a pirce of work in 8 days,

when the days are 12 hours long ; A, by himself, can

da it in 12 days, of 16 hours each. In how many days

of 14 hours long will B do it ? Ans. 13f

.

32. In a mixture of spirits and water, i of the whole

plus 25 gallons was spirits, but i of the whole minus 5

gallons was water. How many gallons were there of

each ? Ans. 85 of spirits, and 35 of water.

33. A person passed } of his age in childhood, y^ of

it in youth, ^ of it +5 years in matrimony ; he had

then a son whom he survived 4 years, and who reached

only i the age of his father. At what age did this per-

son die ? Ans. At the age of 84.

34. What number is that whose ^ exceeds its ^ by
72 } Ans. 540.

35. A vintner has a vessel of wine containing 500
gallons ; drawing 50 gallons, he then fills up the cask

with water. After doing this five times, how much
wine and how much water are in the cask.? Ans.

295 2V0 gallons of wine, and 204 if ^ gallons of water..
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43. A mother and two idaughtcrs working together

ia>« spin 3 ib of flax in one day ; the mother, by herself,

ian do it in 2^ days ; and the eldest daughter in 2^
'iays. In what time can the youngest do it ? jbis.

in 6^ days.

37. A merchant loads two vessels, A and B ; into

A he puts 150 hogsheads of wine, and into B 240 hogs-

heads. The ships, having to pay toll, A gives 1 hogs-

head, and receives 12.9. ; B gives 1 hogshead and 365.

besides. At how much was each hogshead valued ?

Ans. £4 125.

3S. Three merchants traffic in company, and their

stock is £400 ; the money of A continued in trade 5
months, that of B six months, and that of C nine'

months ; and they gained ii375, which they divided

equally. What stock did each put in ? Aiis. A £167|^,
B i3139f f , and C £93:fV'

39. A fountaiu. has 4- cocks. A, B, C, and D, and
under it stands a cistern, which can be filled by A in 6,

by B in 8, by C in 10, and by Din 12 hours; the

cistern has 4 cocks, E, F, G, and H ; and can he

emptied by E in C, by F in 5, by G in 4, and by H in

3 hours. Suppose the cistern is full of water, and that

the 8 cocks are all open, in what time will it be emptied?
Ans. In 2/75- hours.

40. What is the value of -2^97' ? Aiis. ^.
41. What is the value of -5416' ? Ans. Vf

.

42. What is the value of -0^76923' .' Ans. j\.
43. The^-e are three fishermen. A, B, and C, who

have each caught a certain number of fish ; Avhen A's
fish and B's are put together, they make 110; when
B's and C's are put togL-ther, they make 130 ; and when
A's and C's are put together, they make 120. If the

fish is divided equally among them, what will be each
man's share ; and how many fish did each of them
catch .' Ans. Each man had 60 for his share ; A caught

50, B 60, and C 70.

44. There is a golden cup valued at 70 crowns, and
two heaps of crowns. The cup and first heap, are worth
4 times the value of the second heap ; but the cup and
second heap, are worth double the value of the fiist
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heap. How many crowns are there in each heap > Ans
50 in one, and 30 in another.

45. A certain number of horse and foot soldiers are

to be ferried over a river ; and they agree to pay 2yl.

for two horse, and ?>\d. for seven foot soldiers ; seven

foot always followed two horse soldiers ; and when they

were all over, the ferryman received £2b. How many
horse and foot soldiers were there } Ans. 2000 horse,

and 7000 foot.

46. The hour and minute hands of a watch are to-

gether at 12 ; when will they be together again } Ans.
at bfj minutes past 1 o'clock.

47. A and B are at 023posite sides of a wood 135
fathoms in compass. They begin to go round it, in the

sume direction, and at the same time ; A goes at the

rate of 11 fathoms in 2 minutes, and B at that of 17

in 3 minutes. How many rounds will each make, before

one overtakes the other } Ans. A will go 17, and B
l^.

48. A, B, and C, start at the same time, from the

game point, and in the same direction, round an island

7-"3 males in circumference ; A goes at the rate of 6.

B at the rate of 10, and C at the rate of 16 miles per

day. In what time will they be all together again ?

Ans. in 36^ days
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378 SQUARES, CUBES, AND ROOTS.

Sqiiart.l Cube

16129|

163s>4

16641

;

I30; 16900
13lj 17161'

]3.> 174:24

133! 176891

1341 179J6;

135 isnol
136 18496
137! 18769
13S; 19044'

139; 193-:!l!

I40l 19600J
141' 19831!

14-2] Q0164I

143 20449
1441 -20736

Sq. Root. Cube Root So.

21025
21316
21609
21004
22201!

150 I 22500
151 22801
152 23104
153! 23409
154| 23716
155 24025
156 1 24336
1571 24649
158' 24964
159 252S1

160: --25600

I61I 25921
162' 26244
163' 26569
164 26896
165] 27225
166 27556
167i 27889
168; 28224
169! 23561
170 -28900

nil 29241
172 29584
173 29929
174 30276
175 306-25

176! 30976
1

178

31329
31684

179 32041
180 32400
181 32761
182 33124
183, 33489
184; 33856
185! 34225
186 34596
187j 34969
1881 35344
189 35721

2048383 11'

2097152 11'

2146639 11'

2197000 11

2-248091 11'

2299968 1

1

2352637 11

2406104 11

2460375 11

2515456 11

25713531 11

2628072! 11

2685619lll'

2744000!ll
2803221' 11

2863288; 11

29-24207 11

2985984 12

3048625 12

31 121361 12

3176523!l2
3-24179242

3307949! 12

3375000! 12
3442951 12

3511308 12

35S1577 12

365-2264112

37-23375; 12

37964164 2

3S69893!l2'

39443124 2

4019679 12

4096000 12

4173-281 12

4251528 12

4330747 12

4410944 12
44921-25 12

4574296|l2
4657463; 12

4741632; 12

4826809 13

4913000,13
5000211 13

60834481 13

6177717|l3
62680-24 13

5359375 13

5451776 13

6545233 13

6639752 13

5735339 13

583200013
69-29741 13

6028568 13

6128487 13
6-2-29504 13

6331625 13

6434356 13

6539-203 J 3

6644672 13

6751269 13

2694277 5-

3137035I5-
35731 67'5-

40175435-
4455231 ;5
4891253|5-
53256-26|5-

5758369; 5
6189500
6619038

7473444 5

789826115
8321596^5
8743421 5

91637535
9532607 5

0000000|5
04159465
0330460! 5
12435575
1655251 15

2065556 5

24?4437:5
288-2056 5

3-288280 5

3693169 5

4096736! 5
4498996 '5

4899960 5

5299641 !5

5698051 5

6095202 5

6491106 5

6885775,5
7279221 15

7671453'5
8062435 5

845232^i 5

3840987!

5

9228430 '5

9614814 5

0000000 5

0384048 5

076696515
114S779 5

15-29464 5

19090605
•2287 566; 5

•2664992 5

30413475

3416641J5
3790382 5

41640795
4536240 5

4907376 5

5277493 5

56466005
60147055
63818175
67479435
7113092 5

'7477271|5

026526
•039634
05-2774

065797
•073753
•091643
•104469
•117230
•1 •299-28

142563
-15513
-167649
-180101
-192494

-20432s
-217103
-229321
•241433
-253588
•26563
-277632
-289572
-301459
•313293
•325074
•336303
-348431
-360108
•371685
•383213
•394691

•406120

-4175C
- 42833
-44012
•4 3136
•452551

-473704
-4

-495SDi
-506879
-51784y
-528775

-539658
-550499

-56129b
-572055
-582770
•693445
•6040'

•614673
•625226
•635741
•646216
•656651
•667051
•677411

•687734
•698019
•708-26

•718479
•7^25i654

•733794

Square. Sq. Root. .Cube Root

36100
36431
36864
37249
37636
38025
38416
33809
39204
39601
40000
40401
40804
41209
41616
42025
42436
42849
43264
43631
44100
44521
44944
45369
45796
46225
46656

470S9J
47524!

47961

1

48400
43841

1

402-4

i

49729
50176,

50625
51076!
51529'

51984'

52441

1

62900'

533611
5382 4

54289!

547561

55225
55696
56169
666441

57121!

67600!
53081;

5S564
59049
59536
60025
60516
61009
61504
62001
62500
63001!

63504!

6359000 13
6967871 !l3

707733813

7139057J13
7301384'l3
7414875 13
75295361 14'

76453731 14
7762392; 14
7380599 14'

8000000J14
8120601 14
824-2403'l4

8365427] 14
8489664 14'

86151^25:i4'

8741316!l4
8869743 14'

S998912 14'

9123329114
9261000;14'

9393931 14

95^23128!l4'

9663.597 14
9800344! 14
9938375114
10077696
10218313
10360232
10503459
10648000
10793361
10941048;14
11089567 14
11239424 14

11390625 15

11543176 15

11697083115
11852352il5
1 2008939 15

12167000
12326391
12487168
12649337
128r2904
12977875
13144256
1331-2053

13431272
13651919
138-24000

13997521
14172438
14343907
14526739
14706125
14386936
15069-223

15252992
15438249
15625000
15813251
16003003

7840433 5

8202750 5 •

8564065 5 •

3924440 6 •

9233883 5 •

964-2400 5 •

0000000 6 •

0356688 6 •

0712473 5-

1067360 5 •

14213565^
1774469 5

•

21-26704 5 •

2473063.5 •

28-23569 5

317821
1
15-

3527001 15
•

3874.046 ;d^

4222051 15
•

4568.323!5-

4913767 !5^

52.58390 ]5^

5602198 5 •

5945 1 95 15^

6237333;5^

66-28783 15^

696933.3 ;&•

7309199!6-
7648-231 i6•

7986486!6
8323970;6'
866068716-

8996644 !6•

933184^j6•
9666295 .6

•

0000000 16

033296416
066519216
0996689 16

•

1.3-27460

16.57.509

1986842
•231.5462

•2643375

•2970585

3297097
362-2915

3943043
4272436
4596243
491933416
5-24174716

5563492 '6

5384.573 6

65-247586
6843871 6

7162336|6
7480157|6
77973386
81138836
84-29795|6

87450796

74S397
758965
7639!»8

778996
738950
798390
808786
31864;.

3-28476

838272
S48035
857766
867464
377130
886765
89636S
905941
9154S3
924993
934473
943921
953341
96-2731

97-2091

9314-26

990727
000000
009244
013463
0276.50

036811
045943
055048
0641-26

073!

082201
091199
100170
109115
11303a
126925
135792
144634
153449
16-2239

171005
179747
183463
1971.54

•205821

214464
223084
231679
•240-251

243800
257324
265326
274300
•232760

•291194

299604
307993
316359
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No.
I

Square. Sq. Root. Cube Root

379 143641

3a0 144400
381 145161
36-2 1 4r.924

383 146589
384 1474.J6

385 148-2i5

386 148996
387 149769
388 150544
389 1513il

390:15-il00

391:152881
39-i 153664
393 154449
394!l55i36
395!l.560-i5

396 156816
397 '157 609
398 [158404'
399!l59i01
400 '160000

1

401 160801

40-2J161604'
403' 1 6.2409

j

404'l63il6
405:i640-J5:

406 164S36:

40;:16j649
408 166464

167-281

168100
16s9il

169744
170569
171396
i72.l-2b

173056
173889
1747:24

175561

176400
177-241

4-2-2| 178084
4-23|l7«9:29

4-.:4l 179776
4:2ol 180625'

426| 181476
4-27 1823-29'

428 183184'

429 1840411
430l 184900:

4311185761
4321186624

433; 1 8/489
4?4i 188356
435:|o9225
436 1 90096
43/1 190^69
438' 191844

^,1<)2721

0; 193600

54439939
j

1 9 • 4679223 ,7 • 236797
548720001 1

9
• 4935887 1 7 • 243 1 56

55306341 ;i9-519-2213|7 -249504

55742968 19 •5448-20317- "255841

56181887119 -570385817 -262167
56623104119-595917917 --2684S2

570666-25J19-6214169
7-274786

.375124561 19 •64688-2717 -281079

57960603;19-6723156i7 -287362

5841 1 072; 19 -69771 56 ]7- -293633

5S863869Jl9-7-2308-29|7 -29989

59319000 I9-7484177|7- 306143
59776471'19-773719917 -31-2383

60-236-288' 19 -7989899!7- 318611
60698457 ! 19 - 8242276 j7

- 3-24829

61 162984ll 9 -849433217 -33103
61629876!l9-8746069|7 -337234
62099136' 19 - 8997487 7 - 343420
62.370773: 19 -9-248.588'7- 34959'

63044792' 19 -

9499373J7
- 35.376

63.321199 19-9749844 7-361918
640000001 20 - 000000017 - 368063
64481201 :-20 •0-249844'7 - .374198

64964808 -20 • 0499377 17 - 38032
65450827:20-0748599:7-386437
6J939264!20 - 0997512:7 - 392542
66430125:20 - 12461 1817 • 398636
66923416120-1494417 7-404720
67419143 20-174241017-410795
67917312'20- 199009917-416859

6S4179-29{-20 -2-237484 7-4-2-2914

63921000'-20-248 1.3677 -428959
694-26531I-20-2731349 7-434994

142 195364
443 196-249

444 197136
445 198025
446 198916
447 199809
448 200704
449 201601
450 202500
451 203401

No. Square Cube. Sq. Root. Cube Rooi

699345281-20-2977831
704449971-20-3-224014

70957944 20-3469899
714733751-20-3715488
71991296:20-3960781
7-2511713 20-4-20.3779

441019
447034
453040
459036
465022
470999
476966

73.3600591-20 -4694895|7- 48-29-24

74088000 -20-4939015 7 -48887-..;

7461846l'-20-5J 8284517 -494811
75161448'20-5426386'7 -500741

75686967 20- 566963d'7- 506661
762-250-24 20- 5912603|7 -51-2571

76765625 20 -615528117-513473
77308776 20- 6397674^7 -52436^
77854483 20-66397837-530-248
7840-2752 20-68816097-536121
78953589 20-71231527-541986
79507000 20

-7364414J7-
547842

80062991 20 - 7605395*7 • 553688
80621 568 20 • 7846097 1? • 5595-26

81182737 20-8086.3-20 7 •565355

81746504 20 - 8326667 7 - 57 1 1 74

82312875 20-8566536 7-5769

8288 1 856 20 - 8i0rt 1 30 7 • 582786
834^3453 20 • 9045450 7 - 5885
84027072 20-9284495 7-594363
8'J6045iy 20-9523268 7 -600133
85184000 20-9761770 7-00590

, 857b6l2l 21 •0000000 7-611602
I

I

86.350SSS;21 -023796017-617412
86938307121 -047.36.3217-623162

87528384J21 -0713075 7-628884
88121 I25I2I -09.30-231

!"
-63-1607

88716.336,21-1187121 7-640.321

6931462321- 14-237457 -6460-27

89915392J21-1660105|7 -651720
9051SS49j2ri89620ll7-6.37414
91125000 21 •2132034'7 -663091
91733851121 "2367606 7-668766

4.32 204304: 92345408 21-260-29167-674430
453 20.3-209 92959677 21 -2837967:7-680086
454 -206116 93.376664.21 -30727.387 -635733
455 2070251 94196375;21 -3307-290 7-69137-..

456 -207936: 94818816121 3541565 "-69700-2

457|-208849! 9.3443993'21 -3775583 7-70-262.3

4581209764' 96071912 21 -40093467-708239
459'210681| 9670-2.579,21-424-2853 7-713845
460 211600, 97336000121-4476106:7-719442
461 '212.321 1 97972181 21-47091067-72.3032
462'213444' 9861 11-28 21 -49418537-730614
463:214369 992.32847,21-51743487-736188
464 215296 99897344 21-54065927-741753
465'216-225 100.3446-25121-5638537 7-747311
4661217156 101 194096121 -5870331 7 -752861

467|218089 101847563 21 •6101828'7 -758402
468 219024 102503232 21 -6333077;7-76393;i
469'21996ljl0316l709!21 -6.5640787-769462
470 12-20900 1 0.3823000 '2 1 - 6794.-5347 - 774980
471 1-221841 1104487 111 21-70253447-780490
472i222784'l051-34048 21 -72556107-785993

3J2-237-29 105823817 21-74856327 -791487

4J-224676 106496424 21 -77154117 -796974
5!-225625'I07171875 21 -79449477 -802454
6 2-26576 1073.50176 21 -8174242,7-8079-2.^

•2-27.329|l08531333l21 •8403-297:7-813389

2-28484il09215352l2r863211i:7 •818846
2-29441 110990-2239 21 -8860686 7 -8-24-294

2304001110592000 21 -9089023 7-8-29735

31361 111-284641 21

23-2.3241111980168

1-22 7-835169
21-9544984 7-84059^

233-289 112678387 21 •977^2610 7-346013
234256 113379904-22-0000000:7-851424
235-2251114084125 -22 -0-2-27155'7 -8.36828

486:-236196 114791256 22-0454077 7 -862224
487 237169 115501303 -22-068eV65 7 -867613
488'238144 116214272 -22-0907. 20 7 -87-2994

4o9'-239121 116930169:22-1133.44 7-878368
490240100 1 17649000 22- 1359^ '16 7 •88373

"

49l'241081 118370771 -22 -1585: 'A) 7-889095
492:242064)1 19095488122 -18107.\<; 7-89444,

493[-24.3049 1 19823157'-22 ••20360'; .< 7 -899792

494 244036 1 205.33 784 -22- -2261 10: 7 - 905129
4951-24.30-25 121287375 22 --248595i ' 910460
4!i6'246016 122023936,22 --271057a 7-915783

497 247009 122763473:22-2934963 7 921100
49:^248004 123505992 22-3159136 '. -926408

499 -249001 !l24251499'22-3383079: 931710
500 2 OJOo 1 j5000J00;22-3606798". 1^37005

501 2MOOi:i25751501 22-3830-293 7 -9 1-2293

.302'252004il2650d008 22-40 >3.65 7 i^47574

503!2.j3009Jl27263527 22-4276615 7 -95284p

.304;254016 l-280-i4064;22-4499443 7 958114



SQUARE.?, CUBES, AND ROOTS. 3S1

No. f Square. Cube. Sq. Root. Cube Root No. 'square.' Cube.
I

Sq. Root. Cube Root

.j05 2oo0-2o

oO<j lotiO-io

.507 •.>,i7U4H

509;-259U3l

>lUid0100
Jil.Jdllil

.iJi!:2tJ2J44

.13: -203 163

.14,264196

.J1.|26J22J

516 266256
517 2672^9
dl 7, 263324
Jl9ij69361
J20' 270400
.52i;271441

.522; 272454
523:273529
.5^4 274576:

526 27562-3

.526276676

! 277729
278764

5-2-i,279S41;

53')|2rfO9O0,

53
1

1 2^51 9611

:j3i!2«:'3024

.533I2S408;)

534 2S5156
>3-^ 286225;

536 287-296

53; '288369
53o: 289444
.J3j|29052li
540' 291600'

.54r2926dl
54-293764
543 29484

J

544 295936
545 297020!
546298116!
547 299203:
548 300304
549 3ul40l!

550 3U2.500:

551 303601
552 304704'

553 305809
554 306916
555 308025
5-56 309136

310249
[558 311364
.559 312481
'560 313600
i%i 314721
[)o2 315844
563 316969
564 318096
56a 3J 9225
566 320356

7321489

123737625 22 •

129554216 22-

1.303-2.3843 22-

131096512.22-
13187-22-29 22
132651000'-22-

13343-2831 22-

1 34217723 -22
•

1 .3500569 7-22 •

135796744-22-

136590S75-22-
137383096 22-

1 .38188413 -22
•

13S9P1S32 22-

139798359 22-

140608000-22-

141420761 -22-

14-2236648 22-

14.3055667 22"

143877824 22-

1 44703125 -22

-

145531.576-22-

146363183 22-

1471979.52-22-

14803.5889-23-

148377000-23-
149721291-23-

150568768 23-

151419437 23-

152273304 23-

153130375 23-

153990656 23'

1.54854153 23'

155720872 23'

156590819 23-

157464000 23-

1.5834042 1: 23
159-2-20088 23'

160103007 -23

160989184 23
1618786-25 23
162771336 23
163667323 23

164566592 23
165469149 23
166375000 23
167234151 -23

163196608 23
169112377-23
170031464 23
170953875 23
171S79616 23
17280o693-23
173741112 23
174676879 23

175616000 23
176j5S481 23
177.5043-28 23
178453547 23
179406144 23
la0362125 23
181321496 23
,lS22i>42D3-23

472-2051 7-

4944433 7-

5166605 7-

.53335537-

5610283 7-

5831796 7-

6053091 7-

6274170 8-

6495033 8-

6715681 8-

6935114 8-

7156334 8-

7376340 8-

7596134 3-

731-5715 3-

803.5035 3-

8254244 8-

8473193 8-

8691933 3-

8910463 8-

9128785 8-

9346399 8-

9.564306 8-

9782500 3-

0000000 8-

0217289 3-

0434372 8-

06512.52 3-

0857928 8
-

1034400 3-

1300670 3-

1516733 8-

1732605 3-

1948270 8-

2163735 8-

2379001 3-

2594067 8-

2808935 3-

30236048-
3238076 8-

34.52351 3-

3666429 3-

3880311 8-

4093998 8-

43074908-
4.5-20738,8-

4733892,8-
494680-2 3-

5159-5-20;3-

537-2046 3-

5-5843=0,8-

5796-5-22 8

-

•6008474 3-

622023618-

6431808i8-
•664319ll3-

68.54336 J3
•

706-3392)3 •

7276210}8'
-74868^12|8-

76972S6I3'
• 790754318
-811761o3'

963374
9636-27

973873
979112
984344
989570
994738

005205
010403
01-5.59.

020779
02595
031129
036-293

041451
046603
051748
056836
06-2018

067143
07-2262

077374
03-2430

037579
092672
097759
10233'.

107913
11-2930

113041
1-23096

12314
13318
138-2-23

143253
143276
153294
1-5330

163310
163309
17330:

173-289

18.3260

188244
193213
19317.

•20313

208032
2130-2

217966
22-2898

227
-232746

237661
242571
-247474

2.52371

257263
-262149

-267U29
271904
•286773

565 3-226-24

569 323761:

570 324900
-571 3-26041

572 327134
573 328329
574 329476
575 330625
576 331776
577 332929
578 334034
579 33-5-241

580 336400
581 337.561

582 33=7-24

>83 339839
584 341056
585 34-2225

)S6 343396
537 344569
j83 345744
389 346921
590 31^100
391 349231
•j92 3-50464

593 351649
394 3-52836

j95 354025
396 355216
j97 3-53499

598 357604
j99 358301
500 350000
501 361201
502 362404
503 363609
504 364816
505 366025
6<j6 367238
507,358449
508 369654
609 370831
510 372100
511 373321
512 374-544

513 375769
514 376996
515 3782-25

516 3794-56

617 330639
518 3319-24

619 383161
520 384400
521 335641
6^2 3=63=4
623 338129
524 389376
625 390625
620 391376
527.393129
62s 394384
62'J 39-5641

630.396900

lS3250432'-23

184220009 23
18519.3000-23
186I6'.i411 23
187149-248 23
183132517 -23

189119224 23
190109375 23
191102976 24
192100033-24
1931005-32-24

194104.539 24
19511-2000 24
196122941 -24

197137363 24
19815-5-287 24

199176704 24
200-201625.24

201230056 -24

202262003 24
-203297472 24
•204336469 24

205379000 24
-20642-5071 -24

207474633 24
-203527357 24

209584534 24

210644875 24
211703736 24
212776173-24
213347192-24
214921799 24
216000000 24
217031801 24
213167208 24
219-2-562-27 24
220343364 24

221445125 24
2-2-2-545016-24

223643543 24
224755712 24
-22.5866-529 24
2-26981000 24
2-28099131 -24

2292209-28 24
230346397-24
23147.5544 24
-232603375 24
233744396 24

234335113 24
236029032 24
237176659 24
238323000 24

239433061 24
240641343-24
-241304367 -24

242970624 24
244140625 25

245314376 25
245491883 25
2476731.52 25
2438-58189 25
-250047000 25

•S3-27.506 8
-6537-209 8
-8746723 8
-S956063 3
-916-5215 8
•9374134 8
•9-582971 3

•9791576 3

•0000000 8
•0-203243 8

•0416.306 8
•06-24183 3

-0331892 3

-10.39416 3

-1246762 3

-14539-29 3

-1660919 3

•1867732 8
-2074369 3

•2230o29 3
-2437113 3

-26932-22 3

--2S991-56 8
-3104916 3

-.3310-501 3
-351.3913 3

-37211.52 3
-39-26218 8
-4131112 3

-4335834 3

-4540335 3

-4744765 3

-4943974 3

-515.3013 3

-5356333 8
-5560583 8
-5764115 3
-•5967478 3

-6170673 3

-637.3700 8

-6576560 3

-67792-54 8
-6981781 8
-7184142 3

7386.J33 8
-7583368 8
-7790234 3

-7991935 3

-3193473 3

-8394847 8
-8-596058 3

-8797106 8
-3997992 >

•9198716 8
•939^278 8
-9599679 8
-97999-20 8
-0000000 3
-01999203
•0399681

3

• 0-59-9-282 18

•07987248
•0998008,8

218635
•236493

291344
-296190
•30)030
•305865
•310694
•315517
•320.335

•325147
•329954
•3.34755
• 339551
-344341
-349126
•353905
•353673
•363446
363-209

-37-2967

•377719
•33-2465

-337206
391942
•396t>73

•401?98
•406118
•410833
•41.5.542

•420246
•424945
•429638
•4343-27

•439010
•443633
•418360
•4530-23

-4.57691

•46-2348

•467000
•471647

•4762s9
•480926
• 485558
•490185
•4«4306
•4994-23

-50403.-

-503642
•513243
•517940
••32-2432
• 5279 19

•531601
•536178
•540750

•U-5317
•549879
•551437
•553990
•563:-:w

-.568081

•572619



382

No. Square

1

631 398161
63-2 399424
633 400689
634 401956
635 403225
636 404496
37 405769
33 407044
J39 408321
640 409600
641 410881
642412164

Cube. Sq. Root. Cube Root Na Square

2512.39691 25-

2524.35968 25-

2536.36137 25-

254S40104;25-
25604787525-

11971348-
139610218-

159491

6444147.36
645416025

1793566
1992063

257-259456 25-2190404
258474853 25-

259694072 25-

•260917119 25-

262144000-25
•263374721 [25

264609288,25
643 413449-265847707 25

•267089934! 25
•2683.36 1-25! -25

646 417316 -269586136125
-2703400-23 [25

27-2097792:-25

-273359449|25
-274625000 25

651 [4-2380 1I-27589445 125
652 425104|277 167803 25

6471418609
6481419904
649:421201
650 4-22500

653 426409
6541427716
655 14-29025

656,430336
657 431649

278445077 25
27972626425
•28101137525
•28-2300416'25-6]24969

•283593393125

•2586619

2784493
298-2213

3179778
3377189
3.574447

3771551
3968502
4165301
4361947
4558441
4754784
4950976
5147016
5342907
5538647
5734237
5929678

577152
.581681

586205
590724
595238
59974-

604252
60S753
613-243

617739
62-2225

626706
631183
635665
640r23
644535
64904-1

65349
657946
662391

658 ;432964 284890312125
659 434281
660 1435600
6611436921
662 433244

439569
440896
442225
443556
444889
446224
447561
443900
450241
451584
452929
454276
455625
456976
458329
459634

679 461041
630 462400
681 1463761

•2861911791-25'

287496000 25
•288804781 1-25'

290117528;25
•291434247 25
•2927.54994 25
•29407962525
•29.340S296;25

•296740963 •25

298077632-25
29941 3309 [25

300763000-25
3021117111-25

303464443125
304821217 25
30618-2024 25

307546875125
308915776[26
31023873326
311685752 26
313046339126
314432000
315321-241

682j4651-24 317214.563

6331466489 318611937
6841467856 3-20013504

63-20112

6515107
6709953
69046.52

7099203
7203607 8
74378648
76819758
78769398
80697638
8^263431 8

8456960 8
8650343 8

8843532
9036677
9229623
9422435 8
9615100'

9807621
OOUOOOO
0192-237

0384331
0.576234

0763096i8
095976

694 481636
695 483025
696 484416
697 435809
693 437204
699 483601
700 490000
701 491401

702 492304
703 494209
704 495616
705 497025
70S 493436
707 499349
708 6012<i4

709 502681
710504100
711 505521
712 506944
713503369
714509796

Sq. Root. Cube Root

I

331255384 26
335702375 26
337153536-26
338603873-26
340068392 26
341532099-26
343000000 '26

344472101-26
345948408 26
347428927 1 26
34891366426
350402625126
351895816'26
353393-24326
35489491 2

J26

469225 321419125
470596 32-28-28856|26

471969!324242703:26
473344|3-25660672 26

474721 13-2703-2769 26

690i476ine 323509000126
69114774S1 329.939371-26
692;473.-;fi4 331373333 26

693:480-249 33281-2557j26

-1151-297

-1342687
-1.533937

-1725047
•1916017
•2106343 3
-2-297541 [8

-2433095 8
-•267851 ll8

-236378918
•3053929 8

3248932

•671266
•6

•6801-24

-634546
-633963
-693376
-697784
•702188
-70658
-710983
-715373
•719759
•7-24141

•728518
•73289-T

•737-260

-7416-24

-746965
•750340
•754691
•759038
•763331

•767719
•772063
•776333
•780706
•7850-29

•789346
•793659
•797963
•80^2272

•806572
•810868
•815160
•819447
•823731
-8-28009

332285
836556
840823
84503.

849344

35640082926
357911000 26
359425431 126

3609441-28[26

362467097 26
36399434426

715 511-225i36.5525875j-26
716512656
7171514089
7186155-24

719616961
7-20 518400

367061696-26
363801813-26
370146232
3716949.59

373248000
21 519841 374805381
722 521-284 376367048
723 5'227'29 377933067126
7-24 d-24176!379.5034-24 -26

7-25 625625|331078126l26
726 627076 3S-2067176;-26

727.528.329

728 529984
729531441
7301532900

731 5343611390617891 -2

384240583 26
385828352' 26
.387420439127

38901700027

32 5358-24,39-22-23168

33.537289:3933328.37

734 538756,395446904
35 540-2-25|397065376

36'541696 398638256
543169|400315553
544644401947272
546121 ;403583419
647600 4052-24000

549081 j406869021

42j550564 408518488
743 56-2049:410172407

'553536 411330784
555025413493625
566516 416160936
668009 416832723
659504 418608992
661001 4-20189749

662500 421375000
564001 423564751
565504 425259008

.53 567009 4-269.5

lU754|563516 428661064127
7551570025 430363876|27
756,571536 432081216,27

3438797 8

3628527
3S18119|8-
4007676;3
419689618
433608113
457513118
476404618
49623268
614147218
53-29983 8

551836118
5706605 is

58947168
60826948
6-27053918

64582.32 1

8

6645333 8

6833281
7020598
7-207784

7394839
7581763
7768657
7966-220

8141754
8328157
8514432
8700577
•8886593
907-2481

9258240
9443872
96-29375

9814751
•0000000
0185122
0370117
•0554985
07397-27
09-24344

•110S334
•1293199
-1477439
•1661554
1845544
•2029410
•2213152
•2396769
•2680263
•2763634
•2946381
•3130006
•3313007
•3495887
3678644
•3361-279

•4043792
• 4^2-26 184
•4403455
4590604
4772633
4954452

853598
857849
862095
866337
870576
874810
879040
•683-266

•887488
-891706
•8959-20

900130
-Q04336
-908538
-912737
-916931

-921121

-92530S
-929490
-933668
-937843

942014
-946181
•950344
•664603
•958653
•96^2809

•966967
•971101
•975-240

•979376
•9=13609

•98763
•991762
•995;^83

•000000
•004113
•008223
•01-23-29

-016431
-0-205-29

•024624
• 0^2871

•032802
•036886
•040965
•045041
•049114
•053183
•057243
•061310
•06536-

•0694-22

•073473
•0775^20

•081563
•085603
•089639
•093672
•097701
•101726
•105748
•109766



SQUARES, CUBES, AN'D ROOTS. 383

No. ' Square.' Cube. Sq. Roct. jCube Rooi

757 o73040i43379?0:13!-27

7dS o74-.64 435.5l951-2!-'7

7-V.» "j76JSi:437-24.i479;.27

Too 077600 43-j!)760i!0'-27

rcil .)701J1 4407110Sli-J7

To-' '•3S0t)44^44-24307-2? -27

7d3 i3-'16):444194P47 -27

764'ivS3d96!44-j943744!-27

76."), Jdr22.i; 447697 1 2o|-27

7tJt!' ")S'o7.>6j4494-5.5096'-27

767JJS3-2S9i451-217663-27

res i{j93-24:4.V29S4i32'-27

769: '>9136l i 4-347.56609 -27

;70 592900'4o6o33000 -27

771l")9444i;45 '40!l'-27

77-2|5959d4|460o. 64S 27

773]i97.3-29! t31So99l7!-27

/ 74| )9a076j4636.S4S-24'-27

r7-i'6006i-j|46-54S4375 27

;76 60-2176U67-2S3576 27

; 7 7 6037-29i 169097433 27

:7?]60.5-234:4709109o-2-27

(79,606d4li47-27-29139-27
7So;60d400;474.5.5-2000 -27

.-61 1609961
i
476379541:27

7c:'-2iull.5-24i47S211765-27

763:6130d9Us00436^7ii7
754014656 4cilS903' I -25

73j'dl622oas373'je i^S
7cJ6;6l7796 4i55a76 i-2S

7d7i6!936) 4S74434 il-i

7rfh-6-J0944 4593a3ti72 2 =

769io-2-2521i 4.n 16.1069 23

790|624100i493039000-2S
791]62563ll494913671 28

79-i627-264i496793033 23

793;6-i3349|493577-257 -23

794|630433|5005661S4 23

795|63 20251.502459375 23

796'633616jM)4353336 23

79i !63.5-203]503261.573 :23

79c*|636804i50S169592 '28

79y .633401 I5100S-2399 -23

o.m!64000o|51-2000000 2J5

aOi !64i601 5139-2240!;-23

o02'643204i5l5349603 -23

3J3|644<>09!517761 627-23

3J4l6464!6 519713464-23
clJo;64.3O25|5-216601-25 '26

306;64D636]5-2360d616 23
3J7|651249 0-25557943 23

3J3|6.5-2364!5-27514U:> 26
3d9|d54431 15294751-29 23

3i6i656i00!53144l0o0 23
cjlll65772l;d33411731 23

3l2i659344|535337323 23
3l3|rf6096.^jd37357797 23
314.6*2596!53J353144 26
31..l66422o;541343375 23
-ilo :i6'.3iri 5433:i*4i;J-23

817|667489!d4.5333513;-2S

8l3;ti691-24|.54734;i432i2S

8196707( 549353^591:2^

•5136330!9

•.531799S 9

•5499546 9
•5630975 9

••536-2234 9

•6043475 9

•6224546 9

•6405499 9

•6536334 9

•6767050 9
• 69476 43i 9

•71-23129 9

•7.303492 '9

•743S739'9'
•7658363 9'

•784.3r>30 9'

80-28775, 9
•

•8-20S555 9-

•83332 IS'
9'

•8567765 9'

•8747197 9'

•S9255149-
•91057l5i9-
9-234301 9-

9463772' 9 •

9642629 9'

932137-2 9-

0000000 9 •

0173315 9-

0336915 9^

053.3-203 9'

07!3377 9'

•0d91433 9-

•105933g9^
1^247-222j9-

1 424946' 9
•

1602.557 9

17S0056 9-

• 1937444 9

2134720 9-

••23H834 9-

•2433933 9 •

2665y3r9^
•2S4-27P2 9-

•3019434.)-

31930459-
337-2546:

9-

3543933 9-

•372-5219 9-

•390i39i 9-

•40774549^

•-42534'J8 9-

44:29253; 9

•4604939:9-

•4730617I9-

•4956137 9^

•51315499^
530635^2 9-

• 548204s! 9 •

• 56571 37;9
•

•a3321i9'9^
•600699319'

•6181760l9-

1137S1

117793
121301
1-25305

1-29306

133303
137797
141783
145774
1497.37

153737
1-57714

161636
1 65656
I696-2;

173-5.8.

177.544

181.500

135453
13J4U2
19.3347

197-289

•201-2-29

•205164

209096
213025
216950
220373
•224791

•223707

232619
23752=
240433
•244333

:243234
25-2 13'.;

•256022

2-3-991

1

263797
26763l>

•271-5.59

•27543 J

•2 7930 5

23317d
•287044

•2909J7

:294767

•293'J24

302477
306323
S1U175
314U19
317380
321697
325-532

3-29363

333192
3.37017

340338
344657
343473
35-2-280

-oo095

No. Sqii Cube. Sq. R>ji. ;Ciibe Rooi

672400 551.363090 -23

674011 5533376ol 23
675634 555412243 23
6773-29 5-37441767 23
678976 5.59476224 23
680625 5615156-25 23
63-2-276:.5635-59976 23
6339-29|56.5609-2=3:23

635534' 5676635C-J •IS

687241 o697^2-27S9i23

688900 571 787000^23
690-561 573356191 r,»

69-2-2-24:57-5930363!.'g

693389;573009.537J23
6955-56 .580093704!28
697-2-25:.582182375'28

693396 584277056:23
700-569 535376253123
702244 5384 -!n47-2! 28
703921-50053971 9 i-23

70-5600 .59-2704000128

707231 594323.3-21 :-29

703964 .596947d33;-29
710649 599077107129
71-2336 601211534 -29

714025 603331 12-5J29
71.5716 6054957.35|29
717409 607645423 29
719104 609300192 29
720301 6!196J049:29
722-500 61 412-5OJ0'29
7-24-201 61629)03li-29
7-25904 618470208129
727609 620650477J-29
7-29316 6-2-2835864I-29

731025,6-2-5026375|-29

732736 627-2-2-2016i-29
734449 6294-227.'J3!29

736164 6316-2H712'29

737831 6333397791-29
73.9600 6360-56000 29
741321 63827733i!i9
743044 64050.3923;29
744769 642735647 '29

743496 64497-2.544129

74322564721 46->5i-29
749936 649461896 29
751639 651 7 14333;-29

753424 65397-2032'-29

755161 6-56-34909i29
756JJ0 6535(»3000|29
753641 660776311 29
760334 6630.54843!-29

762129 665333617I29
763376 6676276241-29
7656-25 669921375'29
767376'672221373'29
769129 674526133129
770334 6768351.52-29

772641, 6791 »1439i29

774400 63147-2000i-29

776161:633797*11 129

777924 rt86123963'29
I I

6336421 9

6>30.'76 9

6705424 9

6379766 9

7054002 9
7-2231329

74021-57 9

7576077 9

7749391 9

7923601 9

8097-206 9

82707069
8444102 9

8617394 9
8790-532 9

•8963656 9
•9236546,9
•9309-523 9
•9482297 '9

•9654967 9
•93275339
•0000000 9
•017-2363 9
-0344623 9
•0516781 9

•0633337 9
•0360791 9
•1032644 9
•12043J59
•1376043 9

•1547595 9
•1719043 9

•1390390 9

•-20S1637 9
-2-232784 9
•2403330 9
•2574777:9
•27456-239
••2916370 9
• 308701 8 i)

•3257565 9

•3428015 9

•3-593355 9

•37636169
•393376)9
•4103323 9

•4278779 9

•4448637 9

•4618397 9'

•47330-39 9'

•49.57624 9

•5r27091 9'

•5296451 9-

•5465734 9'

•5634910 9

•5303939 9 •

•5972972 9

•

•6141853 9^

•6310643 9^

•6479325 9-

•6647939 9 •

•6316442 9 •

•69c<4i>48 9^

•339902
•363705
•357-505

•371302
•373095
•373337
•332675
•335450
•3:)0242

•3940-20

•397796
•401364
•40-3.339

•409105
•412369
•416530
•42^1337

•424142
•42739 4

•43 16 42

•433333
•439131
•44-2870

•44G607
•4-50.341

434072
457300
•431525
•435247
• 453986
•472632
•476395
•480106
•483313
•437518
•4912-20

494919
4.93615
•502308
505993
•5096-<5

513370
517051
•.5-20730

.524406

528079
531749
535417
d39'a#
542744'
545403
.5500-59

553712
5-57363

561011
564656
5682.98

571933
575574
579203!
.58-2840

'

.5c>646S'

591)094!



{84 SQ-N..RES, CUBES, AND ROOTS.

No. jSqoare. Cube. Sq. Root. Cube Root

I

ri53159 9-o?)3716

r3-.>1375 9-d97337
r4S9496 9- 6001)55

(65.75il 19-604570

i6-2o-idi 9- 60818-2

r993iS9 9-611791

i

'

i

o83 779669 6381653371-29

634 7dl4.j6 690307104-29
3S.J 7332:>o 6931541-25 -29

&36 784996 695506456 29
837 73676J 697864103 -29

6J6 738o44;700-2-2707-2;-29

3c9 790321 7()2595369i-29 -8161030 9-615398
3J0 792100 704969000]-29 -8328678:9 -6 19002
oJl 793331707347971 -29-8496-231 19-622603
oi)2 795664 70973-2288129 • 8663690i9 - 626201
893 797449 7121-21957 •29-8831056:9-629797
394 799236714516984 29-899832319-633390
o^j 3010-25 716917375 -29-9165506;9- 636981
'>96 302616' 7 1 93231 36i-29

- 9332591 9 - 640569
8J7 304609: 721734273|-29-9499583;9- 644 154
o9d 80t>404 724150792!-29-966(>481 9-64773
8;'9 808201 i

7-2657-2699129
- 98332S7I9 • 651 31

900 810000| 729000000 30
- 0000000^9 • 654394

i^ul 611 8011731431701 i30-jl666-20i9- 65846
902 813604733370808 30- 0333146!9- 66 J04U
9J3 815409|7363 14327 130

- 0499584!9 - 665609
:404.317216:738763264'30- 0665928 9-669176

90o819025'7412176-25i30 -0832179, 9 -67-2740

9o«5 320836' 74367741 6 30-0998339 9-676302
9J? 322649l74614-2643|30-1164407|9-67986u
90o 824464 74861331-2i30-13303S3'9- 683416
9 J9 626281 1751069429|30- 1496-2699 -636970
910 d26l00 753571000'30- 166-2063 9-690521
911 629921J756058031 :30- 1327765 9-69406fi
9i2 331744.7585505-28,30 -1993377 9-697615
Jl 3 d33569!761048497|30- -21 583999 -701158
Jl4,-,3o396;763551944;30--23-243-29'9-704699

915 83r-225i766060875'30 -2489669 9-708-2

916 ^39056|763575-i96 30-2654919 9-711772
917 340889 771095213 30-28-20079 9-715305
916 84-27-24 7736-i0632|30- 2985148 9-718335
919 344561 !7761 51559 30-3150128 9-722363
9iO 346400;778633000 30-3315018 9-725883
921 843241w81-i29961|30-34796l8 9-729411
922 850084:733777448 30-36445-29 9-73-2931

923 851929l7o6330467 30-3309151 9-736448
924 653776'763889024;30- 39736^3 9-739963
925 6556-25:7914531-25 30-4138127 9-7434
926 857476 79402-2776 311-4302481 9-746966
9j7 8593-29; 796597983 30-4466747 9
926 o6n84'799178752 30-4630924 9
9^9 863041; =101765089 30-4795013 9

930 &64900I8043J7000 30 4959014 9
931 86#r6l!606954491 30-5122926 9-76449'*

932 863624 809557568:30-5286750 9-767992
933 370489 812166237 30-5450487 9-771+84
934 87-2356 814760504 30-5614135 9-774974
935 874225 817400375 30-5777697 9

1936 676096 620025856 30-5941171 9

937 877969 822656953 30-6101557 9

1
933 879344 825-293672 30-6267857 9
939 881721 827936019 30-6431069 9
140 883600 330584000 30-6594194 9

41,885431 633237621 30 6757233 9-799334

No.
I

Squ

750493
75399b
757500
•761000

(7846:

(62946
785429
788909

792386
795861

942
943
944
945
946
947
948
949
950
951

952
953
954
955
956
957
958
959
960
961

962
963

964^

965!

966!

967:
968^

969.

970

971;

972|
973

974;

9751
9761

977

1

976',

979:

980
j

98 1!

932

1

983j

984!

985

1

9861

987 i

96=1
939
990
991

992
993
994
995
996
997
998
999
1000

887364
889249
891136
893025
894916
896809
898704
900601
902500
904401
906304
9082091

910116,
91-20-25'

913936|
915349
9177641

919631!

921 6OO'

9235211

925444
9-27369

929296:
931-2-251

933156
935O89!
9370-241

9389611

9409001

9423411
9447841
946729;
9436761

9506251
9525761

9545291
9564841

958441

;

9604001

962361

I

9643241

96628^1
968256
9702-25

972196
974169
976144
97SI21

980100
93-2061

984064
^36049
98S036
990025
992016
994009!

996004!
993001

lOOOOOOl

;q. Root.

835396833
833561807
841232384
843908625
846590536
849-278123

851971392
8o4670349
857375000
860085351
862801408
865523177
663250664:30
870983875:30
8737-22316:

376467493
879217912
831974079
884736000|30
837503681 j3l

890-2771-28 31

893056347 31

895841344 31

89863212531
9014-28696 31

904231063 31

9070392'^2'31

909853:- 9 31

912673' fl 31

915493r, 1 31

918330048 31

921167317 31
9-24010424 31

92685937531
9-29714176 31

932574333 31

935441352 31

938313739 31

941192000 31

944076141 31

946966163 31

949362087 31

952763904 31

9556716-25 31

958535256 31

96150480S31
964430-272 31

967361669 31

970299000 31

973-24-2271 31

976191433 31

979)46057 31

932107784 31

935074375 31

939047936 31

9910-26973 31

P94011992 3I

99700-2939 31

lOOOOO^OOO 31
I

•69-201851

70330511
7-i45830|
•74085-231

•7571130
•77336511

78960861
80584361
•82-20700:

8382879'
8544972!
8706981]
•8863904
•9030743;
- 9-24971

^354166:
•9515751
-9677-251

-93336681
•0000000

I

•0161243|
•0322413
•04S3494:
•0644491.

•0805405
•0966236
•1126934
• 123764A
• 14482301
•16087^:;9

•1769145'

•1929479
•2039731
•2249900
•2409987
•2569992
•27-29915

••2339757

•3049517
•3-209195

3368792
•3523308
3687743
•3347097
•4006369
•4165561
•43-24673

•4483704
•4642654
•4801525
•4960315
•5119025
•5277655
•5436206
•5594677
•5753063
•5911330
•6069613
•6227766

9 •802804
9 806271
9 •809736
9-813199
9-81665&
9^8^20117

9^8^23572
9 •827025
9 •830476
9 •8.33924

9-837369
9;840813
9-844254
9^847692
9851128
9-854562
9^8579£(3
9 •861422
9-864348
9-86.=i-272

9^871694
9^87oll3
9 •878530
9 881945
9 •885357
9-888767
9^892175
9 •895580

9 •902.333
9 •905782
9^909178
9^912.57i

9^915962
9 •91935)
9 •922738
9 •926] 22
9 929.504

9 932384
9 •936-261

9 •939636
9^943009
9 •946*30
9^949743
9^953114
9 956477
9^959839
9963198
9 •9665.35
9 •969909
9 •973-262

9^9766r2
9^979960
9 983305
9 •936649
9 989990
9 99.33-29

9 996666
10 000000



TABLES. 385

TABLE OF THE AMOUNTS OF £1 AT COMPOUND INTEREST.

No. ..f



3S6 TABLES.

TABLE OF THE PRESENT VALUES OF AN ANNUITY OF £l.
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